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Abstract Suppose X,Y are reflexive strictly convex Banach spaces. Let A ∈ B(X,Y )
be a bounded linear operator with R(A) closed. T = EAF ∈ B(X,Y ) is a multiplicative
perturbation of A. In this paper, we investigate the multiplicative perturbations of the
metric generalized inverse of A. We present the upper bound of ‖TM −AM‖ under the
condition that the range R(A) and the null space N(A) are uniformly strong unique
of order α and order β, respectively. As an application, we consider the multiplicative
perturbation of metric generalized inverse in Lp space.
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1 9:
�; X,Y 
���< R ��=���� Banach ��. � B(X,Y ) �> X ?� Y ��

@����A���. ��B� T ∈ B(X,Y ), R(T ), N(T ) ��
� T �C<� ��. �!D
�� ABA = A E BAB = B ��A B ∈ B(Y,X) � A �F� {1, 2} ", #��G B = A+.

 H"�$!�%I�C"�#&"#Æ$%&�'<@J'(K(�LM [20, 23], )*)

*++� ,,-�./. 0-, �� H"I.1 Banach ��;/2�A���0C34#
N51�.34#N23).34;6+78�9. �.1 Banach ��;/2�A���N2
3).34, Nashed � Votruba I Banach ��;O-:���A (�C) 4; H"�5<
(6� [18, 19]7.

= T ∈ B(X,Y ), �B89 b ∈ Y , �A�� Tx = b I�� X ;:IN23).. 9H
T ∂(b) = {x ∈ X : x � Tx = b �N23).}.

�?> b → T ∂(b) � T � (�C) 4; H", ?;
D(T ∂) = {b ∈ Y : Tx = b I X ;:IN23).}.

�!D T σ(b) ∈ T ∂(b) �;C?> (#��<���) T σ : D(T ∂) → X �4; H" T ∂ �F
�@P.

Nashed [18] Q=: >+A@B?�R�@PC4; H"C+./�34. 2003 *, D@�

DS�I� [21] ;O-:F�;C4; H", Æ�T� Moore–Penrose 4; H".

UV 1.1 [20, 21] = T ∈ B(X,Y ) E R(T ) E N(T ) � Chebyshev A��. F:IG��A
T M !D

(1) TT MT = T, (2) TMTT M = TM ,

(3) TT M = πR(T ), (4) T MT = I − πN(T ),

W� T M � T � Moore–Penrose 4; H".

>� [20, 21] XY: FC< R(T ) �A�, W TM �@�G��A.

HZ��A H"�BC$!34I'(�I;DJ:./. 0-, EF$!I�C��G
��HK�L4�C�%;MINJK(JO [3, 8–10]. )*+, HZ��A H"EF$!3
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4�./UVWU. I� [4, 6] ;, G\I (I + E) ∈ C
m×m � (I + F ) ∈ Cn×n XV"�WYX,

./:HZ A ∈ C
m×n �EF$!HZ Ã = (I + E)A(I + F ) ∈ C

m×n � Moore–Penrose "�

EF$!34. � [24] IY$!�5<XZ[:HZ T = EAF ∗ � Moore–Penrose ". \"�

EF$!34I� [16] ;DJ:./. Z]EF$!34�[(Z[\6 [1, 5, 22] %�I.

= A ∈ B(X,Y ), E ∈ B(Y ), F ∈ B(X). ]�./:�A A �EF$!�A T = EAF �

Moore–Penrose 4; H". IC< R(A) � α ^F^]^F� �� N(A) � β ^F^]^
F�WYX, _`��A T � Moore–Penrose 4; H" TM �EF$!DJ:�%, Æ_a

+`aLM� Lp ���.

2 _`ab
X�;_bM��K(5<EOb.

cd 2.1 (6� [13, c 56 e]) = M,N � Banach �� X �AA��. PM , PN ����

M,N ��cf, W N ⊆ M %d] PMPN = PN .

cd 2.2 = A ∈ B(X,Y ), E ∈ B(Y ), F ∈ B(X) E T = EAF ∈ B(X,Y ). F E+ e F+

:IE E+EA = A, AFF+ = A, W F+A+E+ � T �F� {1, 2} ".

gh ifdjVY. jg.

