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4, �� [1, 3, 4, 8, 9, 17]. .,, 5���	���������, -��"W���"��
�67���/��. � [22] ���0[��W���"��, 18���	��. 92�X
��3! Lamperti ./��"���450162� [25]. :34, 57;�W���"��
X = {X(t), t ∈ R}, � Lamperti ./�<6 X ��"8�7=.

� [7] ��9>�0[��W���"��, 1����	��. ����	����	

����e?�, 8:���	������Y [7, 10, 21]. !���Y��Æ� [20, 27].

fg 1.1 ;9� H ∈ (0, 1), XH
0 (0) = 0, < XH

0 = {XH
0 (t), t ∈ R+} ���U@:��"

��, �A;<=h
E

(
XH

0 (s)XH
0 (t)

)
= s2H + t2H − 1

2
[
(s + t)2H + |s − t|2H

]
, (1.1)

B= XH
0 �>C� R >�' H �����	��.

fg 1.2 ; XH
1 , . . . ,XH

d 5 XH
0 ??D��, @

XH(t) = (XH
1 (t), . . . ,XH

d (t)), ∀ t ∈ R+, (1.2)

B= XH = {XH(t), t ∈ R+} �>C� R
d >�' H �����	��.

� (1.1) EF, XH �G�' H �W����, 157;�9� a > 0,{
XH(at), t ∈ R+

} d=
{
aHXH(t), t ∈ R+

}
, (1.3)

�U X
d= Y �G���"��!�D�!HI��. i;@ XH AJ3!�����.

fg 1.3 57�B2�K� H = (H1, . . . ,HN ) ∈ (0, 1)N , ; XH = {XH(t), t ∈ R
N
+} �

�>C� R
d �U@:��"�"#, <�����??D��AA;<=h

E
(
XH

1 (s)XH
1 (t)

)
=

N∏
j=1

{
s
2Hj

j + t
2Hj

j − 1
2
[
(sj + tj)2Hj + |sj − tj |2Hj

]}
, (1.4)

B= XH �>�' H � (N, d)- ����	C.

L2���"����
��MB7C�Y�X�DDN�E��OFGE�FP�.#�,

�����	���HQ���j��3RG�?�@�"��. L2HS�
!�"��3I

%�?T��3I���"��. ���JKU, 50162��<JkL2LK�eOFGE
�FP�, L,M�	�����VM�NO�G�?�@�"��. N50162�W!5H

�, XAh<�?�"���Y�PO�PQ�Y, ��[5�
�50Q�RZ�. #�[�

!O��3, 1450162�. � [6] ����450162����S, ���3����

"����9�YU��[��\
, �\T�
�Chung [5�U�50Q�RZ��.

R�V������	���C>���C�JKU�50Q]^, L2S
�X��3!
Berman & � Fourier �M;G��"���450162�. � [23] ���T01WK�

�"�"#, 674B 50Q� Hölder _X. �U 2 YU, 2� 2.1 B ����	�

�50Q� Hölder _X, VGW�� [23, 2� 3.1 � 3.2] ���?�. �>, XB ���

�	��`�Z�[6��a Hausdorff I�, 50Q L(0, 1) �b�
YCB��[c:GW.

�U 3 YU, 2� 3.3 B  (N, d)- ����	C50Q�Z��� L2 7=. # (N, d)- ��

��	C��0:d�1WK��"�"#, �F\�5�� [23] �]C\. �c^�eU, c

7=��A62�!Hf9�, X�>C�_`�[AD. ci,1, ci,2, . . . 7=�U i YU $�6
2�!Hf9�, �>C�_OF�W��G� H.
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� [15] F\����	���450162�, ��GW�R�U!Z[��\
.

mN 1.4 57;�9� 0 < a < b, XH
0 � I = [a, b] f3! φ- 450162�, �U

φ(r) = r2H , 1Z�f9� c1,1 � r0, �
57;� t ∈ I �7;� 0 < r ≤ min{|t|, r0},
Var

(
XH

0 (t) |XH
0 (s) : s ∈ I, r ≤ |s − t| ≤ r0

) ≥ c1,1φ(r). (1.5)

