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���"�)�� (*#+"��). ,$#�$%&, %-����'&./���('0)1
()*, *� [1, 4, 5, 13, 16] "++,2Æ. 1,-3, -.,����/0��12, 34�
.5/�6,�4$075� [3, 6, 7, 10, 14]. ,2 [15] �, 589:��6��;7819:;
1 Markov ��<-����: 2=����������"�������)�����. >

$3?@45A�6�;�BC7�D(� drift C7, 896<<-�����'�. :2,
2 [15] �;<E, F�@;7G9;�BC7�@=0H�>,�, I�?��������2
=����'&./.

J Φ = {Φn : n ∈ Z+}+*=;781 E E�;1K�@*=Markov�,L pij = P{Φ1 =

j |Φ0 = i}, i, j ∈ E ++�?>?

. @MN�A, Markov � Φ � n ?>?

+
p
(n)
ij = P{Φn = j |Φ0 = i}.

O i ∈ E, ;7 i �A�6�;�G9;A&�B+
τi = inf{n ≥ 1 : Φn = i}, Li = sup{n ≥ 0 : Φn = i}.

CP, ,QD� n ∈ Z+,

{θnτi < ∞} = {Li > n}, (1.1)

+� θn+R?SE.B Pi� EiA&+ P{· |Φ0 = i}� E{· |Φ0 = i}�CF. L f
(n)
ij = Pi{τj = n},

�
(n)
ij = Pi{Lj = n} A&+ τj � Lj �AD, E�B

fij =
∞∑

n=1

f
(n)
ij = Pi{τj < ∞}, �ij =

∞∑
n=0

�
(n)
ij = Pi{Lj < ∞},

+� fij ÆTG i 9F�)$�HG?IJ6H j �

, �ij ÆTG i 9F�)$�HG?KI
HJ j �

.

Lo 1.1 (2 [15, �B 2.1 �M� 2.4]) # Markov � Φ +�����, U,@K (L-Q

D) i ∈ E, >,�= λ > 1, VM
∞∑

n=1

λnp
(n)
ii < ∞. (1.2)

U (1.2) W�� λ = 1, / Markov � Φ #+��� (�2 [16, NON]). CP, �����

� Markov �P+���.

Lp 1.2 QJ Φ +*=;781 E E�9:;1@*= Markov �, 3 0 ∈ E, /OXR
3S�:

(1) Markov � Φ +�����;

(2) >,�= λ > 1, VM E0[λL0 ] < ∞;

(3) =0 ∑
k

pikxk = xi, i �= 0 (1.3)

���=��YH, 3>,�= ρ < 1, VM@SW⎧⎪⎪⎨
⎪⎪⎩

∑
k

pikyk ≤ ρyi − pi0�
(0)
00 , i �= 0,

∑
k

p0kyk < ∞ (1.4)
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��H�^H.

,J2=���, T*U@@;7G9;�BC7�@=0H�>,�, 89+'&./.

Lo 1.3 (2 [15, �B 3.1 �M� 2.4]) 8� � ∈ Z+. # Markov � Φ + � ��� (_2

=���), U,@K (L-QD) i ∈ E,
∑∞

n=1 n�p
(n)
ii < ∞.

Lp 1.4 8�V= � ≥ 1. QJ Φ +*=;781 E E�9:;1@*= Markov �, 3

0 ∈ E, /OXR3S�:

(1) Markov � Φ +2=���;

(2) E0[L�
0] < ∞;

(3) =0 (1.3) ���=��YH, 3@SW⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∑
k

pikyk ≤ yi −
∞∑

n=1

n�−1�
(n)
i0 , i �= 0,

∑
k

p0kyk < ∞
(1.5)

��H�^H.

:2N 2 `aWb������'&./, `Wb�� 1.2; �� 1.4 �Wba,N 3 `�
89; ,N 4 `�, X.a4�('��J Geom/G/1 cadY.