A���eC$!�%�K(hA, ?5<fX:

UV 2.3 [13, 17] = M,N � Banach �� X �A��. g

δ(M,N) =

{
sup{dist(x,N) |x ∈ M, ‖x‖ = 1}, M �= {0},
0, M = {0},

W� δ̂ = max{δ(M,N), δ(N,M)} � M E N ��e.

>9H 2.3 XYfX�U%h:

dist(x,N) ≤ ‖x‖δ(M,N), ∀x ∈ M.

Z]A���e[(��R\6� [13, 17, 23].

fX+, ij (�C) 4;cf�5<.

= M ⊂ X � Banach �� X �A�. 9Hk x ∈ X ��� M �ei�

dist(x,M) = inf
∀y∈M

‖x − y‖.

�C?> PM : X ⇒ M 9H�
PM (x) = {z ∈ M | ‖x − z‖ = dist(x,M)}, ∀x ∈ X,

W� PM �l X � M �� (�C) 4;cf.

F PM (x) �= ∅, W� M �j)�. F PM (x) �;k�, W� M � Chebyshev �. mk, �

PM � πM . πM A@fX�R:

k- 2.4 [20] = M ⊂ X � Banach �� X � Chebyshev A�, W
(1) π2

M (x) = πM (x), ∀x ∈ X, n πM �l%�A.

(2) ‖x − πM (x)‖ ≤ ‖x‖, l- ‖πM (x)‖ ≤ 2‖x‖, ∀x ∈ X.

(3) πM (λx) = λπM (x), ∀x ∈ X, ∀λ ∈ R, n πM �G��A.



942 � 
 
 � 6 7 8 62�

(4) πM (x + z) = πM (x) + πM (z) = πM (x) + z, ∀ z ∈ M , n πM I M ��mVB�.

cd 2.5 [15] = X �=� Banach ��, W X ������oEpo�q<�A�A�
M ⊂ X � Chebyshev �.

l 2.6 >Ob 2.5 VY, ��q T ∈ B(X,Y ), F R(T ) A, W Moore–Penrose 4; H"
T M :I.

Xn�Ob8=: Moore–Penrose 4; H" TM �
�.

cd 2.7 [11] = T ∈ B(X,Y ) E R(T ), N(T ) � Chebyshev A��, W
T M = (I − πN(T ))T−πR(T ),

E T M Umo] T− ∈ B(Y,X) �@p, ?; T− !D%h TT−T = T .

= T ∈ B(X,Y ). 9H�A T �N5n$q γ(T ) �:

γ(T ) = inf{‖Tx‖ |dist(x,N(T )) = 1, ∀x ∈ D(T )}
XY, γ(T )dist(x,N(T )) ≤ ‖Tx‖.

cd 2.8 (6� [17, 9b 2]) = T ∈ B(X,Y ), W R(T ) AoEpo γ(T ) > 0.

cd 2.9 (6� [17, 9b 3]) = T ∈ B(X,Y ),W γ(T ) = γ(T ∗),?; T ∗ � T �rr�A.

cd 2.10 (6� [11, Ob 2.14]) = T ∈ B(X,Y ) E R(T ) A, W TM :IE
1

‖T M‖ ≤ γ(T ) ≤ ‖TT M‖
‖T M‖ .

cd 2.11 = A ∈ B(X,Y ), E ∈ B(Y ), T = EA ∈ B(X,Y ). F E+ :IE E+EA = A,

W γ(T ) ≤ ‖E‖γ(A).

gh > E+EA = A Y N(A) = N(EA). om, ��q x ∈ X, @
γ(T )dist(x,N(A)) = γ(T )dist(x,N(EA)) ≤ ‖Tx‖ ≤ ‖E‖ ‖Ax‖.

l-`[ss. jg.

cd 2.12 = A ∈ B(X,Y ), F ∈ B(X), T = AF ∈ B(X,Y ). F F+ :IE AFF+ = A,

W γ(T ) ≤ ‖F‖γ(A).

gh pB� T ∗ = F ∗A∗, (F ∗)+F ∗A∗ = A∗, >Ob 2.11 Y
γ(T ∗) ≤ ‖F ∗‖γ(A∗).