R�X[�Ug�GW, Æ� [7].

no 1.5 Z�f9� c1,2 � c1,3, �
57;� s, t ∈ R+, !

c1,2|t − s|2H ≤ E
[(

XH
0 (t) − XH

0 (s)
)2] ≤ c1,3|t − s|2H . (1.6)

2 pqrst
; XH = {XH(t), t ∈ R+} �>C� R

d >�' H �����	��. 57;�bZ

I ⊂ R+ �7;� x ∈ R
d, XH �50Q2h'ijcd μI �hde�, �U μI '

μI(A) =
∫

I

1A(XH(s))ds, A ∈ B(Rd). (2.1)

�� [12, 2� 6.4] �, 57;�2h� I × R
d f� Borel �ce� g(t, x) ≥ 0, !∫

I

g(t,XH(t))dt =
∫

Rd

∫
I

g(t, x)L(x, dt)dx. (2.2)

��� 1.5 B� [12, 2� 21.9] �
: < 1
H > d, B XH Z�50Q L(x, t) := L(x, [0, t]),

�U (x, t) ∈ R
d × [0,∞). k�f, �� [25, 2� 3.14] I [23, 2� 3.1 � 3.2] �
!� L(x, t)

�fB�Y, ÆUg�2�. �YfB�Y!i�L2�� XH lRPQ��m�Y.

fo 2.1 ; XH = {XH(t), t ∈ R} �>C� R
d >�' H �����	��. < 1

H >d,

BUg��Yf?:

(i) XH Z�50Q L(x, t) A L(x, t) -� (x, t) �ghh�aRZ.

(ii) (50 Hölder _X) 57;� B ∈ B(R), @ L∗(B) = supx∈Rd L(x,B), BZ���!H

f9� c2,1, �
57;� t0 ∈ R+,

lim sup
r→0

L∗(B(t0, r))
ϕ1(r)

≤ c2,1 a.s., (2.3)

�U B(t, r) = (t − r, t + r), ϕ1(r) = r1−Hd(log log 1
r )Hd.

(iii) (�a Hölder _X) 57;�!Hjk I ⊆ R, Z���!Hf9� c2,2, �


lim sup
r→0

sup
t0∈I

L∗(B(t0, r))
ϕ2(r)

≤ c2,2 a.s., (2.4)

�U ϕ2(r) = r1−Hd(log 1
r )Hd.

uv �l^ 1.4 ��� 1.5, � [25, 2� 3.14] I� [23, 2� 3.1 � 3.2] �_Xm=h, i

2�
F.

�� [5, 18, 23–25], L2�$2� 2.1 �<
In2`�Z Zx = {t ∈ R+ : XH(t) = x}
� Hausdorff I�� Hausdorff cd, �U x ∈ R

d. Ug�2�B  XH `�Z��a�

Hausdorff I�.

; Φ �e� φ : (0, δ) → (0, 1) �Zj, �U φ =hnRZ�Ckl��φ(0+) = 0 AZ��

�!Hf9� c > 0, �
m 0 < s < δ
2 Q, ! φ(2s)

φ(s) ≤ c.
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fg 2.2 ; φ ∈ Φ, =

φ-m(E) = lim
ε→0

inf
{ ∑

i

φ(2ri) : E ⊆
∞⋃

i=1

B(xi, ri), ri < ε

}

'Zj E ⊆ R
d � φ-Hausdorff cd, �U B(x, r) 7=U@' x no' r �pT. < 0 <

φ-m(E) < ∞, B= φ ' E �[6� Hausdorff cde�.

fg 2.3 = dimE = inf{α > 0 : sα-m(E) = 0} = sup{α > 0 : sα-m(E) = ∞} ' E �

Hausdorff I�.