2 Z[\]^
����'&./+Wb�� 1.2 � 1.4 eb6c_, dX.A`6efO�a.

qr 2.1 QJ Φ +*=;781 E E�9:;1@*= Markov �, 3 0 ∈ E, /OXR
3S�:

(1) Markov � Φ +���;

(2) ,QD� i ∈ E, fii < 1;

(3) ,QD� i ∈ E, �
(0)
ii > 0;

(4) ,QD� i ∈ E, �ii = 1;

(5) =0 (1.3) ���=��YH.

st (1) ⇔ (2), (1) ⇔ (4) � (1) ⇔ (5) A&+�2 [11, N 2 N�� 5.1], [8, �a 2.2] �

[11, N 3 N�� 4.1]. ( (1.1) W�� n = 0 ;, *bM fii = 1 − �
(0)
ii , d (2) ⇔ (3) f?. Wg.

+�������g,��=0H, c�F��h�Kd�^H�	, h=i���Markov

���������.�, *+, [4, N 2 N] _ [9, N 6 N].

up 2.2 j� j ∈ E � λ > 0, / {
Ei[λLj 1{0<Lj<∞}] : i ∈ E

}
�=0

xi = λ
∑

k

pikxk + λpij�
(0)
jj , i ∈ E (2.1)

�Kd�^H.

st kiKd�^H�	�Nlm2i, L x
(1)
i = λpij�

(0)
jj , x

(n+1)
i = λ

∑
k pikx

(n)
k , n ≥ 1,

i ∈ E. @MN�A
�
(1)
ij = Pi{Lj = 1} = P{Φ1 = j, Φm �= j, m ≥ 2 |Φ0 = i}

= P{Φ1 = j |Φ0 = i}P{Φm �= j, m ≥ 2 |Φ1 = j} = pij�
(0)
jj ,
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d x
(1)
i = λ�

(1)
ij . QJ x

(n)
i = λn�

(n)
ij . eDH

�
(n+1)
ij = Pi{Lj = n + 1}

=
∑

k

P{Φ1 = k, Lj = n + 1 |Φ0 = i}

=
∑

k

P{Φ1 = k |Φ0 = i}P{Lj = n + 1 |Φ1 = k}

=
∑

k

pik�
(n)
kj , (2.2)

d- x
(n+1)
i = λn+1

∑
k pik�

(n)
kj = λn+1�

(n+1)
ij ,`@=fnjiA,,QD� n ≥ 1, x

(n)
i = λn�

(n)
ij .

go
x∗

i =
∞∑

n=1

x
(n)
i =

∞∑
n=1

λn�
(n)
ij = Ei[λLj 1{0<Lj<∞}]

+=0 (2.1) �Kd�^H. Wg.

v 2.3 @M� 2.2 " Markov ��@*=�*A, U>, i ∈ E � λ > 0, VM

Ei[λLi1{0<Li<∞}] < ∞,

/,QD� i, j ∈ E, Ei[λLj 1{0<Lj<∞}] < ∞.

Lp 1.2 hst (1) ⇒ (2) @MN�eDH,QD� n ≥ 1,

�
(n)
00 = P0{L0 = n}

= P{Φn = 0,Φm �= 0,m ≥ n + 1 |Φ0 = 0}
= P{Φn = 0 |Φ0 = 0}P{Φm �= 0, m ≥ n + 1 |Φn = 0}
= p

(n)
00 �

(0)
00 , (2.3)

,EWijkpkq λn, ErJ n l�*M
∞∑

n=1

λn�
(n)
00 =

∞∑
n=1

λnp
(n)
00 �

(0)
00 , λ > 0. (2.4)

@J Markov ������, @�a 2.1 (4) A P0{L0 < ∞} = 1, d>,�= λ > 1, VM

E0[λL0 ] = E0[λL01{L0<∞}] =
∞∑

n=1

λn�
(n)
00 + �

(0)
00 =

( ∞∑
n=1

λnp
(n)
00 + 1

)
�
(0)
00 < ∞.