q>Ob 2.9 Y`[ss. jg.

cd 2.13 = A ∈ B(X,Y ), E ∈ B(Y ), F ∈ B(X), T = EAF ∈ B(X,Y ). F E+, F+ :

IE E+EA = A, AFF+ = A, W
γ(T ) ≤ ‖E‖ ‖F‖γ(A).

gh >Ob 2.11 e 2.12 Y
γ(T ) = γ(EAF ) ≤ ‖E‖γ(AF ) ≤ ‖E‖ ‖F‖γ(A).

jg.

l 2.14 IOb 2.13 �WYXV+ A = E+TF+. t>Ob 2.13 @
γ(A) ≤ ‖E+‖ ‖F+‖γ(T ).

l-V+: F E+EA = A, AFF+ = A, W γ(T ) > 0 oEpo γ(A) > 0.
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fX+, ur]A���e�4;cf�EF$!DJ�%, tu_`8=fXv4.

k- 2.15 = A ∈ B(X,Y ) E R(A) A, E ∈ B(Y ), F ∈ B(X), T = EAF ∈ B(X,Y ). F

E+, F+ :IE E+EA = A, AFF+ = A, W E+πR(T )E E I −F (I − πN(T ))F+ ���� R(A)

� N(A) ��cf�A, ÆE@
(I − πR(A))E+πR(T )E = 0, (I − E+πR(T )E)πR(A) = 0,

F (I − πN(T ))F+πN(A) = 0, (I − πN(A))(I − F (I − πN(T ))F+) = 0.

gh >p 2.14 Y R(T ) A, o- TM :I.

> E+EA = A XY E+πR(T )E �l%�A. q> AFF+ = A Y%h πN(T )(F+F − I) =

F+F − I ss, l- FπN(T )F
+F = FπN(T ). om FπN(T )F

+ �l%�A. v;"�VY I −
F (I − πN(T ))F+ MCl%�A.

> E+EA = A, AFF+ = A VY R(A) = R(AF ), N(EA) = N(A).

s> R(E+πR(T )E) ⊆ R(AF ) � E+πR(T )EAF = AF , V+

R(E+πR(T )E) = R(AF ) = R(A).

l-VY E+πR(T )E �� R(A) ��cf�A.

> EAF (I − πN(T ))F+ = EA � N(EA) ⊆ N(F (I − πN(T ))F+), VY
N(F (I − πN(T ))F+) = N(EA) = N(A).

l- I − F (I − πN(T ))F+ �� N(A) ��cf�A.

>Ob 2.1 X+fX%h:

(I − πR(A))E+πR(T )E = 0, (I − E+πR(T )E)πR(A) = 0,

F (I − πN(T ))F+πN(A) = 0, (I − πN(A))(I − F (I − πN(T ))F+) = 0.

jg.

tu 2.16 = A ∈ B(X,Y ) E R(A) A, E ∈ B(Y ), F ∈ B(X), T = EAF ∈ B(X,Y ). F

E,F �V"�A, W E−1πR(T )E E FπN(T )F
−1 ���� R(A) � N(A) ��cf�A, ÆE

Xw%hss:

πR(A) = E−1πR(T )EπR(A), πR(T ) = EπR(A)E
−1πR(T ),

πN(T ) = F−1πN(A)FπN(T ), πN(A) = FπN(T )F
−1πN(A).

cd 2.17 = A ∈ B(X,Y ) E R(A) A, E ∈ B(Y ), F ∈ B(X), T = EAF ∈ B(X,Y ). F

E+, F+ :IE E+EA = A, AFF+ = A, W
(1) δ(R(A), R(T )) ≤ ‖I − E‖;
(2) δ(N(T ), N(A)) ≤ ‖I − F‖.
gh (1) ��B� u ∈ R(A) E ‖u‖ = 1, :I y ∈ Y , x+ AAMy = u. q> AFF+ = A