-� Hausdorff cd� Hausdorff I��!��Y, �> � [11].

fo 2.4 < 1
H > d, BO�
 1,

dimHZx = 1 − Hd, ∀x ∈ R
d, (2.5)

�U dimH 7= Hausdorff I�.

uv �� [25, 2� 3.20] �
, O�
 1,

dimHZx = 1 − Hd, ∀x ∈ O, (2.6)

�U O ����"pZ, �2h'

O =
⋃

s,t∈Q; s<t

{
x ∈ R

d : L(x, [s, t]) > 0
}
. (2.7)

#�, o[F\ O = R
d a.s., 1F R

d ⊆ O a.s. '�, � Lamperti ./, L2 !���"��

Y = {Y (t), t ∈ R}, �U Y (t) = e−HtXH(et).

�� [15, l^ 2.4] �F\�, Y �������o??�A Y � φ- 450162�, �U
φ(r) = r2H . #�, �� [25, 2� 3.14] ��, Y Z�50Q LY (x, t) A LY (x, t) -� (x, t) �g

hh�aRZ, �U (x, t) ∈ R
d × R. Dl, �� [15, l^ 2.4] �F\�, Y =h� [18, 2� 2]

�_X, #��
, �ghh57;� y ∈ R
d Z���!Hjk J ⊂ R, �
 LY (y, J) > 0.

9�;g, �pp (2.2) 
, 57;� x ∈ R
d �7;�!Hjk I = [a, b] ⊂ [0,∞), !

μI(A) =
∫

A

L(x, I)dx =
∫

[a,b]

1A

(
X(s)

)
ds

=
∫

[a,b]

1A

(
sHY (log s)

)
ds =

∫
[log a,log b]

es1A

(
eHsY (s)

)
ds

=
∫

Rd

∫
[log a,log b]

es1A(eHsx)LY (x, ds)dx

=
∫

Rd

∫
[log a,log b]

e(1−H)s1A(y)LY (e−Hsy, ds)dy

=
∫

A

∫
[log a,log b]

e(1−H)sLY (e−Hsx, ds)dx. (2.8)

���
, 57;� x ∈ R
d �7;�!Hjk I = [a, b] ⊂ [0,∞),

L(x, I) =
∫

[log a,log b]

e(1−H)sLY (e−Hsx, ds). (2.9)

#�, �ghhZ���!Hjk I, �
 L(0, I) > 0. � L(x, I) �RZ��
, �ghhZ�

δ > 0, �
 L(y, I) > 0, �U y ∈ R
d A |y| ≤ δ. � (2.2), 57;� R

d f� Borel �ce�
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f(x), ! ∫
[0,t]

f
(
X(s)

)
ds =

∫
Rd

∫
[0,t]

f(x)L(x, dt)dx =
∫

Rd

f(x)L(x, t)dx. (2.10)

��, 57;� c > 0, ∫
[0,ct]

f
(
X(s)

)
ds =

∫
Rd

f(x)L(x, ct)dx. (2.11)

DQ, � XH �W���∫
[0,ct]

f
(
X(s)

)
ds = c

∫
[0,t]

f
(
X(cu)

)
du = c

∫
[0,t]

f
(
cHX(u)

)
du

= c

∫
Rd

∫
[0,t]

f(cHx)L(x, dt)dx = c

∫
Rd

f(cHx)L(x, t)dx

= c1−Hd

∫
Rd

f(y)L(c−Hy, t)dy =
∫

Rd

c1−Hdf(x)L(c−Hx, t)dx. (2.12)

� (2.11) �
 ∫
Rd

c1−Hdf(x)L(c−Hx, t)dx =
∫

Rd

f(x)L(x, ct)dx. (2.13)

���
, c−(1−Hd)L(x, ct) � L(c−Hx, t) ���qR. #�, �ghh57;� x ∈ R
d, Z�!

Hjk J ⊂ [0,∞), �
 L(x, J) > 0. FÆ.

-�50Q L(0, 1) w6���GW�P/, #���X�b�
 P{L(0, 1) > x} (m x →
∞) ��X!;h�kJ. � [13] �����	���JK, � [25] ���T0�"���

JK. Ug�GWB ����	��b�
�YC, VGW�� [25, 2� 3.20] ���?�.

fo 2.5 @ XH = {XH(t), t ∈ R} ���>C� R
d >�' H �����	��. <

1
H > d, B5�r�T� x > 0,

− log P{L(0, 1) > x} 
 xH , (2.14)

�U a(x) 
 b(x) �Gm x r�TQ, a(x)/b(x) Z�f�!H�fUq.

uv �l^ 1.4 ��� 1.5 �, � [25, 2� 3.22] �_Xm=h, i (2.14) f?.