(2) ⇒ (1) @�B 1.1 � (2.4) WA, lcWb �
(0)
00 > 0 `*. @J E0[λL0 ] < ∞, d P0{L0 <

∞} = 1. @�a 2.1 (3) A, �
(0)
00 > 0 f?.

(2) ⇒ (3) U (2) f?, /CP Markov ����, ki�a 2.1 (5), =0 (1.3) ���=��
YH. L yi = Ei[λL01{0<L0<∞}], i ∈ E, @e 2.3 �M� 2.2 A {yi : i ∈ E} �@SW (1.4) ��
H�^H, +��= ρ = λ−1.

(3) ⇒ (2) @J=0 (1.3) ���=��YH, d@�a 2.1 (4) A P0{L0 < ∞} = 1. go,

lcWb>,�= λ > 1, VM E0[λL01{0<L0<∞}] < ∞ `*.

�=m, J {yi : i ∈ E} �@SW (1.4) ��H�^H, /
yi ≥ ρ−1

∑
k

pikyk + ρ−1pi0�
(0)
00 , i �= 0.
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kiM� 2.2, Ei[ρ−L01{0<L0<∞}] �=0

yi = ρ−1
∑

k

pikyk + ρ−1pi0�
(0)
00 , i �= 0

�Kd�^H, d@Kd�^H�	�s1�� (+,2 [4, �� 2.1]), M

Ei[ρ−L01{0<L0<∞}] ≤ yi, i �= 0. (2.5)

n�=m, @M� 2.2A E0[ρ−L01{0<L0<∞}] = ρ−1
∑

k p0kEk[ρ−L01{0<L0<∞}]+ρ−1p00�
(0)
00 ,

d-tC�
E0[ρ−L01{0<L0<∞}] = (1 − ρ−1p00)−1

(
ρ−1

∑
k �=0

p0kEk[ρ−L01{0<L0<∞}] + ρ−1p00�
(0)
00

)
.

eDH ρ−1p00 < 1, E(5EWU" (2.5) � (1.4), M

E0[ρ−L01{0<L0<∞}] ≤ (1 − ρ−1p00)−1

(
ρ−1

∑
k �=0

p0kyk + ρ−1p00�
(0)
00

)

≤ (1 − ρ−1p00)−1

(
ρ−1

∑
k

p0kyk + ρ−1p00�
(0)
00

)
< ∞.

J�, gc(	MW.

3 mw\]^
:`�4�o��Wb�� 1.4, +oX.c���nn�K=0�Kd�^H. 8�V=

� ≥ 1, L α
(�)
n = 1 + 2�−1 + · · · + n�−1. ogpA n�/� ≤ α

(�)
n ≤ (n + 1)�/�, d,QD� i, j ∈ E,

∞∑
n=1

α(�)
n �

(n)
ij ∼

∞∑
n=1

n��
(n)
ij = Ei[L�

j1{0<Lj<∞}]. (3.1)

up 3.1 j� j ∈ E �V= � ≥ 1, / {∑∞
n=1 α

(�)
n �

(n)
ij : i ∈ E

}
�=0

xi =
∑

k

pikxk +
∞∑

n=1

n�−1�
(n)
ij , i ∈ E (3.2)

�Kd�^H.

st @Kd�^H�	�Nlm2i, L x
(1)
i = �

(1)
ij , x

(n+1)
i =

∑
k pikx

(n)
k +(n+1)�−1�

(n+1)
ij ,

n ≥ 1, i ∈ E. QJ x
(n)
i = α

(�)
n �

(n)
ij , /ki (2.2) �

x
(n+1)
i = α(�)

n

∑
k

pik�
(n)
kj + (n + 1)�−1�

(n+1)
ij

= α(�)
n �

(n+1)
ij + (n + 1)�−1�

(n+1)
ij = α

(�)
n+1�

(n+1)
ij ,

d@=fnjiA, x
(n)
i = α

(�)
n �

(n)
ij ,QD� n ≥ 1 f?. go

x∗
i =

∞∑
n=1

x
(n)
i =

∞∑
n=1

α(�)
n �

(n)
ij

+=0 (3.2) �Kd�^H. Wg.