V+

dist(u,R(T )) ≤ ‖u − EAF (F+)AMy‖
= ‖(I − E)AAMy‖ ≤ ‖I − E‖ ‖AAMy‖
≤ ‖I − E‖ ‖u‖.
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o-, δ(R(A), R(T )) ≤ ‖I − E‖.
(2)> E+EA = AY N(EA) = N(A). ��B� u ∈ N(T )E ‖u‖ = 1,@ Tu = EAFu = 0,

n@ Fu ∈ N(EA) = N(A). t

dist(u,N(A)) ≤ ‖u − Fu‖ ≤ ‖I − F‖.
o- δ(N(T ), N(A)) ≤ ‖I − F‖. jg.

k- 2.18 = A ∈ B(X,Y ) E R(A) A, E ∈ B(Y ), F ∈ B(X), T = EAF ∈ B(X,Y ). F

E+, F+ :IE E+EA = A, AFF+ = A, W
(1) ‖(I − πR(T ))πR(A)‖ ≤ ‖I − E‖ ‖πR(A)‖,
(2) ‖(I − πN(A))πN(T )‖ ≤ ‖I − F‖ ‖πN(T )‖.
gh ��B� x ∈ X, >Ob 2.17 Y

‖(I − πR(T ))πR(A)x‖ = dist(πR(A)x,R(T ))

≤ ‖πR(A)x‖δ(R(A), R(T ))

≤ ‖I − E‖ ‖πR(A)x‖.
o-`[ (1) ss.

Æy]`[ (1) Vj+`[ (2). jg.

3 vwxy
� [14, 9H 2.1] ;9H4;cf πM I M w α ≤ 1 ^]^F�: fa�z� x ∈ X X:

I�� γM (x) ∈ (0, 1] (pmo] x � M), x+�z� m ∈ M @
γM (x)‖πMx − m‖α ≤ ‖x − m‖α − ‖x − πMx‖α. (3.1)

xyz�{z{I� [2] ;� α ≤ 1 ^]^F�5<DJ:|D, O-:I M w α ≤ 1 ^

F^]^F�5<.

UV 3.1 (6� [2, 9H 3.1]) = X �=���� Banach ��, M �AA��. πM ��

I M w α ≤ 1 ^F^]^F, fa:I�� γM ∈ (0, 1], x+�z� x ∈ X � m ∈ M,X@
γM‖πMx − m‖α ≤ ‖x − m‖α − ‖x − πMx‖α. (3.2)

cd 3.2 (6� [14, 9b 2.1]) = M �}1�� X �A��A��, 4;cf πM !D
]^FWY (3.1), W��B� x ∈ X �AA�� N ⊂ X, @

‖πMx − πNx‖ ≤ 10γM (x)−
1
α ‖x‖δ̂(M,N)

1
α .

cd 3.3 = A ∈ B(X,Y ) E R(A) A, E ∈ B(Y ), F ∈ B(X), x+ E+, F+ :I. =

T = EAF ∈ B(X,Y ) E E+EA = A, AFF+ = A. F πR(A) I R(A) w α ^F^]^F, πN(A)

I N(A) w β ^F^]^F, W
(1) ‖πR(A)y − πR(T )y‖ ≤ 10γ− 1

α

R(A)‖y‖max{‖I − E‖ 1
α , ‖I − E+‖ 1

α }, ∀ y ∈ Y ;

(2) ‖πN(A)x − πN(T )x‖ ≤ 10γ
− 1

β

N(A)‖x‖max{‖I − F‖ 1
β , ‖I − F+‖ 1

β }, ∀x ∈ X;

(3) ‖(I − πN(A))x − (I − πN(A))y‖ ≤ [1 + 2( β
2γN(A)

)
1
β ][‖x‖ + ‖y‖] β−1

β ‖x − y‖ 1
β .
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gh pB� A = E+TF+, EE+T = T � TF+F = T , >Ob 2.17 Y
δ(R(T ), R(A)) ≤ ‖I − E+‖.

o-, δ̂(R(A), R(T )) ≤ max{‖I − E‖, ‖I − E+‖}. q>Ob 3.2 VY`[ (1) ss.

Æy] (1) �j|VY (2) ss.