�50Q�aqrqR�Z��BW���, �<
@Ug[c:GW.

mN 2.6 < 1
H > d, B5�7;�8e� F : R

d → R,

tHd−1

∫
[0,t]

F (XH(u))du
d−→ F̃L(0, 1), m t → ∞ Q, (2.15)

�U F̃ =
∫

Rd F (x)dx.

uv ��∫
[0,t]

F
(
XH(u)

)
du = t

∫
[0,1]

F
(
XH(tv)

)
dv

d= t

∫
[0,1]

F
(
tHXH(v)

)
dv, (2.16)

A�pp (2.2), !∫
[0,t]

F
(
XH(u)

)
du

d= t

∫
[0,1]

F
(
tHXH(v)

)
dv = t

∫
Rd

∫
[0,1]

F (tHx)L(x, dv)dx

= t

∫
Rd

F (tHx)L(x, 1)dx = t1−Hd

∫
Rd

F (y)L(t−Hy, 1)dy. (2.17)



94 3 + + + b c d 63�

i

tHd−1

∫
[0,t]

F
(
XH(u)

)
du

d=
∫

Rd

F (y)L(t−Hy, 1)dy. (2.18)

#'e� y �→ L(y, 1) �ghhRZA!q, �srqr2�


lim
t→∞

∫
Rd

F (y)L(t−Hy, 1)dy = F̃L(0, 1) a.s. (2.19)

i (2.15) f?. FÆ.

3 xqrst
; XH �>�' H � (N, d)- ����	C. � (1.4) 
, 0�� (N, d)- ���	C, XH

3!sÆW���, Æ� [2, 26]. (N, d)- ���	C3!si��"8�7=, ��D���X

��YU��[��\
; N (N, d)- ����	C XH A3!�e�"8�7=. tt�

�, u�<F\ XH 3!5���	C0��lRPQ�Y.

�t, B Ug��!
���.

no 3.1 57;� ε > 0, Z�!Hf9� c3,1 � c3,2, �
57;� s, t ∈ [ε, 1]N ,

c3,1

N∑
j=1

|sj − tj |2Hj ≤ E
[(

XH
1 (s) − XH

1 (t)
)2] ≤ c3,2

N∑
j=1

|sj − tj |2Hj , (3.1)

A

c3,1

N∑
j=1

|sj − tj |2Hj ≤ detCov
(
XH

1 (s)XH
1 (t)

) ≤ c3,2

N∑
j=1

|sj − tj |2Hj . (3.2)

�U det Cov 7=A;<vu�vwp.
uv EF: 57;��"�"K� (Z1, Z2),

det Cov(Z1, Z2) = Var(Z1)Var(Z2 |Z1), (3.3)

�U Var(Z1) ' Z1 �;<, Var(Z2 |Z1) 7=�� Z1 �_XU Z2 �;<.

� (3.3) 
, 57;� s, t ∈ [ε, 1]N ,

detCov
(
XH

1 (s),XH
1 (t)

)
= E

[
XH

1 (s)2
]
Var

(
XH

1 (t) |XH
1 (s)

)
≤ E

[
XH

1 (s)2
]
E

[(
XH

1 (t) − XH
1 (s)

)2]
. (3.4)

#' Var
(
XH

1 (s)
)
Z�f�!H�fUq, #�o[F (3.1) pU�fq� (3.2) pU�Uq.

m N = 1 Q, ��� 1.5, l^ 1.4 � (3.3) � (3.1) � (3.2) mf?. UgVF\, <��5

>� n f?, BV��5>� n + 1 Wf?.

�tF (3.1) p�fq. 57;� s, t ∈ [ε, 1]n+1, @ s′ = (s1, . . . , sn, tn+1), B!