v 3.2 j�V= � ≥ 1, @M� 3.1, (3.1) W� Markov ��@*=�A, U>, i ∈ E, V

M Ei[L�
i1{0<Li<∞}] < ∞, /,QD� i, j ∈ E, Ei[L�

j1{0<Lj<∞}] < ∞.
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Lp 1.4 hst j�V= � ≥ 1, @ (2.3) M
∞∑

n=1

n��
(n)
00 =

∞∑
n=1

n�p
(n)
00 �

(0)
00 ,

du�q�� 1.2 pq�WbA (1) ⇔ (2) f?.

(2) ⇒ (3) CP=0 (1.3) ���=��YH. nn, L yi =
∑∞

n=1 α
(�)
n �

(n)
i0 , i ∈ E, @e 3.2,

(3.1) W�M� 3.1 A, {yi : i ∈ E} �@SW (1.5) ��H�^H.

(3) ⇒ (2) pqJ�� 1.2, lcWb ∑∞
n=1 α

(�)
n �

(n)
00 < ∞ `*.

�=m, J {yi : i ∈ E} �@SW (1.5) ��H�^H, /( i �= 0 ;, yi ≥ ∑
k pikyk +∑∞

n=1 n�−1�
(n)
i0 . @M� 3.1 A,

∑∞
n=1 α

(�)
n �

(n)
i0 �=0

yi =
∑

k

pikyk +
∞∑

n=1

n�−1�
(n)
i0

�Kd�^H, d@Kd�^H�	�s1��M
∞∑

n=1

α(�)
n �

(n)
i0 ≤ yi, i �= 0.

go, ,QD�V= 1 ≤ m ≤ �,
∞∑

n=1

α(m)
n �

(n)
i0 ≤ yi, i �= 0. (3.3)

n�=m, `Wb ∑∞
n=1 α

(1)
n �

(n)
00 < ∞. rsE, kiM� 3.1,

∞∑
n=1

α(1)
n �

(n)
00 =

∑
k

p0k

∞∑
n=1

α(1)
n �

(n)
k0 +

∞∑
n=1

�
(n)
00

= p00

∞∑
n=1

α(1)
n �

(n)
00 +

∑
k �=0

p0k

∞∑
n=1

α(1)
n �

(n)
k0 +

∞∑
n=1

�
(n)
00 . (3.4)

U p00 = 1, /
∑
k �=0

p0k

∞∑
n=1

α(1)
n �

(n)
k0 +

∞∑
n=1

�
(n)
00 = 0,

oq
∞∑

n=1

�
(n)
00 ≥ �

(1)
00 = p00�

(0)
00 = �

(0)
00 > 0

tv, d p00 < 1. J�, (5 (3.4), (3.3) � (1.5) M
∞∑

n=1

α(1)
n �

(n)
00 = (1 − p00)−1

( ∑
k �=0

p0k

∞∑
n=1

α(1)
n �

(n)
k0 +

∞∑
n=1

�
(n)
00

)

≤ (1 − p00)−1

( ∑
k �=0

p0kyk +
∞∑

n=1

�
(n)
00

)

≤ (1 − p00)−1

( ∑
k

p0kyk +
∞∑

n=1

�
(n)
00

)
< ∞.
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rQJ ∑∞
n=1 α

(�−1)
n �

(n)
00 < ∞, `

∑∞
n=1 n�−1�

(n)
00 < ∞, /k��

∞∑
n=1

α(�)
n �

(n)
00 = (1 − p00)−1

( ∑
k �=0

p0k

∞∑
n=1

α(�)
n �

(n)
k0 +

∞∑
n=1

n�−1�
(n)
00

)

≤ (1 − p00)−1

( ∑
k

p0kyk +
∞∑

n=1

n�−1�
(n)
00

)
< ∞.