`[ (3) +=]� [2, v4 3.5 (2)]. jg.

cd 3.4 = A ∈ B(X,Y ) E R(A) A, E ∈ B(Y ), F ∈ B(X), x+ E+, F+ :I. =

T = EAF ∈ B(X,Y ) E E+EA = A, AFF+ = A. F πR(A) I R(A) w α ^F^]^F, W�
�B� y ∈ Y , :I z ∈ N(A), x+

‖T My − AMy − z‖ ≤ ‖AM‖{‖A − T‖ ‖T M‖ + 10γ− 1
α

R(A)ΔE

}‖y‖,
e

‖T My‖ + ‖AMy + z‖ ≤ 3‖T My‖ + ‖AMy‖.

?;, ΔE = max{‖I − E‖ 1
α , ‖I − E+‖ 1

α }.
gh g

ΔE = max{‖I − E‖ 1
α , ‖I − E+‖ 1

α }.

>Ob 3.3 VY
‖AAMy − TT My‖ = ‖πR(A)y − πR(T )y‖ ≤ 10γ− 1

α

R(A)‖y‖ΔE .

l-

‖A(T My − AMy)‖ = ‖AT My − TT My + TT My − AAMy‖
≤ ‖A − T‖ ‖TMy‖ + ‖TT My − AAMy‖
≤ ‖A − T‖ ‖TM‖ ‖y‖ + 10γ− 1

α

R(A)ΔE‖y‖.
o� N(A) A, t:I z ∈ N(A), x+

‖T My − AMy − z‖ = dist(TMy − AMy,N(A))

≤ 1
γ(A)

‖A(T My − AMy)‖ (o R(A) A)

≤ ‖AM‖ ‖A(TMy − AMy)‖.
l-

‖T My − AMy − z‖ ≤ ‖AM‖{‖A − T‖ ‖T M‖ + 10γ− 1
α

R(A)ΔE

}‖y‖.
q>

‖T My − AMy − z‖ = dist(T My − AMy,N(A)) ≤ ‖TMy − AMy‖,

V+

‖T My‖ + ‖AMy + z‖ ≤ ‖TMy‖ + ‖T My − AMy‖ + ‖T My‖ ≤ 3‖T My‖ + ‖AMy‖.
jg.
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Ud 3.5 = A ∈ B(X,Y ) E R(A) A, E ∈ B(Y ), F ∈ B(X), x+ E+, F+ :I. =

T = EAF ∈ B(X,Y ) E E+EA = A, AFF+ = A. F πR(A) I R(A) w α ^F^]^F, πN(A)

I N(A) w β ^F^]^F, W TM :IE
(1) T M = (I − πN(T ))F+AME+πR(T ),

(2) ‖TM‖ ≤ 2‖F+‖ ‖E+‖ ‖AM‖.
(3) ‖TM − AM‖

‖AM‖ ≤ 20γ
− 1

β

N(A)‖F+‖ ‖E+‖ΔF

+
[
1 + 2

(
β

2γN(A)

] 1
β
)

(3‖F+‖ ‖E+‖ + 1)
β−1

β

× {
2‖A − T‖ ‖F+‖ ‖E+‖ ‖AM‖ + 10γ− 1

α

R(A)ΔE

} 1
β ,

?;
ΔE = max{‖I − E‖ 1

α , ‖I − E+‖ 1
α }, ΔF = max{‖I − F‖ 1

β , ‖I − F+‖ 1
β }.

gh > R(A) AY γ(A) > 0. >Ob 2.13 Y γ(T ) > 0, t R(T ) A, l- TM :I.

>Ob 2.2 � 2.7 XY (1) ss. > (1) V+ (2). fX+j| (3).

>Ob 3.3 � 3.4 Y, ��B� y ∈ Y , :I z ∈ N(A), x+

‖T My−AMy‖ = ‖T My − AMA(AMy + z)‖
= ‖TMy − AMAT My + AMAT My − AMA(AMy + z)‖
≤ ‖(I − AMA)T My‖ + ‖AMAT My − AMA(AMy + z)‖
= ‖(I − TMT )T My − (I − AMA)T My‖ + ‖AMAT My − AMA(AMy + z)‖
= ‖πN(T )T

My − πN(A)T
My‖ + ‖(I − πN(A))T My − (I − πN(A))(AMy + z)‖

≤ 10γ
− 1

β

N(A)‖T My‖ΔF +
[
1 + 2

(
β

2γN(A)