E
[(

XH
1 (s) − XH

1 (t)
)2] ≤ 2E

[(
XH

1 (s) − XH
1 (s′)

)2] + 2E
[(

XH
1 (s′) − XH

1 (t)
)2]

. (3.5)

5� (3.5) pnu�U�w, L2i;@m>� s1, . . . , sn ∈ [ε, 1] v2Q, XH ���< sn+1 '

>������	��. #�, ��� 1.5 
 (3.5) pnu�U�w� c|tn+1 − sn+1|2Hn+1 sr,

�U9� c AOF� s1, . . . , sn ∈ [ε, 1]. 9�;g, m tn+1 ∈ [ε, 1] �v2Q, XH ��� (N, d)-

����	C. #�, �?�x;� (3.5) pnu�Uww� c
∑n

j=1 |tj − sj |2Hj sr. ��1F

(3.1) �fq.
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x;57;�>�' n � XH , (3.2) p�Uqf?. m N = n + 1 Q, Cs det Cov (X1(s),

X1(t)) 

n+1∏
j=1

(
2 − 22Hj−1

)2
t
2Hj

j s
2Hj

j −
n+1∏
j=1

{
s
2Hj

j + t
2Hj

j − 1
2
[
(sj + tj)2Hj + |sj − tj |2Hj

]}2

=
n+1∏
j=2

(
2 − 22Hj−1

)2
t
2Hj

j s
2Hj

j × (
2 − 22H1−1

)2
t2H1
1 s2H1

1

−
n+1∏
j=2

(
2 − 22Hj−1

)2
t
2Hj

j s
2Hj

j ×
{

s2H1
1 + t2H1

1 − 1
2
[
(s1 + t1)2H1 + |s1 − t1|2H1

]}2

+
{

s2H1
1 + t2H1

1 − 1
2
[
(s1 + t1)2H1 + |s1 − t1|2H1

]}2

×
n+1∏
j=2

(
2 − 22Hj−1

)
t
2Hj

j s
2Hj

j −
{

s2H1
1 + t2H1

1 − 1
2
[
(s1 + t1)2H1 + |s1 − t1|2H1

]}2

×
n+1∏
j=2

{
s
2Hj

j + t
2Hj

j − 1
2
[
(sj + tj)2Hj + |sj − tj |2Hj

]}2

≥ c|s1 − t1|2H1 + c
n+1∑
j=2

|sj − tj |2Hj ≥ c
n+1∑
j=1

|sj − tj |2Hj . (3.6)

i (3.2) �Uqf?. FÆ.
��� 3.1 �<F\� [2, 26] U-����	C���lRPQ�Y5 XH W�f?�.

Ug�2� 3.2 B  XH �50Q�Z��.

fo 3.2 @ XH = {XH(t), t ∈ R
N
+} ��� (N, d)- ����	C, �>� H ∈ (0, 1)N .

< d <
∑N

j=1
1

Hj
, B57;� N Ibjk I ⊂ (0,∞)N , XH Z�50Q L(x, I), x ∈ R

d. A,

V50Q!Ug� L2 7=:

L(x, I) = (2π)−d

∫
Rd

e−i〈y,x〉
∫

I

ei〈y,XH(s)〉dsdy, x ∈ R
d. (3.7)

uv Ay�"�, x; I = [ε, 1]N , �U ε > 0. ; λN � I f� Lebesgue cd. @ μ 7

=�xz t �→ XH(t) U� λN �ycd, B μ � Fourier ./'

μ̂(ξ) =
∫

I

ei〈ξ,XH (t)〉dt. (3.8)

� Fubini 2�� (3.1) 


E

∫
Rd

|μ̂(ξ)|2dξ =
∫

I

∫
I

∫
Rd

E
(
ei〈ξ,XH (s)−XH(t)〉)dξdsdt

= c

∫
I

∫
I

1[
E

(
XH

1 (s) − XH
1 (t)

)2]d/2
dsdt

≤ c

∫
I

∫
I

1[∑N
j=1 |sj − tj |2Hj

]d/2
dsdt. (3.9)

�� [26, 214 z] ��, m d <
∑N

j=1
1

Hj
Qy���8�!H. #�, μ̂ ∈ L2(Rd) a.s., A�

Plancherel 2��
2� 3.2 f?. FÆ.
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