J�, gc(	MW.

4 Geom/G/1 xsyz
Geom/G/1 cadY�wY�9:;1 Markov �, uÆTHJ+ Bernoulli $0 (HJ;

11xyL��AD�$0),yt;1yL��AD�zytv9:;1ca9:,uvwx*
+,2 [2, 11, 12] S. ,:`�, X.a�� Geom/G/1 cadY������, +oX.A`
M0fOM�, uÆb6@;7G9;���yBqA�6�;���yBw1�r9.

up 4.1 j� i ∈ E � λ > 0, U
∑∞

n=1 λnf
(n)
ii < 1, /

∞∑
n=0

λn�
(n)
ii ≤

(
1 −

∞∑
n=1

λnf
(n)
ii

)−1

�
(0)
ii .

st xyA�I0;7 i �;zIzAH, E@MN�*M, ,QD� n ≥ 1,

�
(n)
ii = Pi{Li = n}

=
n∑

m=1

Pi{τi = m, Li = n} =
n∑

m=1

Pi{τi = m}Pi{Li = n | τi = m}

=
n∑

m=1

Pi{τi = m} · P{Li = n |Φ0 = i, Φv �= i, 1 ≤ v < m, Φm = i}

=
n∑

m=1

f
(m)
ii P{Li = n |Φm = i} =

n∑
m=1

f
(m)
ii �

(n−m)
ii .

j�V= N ≥ 1, ,EWijkpkq λn, ErJ n l�*M
N∑

n=1

λn�
(n)
ii =

N∑
n=1

n∑
m=1

λmf
(m)
ii λn−m�

(n−m)
ii =

N∑
m=1

λmf
(m)
ii

N−m∑
n=0

λn�
(n)
ii ,

d
N∑

n=0

λn�
(n)
ii − �

(0)
ii ≤

N∑
m=1

λmf
(m)
ii

N∑
n=0

λn�
(n)
ii .

tCM
N∑

n=0

λn�
(n)
ii ≤

(
1 −

N∑
m=1

λmf
(m)
ii

)−1

�
(0)
ii ,

EWijkpk;rJ N → ∞ O{H|MHgc(	. Wg.

{ 4.2 (Geom/G/1 cadY) J Markov � Φ ��?>?

+
pij = aj−(i−1)+ , i, j ∈ Z+, +� an =

{
pqn, n ≥ 0,
0, n < 0,
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p ∈ (0, 1/2), q = 1 − p, / Markov �+�����.

st eDH 0 < a0 < 1 3 a0 + a1 < 1, dCP Markov �@*=. @J
∞∑

n=0

nan = p

∞∑
n=0

nqn = q/p > 1,

@2 [11, N 3 NN 5 `] A, Markov ����, d,QD� i ∈ E, Pi{Li < ∞} = 1. J�, (5

�� 1.2 �M� 4.1 A, lcWb>,�= λ > 1, VM

Fii(λ) :=
∞∑

n=1

λnf
(n)
ii < 1.

ki2 [11, N 3 NN 5 `], Fii(λ) {{=0
Fii(λ) = λ

∞∑
n=0

anFii(λ),

HM

Fii(λ) =
1 −√

1 − 4pqλ

2q
.

CP, ,QD� 1 < λ ≤ 1/(4pq), Fii(λ) ≤ 1/(2q) < 1. Wg.

|} }||}~}~���qc_.

~ � ~ �
[1] Anderson W., Continuous-Time Markov Chains, Springer-Verlag, New York, 1991.

[2] Asmussen S., Applied Probability and Queues, 2nd ed., Springer-Verlag, New York, 2003.

[3] Aurzada F., Iksanov A., Meiners M., Exponential moments of first passage times and related quantities for
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