) 1
β
]
[‖T My‖

+ ‖AMy + z‖] β−1
β ‖T My − AMy − z‖ 1

β

≤ 10γ
− 1

β

N(A)‖T My‖ΔF +
[
1 + 2

(
β

2γN(A)

) 1
β
]
(3‖TM‖ + ‖AM‖) β−1

β

× ‖AM‖ 1
β
{‖A − T‖ ‖TM‖ + 10γ− 1

α

R(A)ΔE

} 1
β ‖y‖

≤ 20γ
− 1

β

N(A)‖F+‖ ‖E+‖ ‖AM‖ΔF ‖y‖+
[
1+2

(
β

2γN(A)

) 1
β
]
(3‖F+‖ ‖E+‖+1)

β−1
β

× ‖AM‖{2‖A − T‖ ‖F+‖ ‖E+‖ ‖AM‖ + 10γ− 1
α

R(A)ΔE

} 1
β ‖y‖.

om
‖T My−AMy‖

‖AM‖ ≤ 20γ
− 1

β

N(A)‖F+‖ ‖E+‖ΔF ‖y‖+
[
1+2

(
β

2γN(A)

) 1
β
]
(3‖F+‖ ‖E+‖+1)

β−1
β

× {
2‖A − T‖ ‖F+‖ ‖E+‖ ‖AM‖ + 10γ− 1

α

R(A)ΔE

} 1
β ‖y‖.

jg.

N~, _`}~ Lp ���4; H"�EF$!34.
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cd 3.6 [14] = f ∈ Lp (1 < p < ∞) E M,N � Lp �A��A��, W

‖PMf − PNf‖p ≤
⎧⎨
⎩ 10c

− 1
p

p ‖f‖pδ̂(M,N)
1
p , 2 ≤ p < ∞,

10(p − 1)−
1
2 ‖f‖pδ̂(M,N)

1
2 , 1 < p ≤ 2,

?;, cp = (p − 1)(1 + s)2−p E s ��� tp−1 − (p − 1)t − (p − 2) ^F�{ k.

tu 3.7 = X = Lp(Ω, μ) (1 < p < ∞). A,E,F ∈ B(X) E R(A) A, E+, F+ :I. =

T = EAF ∈ B(X). F E+EA = A, AFF+ = A, W T M :IE
(1) T M = (I − πN(T ))F+AME+πR(T );

(2) ‖TM‖ ≤ 2‖F+‖ ‖E+‖ ‖AM‖.
m�

(I) o 2 ≤ p < ∞ k,

‖TM − AM‖
‖AM‖ ≤ 20c

− 1
p

p ‖F+‖ ‖E+‖Δp
F +

[
1 + 2

(
p

2cp

) 1
p
]
(3‖F+‖ ‖E+‖ + 1)

p−1
p

× {
2‖A − T‖ ‖F+‖ ‖E+‖ ‖AM‖ + 10c

− 1
p

p Δp
E

} 1
p ,

?;, cp = (p − 1)(1 + s)2−p E s ��� tp−1 − (p − 1)t − (p − 2) ^F�{ k,

Δp
E = max{‖I − E‖ 1

p , ‖I − E+‖ 1
p }, Δp

F = max{‖I − F‖ 1
p , ‖I − F+‖ 1

p }.
(II) o 1 < p ≤ 2 k,

‖TM − AM‖
‖AM‖ ≤ 20(p − 1)−

1
2 ‖F+‖ ‖E+‖Δ2

F + (1 + 2(p − 1)−
1
2 )(3‖F+‖ ‖E+‖ + 1)

1
2

× {
2‖A − T‖ ‖F+‖ ‖E+‖ ‖AM‖ + 10(p − 1)−

1
2 Δ2

E

} 1
2 ,

?;
Δ2

E = max{‖I − E‖ 1
2 , ‖I − E+‖ 1

2 }, Δ2
F = max{‖I − F‖ 1

2 , ‖I − F+‖ 1
2 }.
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[3] Castro-González N., Ceballos J., Dopico F. M., et al., Accurate solution of structured least squares problems

via rank-revealing decompositions, SIAM J. Matrix Anal. Appl., 2013, 34: 1112–1128.
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