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Abstract A sequence {Pi}i∈N of covers of a topological space X is called a point-
star network for X if the family {st(x,Pi)}i∈N is a network at x in X for each x ∈ X.
The main purpose of this paper is to characterize the spaces which has a point-star
network consisting of cs-finite cs-coverings and express their as certain images of metric
spaces. It is proved that the following are equivalent for a topological space X when
the property P of set families satisfies some suitable conditions:

(1) X has a point-star network consisting of cs-coverings with property P.
(2) X has a point-star network consisting of sn-coverings with property P.
(3) X is a Cauchy sn-symmetric space with a σ-P cs-network.
(4) X is a Cauchy sn-symmetric space with a σ-P sn-network.
(5) X is a sequence-covering, π and σ-P-image of a metrizable space.
(6) X is a 1-sequence-covering, compact and σ-P-image of a metrizable space.

The above and some related work contain the study of locally finite or point-finite
families as a special case, expand the research from bases to cs-networks, and enrich
the idea of mutual classification on mappings and spaces.

Keywords cs-finite families; cs-coverings; point-star networks; sequence-covering
mappings; σ-cs-mappings
MR(2010) Subject Classification 54C10, 54D55, 54E30
Chinese Library Classification O189.1
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"%#�$ [6, 22]. %&, Alexandroff [1] .'&/0#, '�((��!&!1
2�, �),

Arhangel’skǐı [4] ��!&/0#
��((�

��
�)$3.

�����
*+��,��&-%4
,-+*
5.)6+, �����
�7#,


-/�� [9]. *��

���$�, -*+��+*
./-/! cs !1+8�cs 9!��

��$!0. ,�01!1+8
�2, Boone [8] .' cs !1+8, :1��

���02

;�! σ-cs !1#
/0��; ,�2#!<#
3=>�, Guthrie [16] .' cs 9, � ℵ0 �

��ℵ ��! g �

��0��#
���4�?
�@ [10, 27].

,�&/0#
>�, Ikeda, Liu ! Tanaka [17] ����!&/02#
��, 34!A5

5 [25] BC��!&/0 cs 9
��, 67���02((.

fg 1.1 D6E8+"02 [25]:

(1) X �!&/0 cs 9.

(2) X �!&!1 cs ���
&F9.

(3) X �

��
����
)$3.

,�&!1 cs ���
&F9
97, Tanaka ! Ge [29] C$��!01!1 cs ���&

F9
��. 8�, An ! Tuyen [3] �G��%#��
��, 9H Cauchy sn :;��< mssc



6� : ;=: >IJK?<=@ALM 867

$!, 67D6>B.

fg 1.2 D6E8+"02 [3]:

(1) X �!01!1 cs ���
&F9.

(2) X ��! σ 01!1 cs 9
 Cauchy sn :;��.

(3) X �

��
�����)? mssc $3.

(4) X �

��
�����)? σ $3 [24].

"6@C��DÆ ��!A�
 cs���&F9
��-

��
����)$3�

�
),B�. cs !1+8C;01!1+8-&!1+8��. ,N
OPD
�((�!

cs !1 cs ���&F9
��, C$�- so !1+8�so 90+*
��#, E�%'��(

(�

��*A�$!D
3. Q�EF�A�
+8RS P, ���
TF� P ? cs ��

�
&F9, σ-P 
 cs 9G

��
�����)? σ-P $3B�G�. 5H�, Q�.'

mssnc $!! σ-cs $!, :1�D6>B, I�� 3.5.

fg 1.3 D6E8+"02:

(1) X �! cs !1 cs ���
&F9.

(2) X ��! σ-cs !1 cs 9
 Cauchy sn :;��.

(3) X �

��
�����)? mssnc $3.

(4) X �

��
�����)? σ-cs $3.

"6���2�J#K cs 9
��, H�L� � cs ��< cs !1+8*����
�


,�, E?MN�$!-��
+"%#IU.

2 cs hiÆjklm
,JOPCK,NPL�
�'+8-$!
-/, EV6W���
�'#,*�.

N, ω ! Z %HÆMNX/YO+, ( O+!YO+. Z!��Æ�[ T2 %PRS. �'

\��
OP!Q]IN [9]. ���� X 
��O� τX , <QO� τ .

R X ��C����, P ⊂ X ? x ∈ X. P ;�& x 
��S^, T X �U�*+; x


�� {xn}n∈N �_; P 
, RS* m ∈ N, L7 {x} ∪ {xn : n ≥ m} ⊂ P . P ;� X 
��

�+, T P ���U�&
��S^. T x 
��S^ P (V����+, 0; P � x 
�

��S^. `R P � X 
6+8. P ;� x 
9 [9], &B x ∈ ∩P ?T x ∈ U ∈ τ , 0S*

P ∈ P, L7 P ⊂ U . P ;� x 
 sn (so) 9 [20], &B P � x 
9? P 
U�a� x 
�

� (���) S^ (* sn 9
Tb��� [20], UPW P �[ “T U, V ∈ P, 0S* W ∈ P,

L7 W ⊂ U ∩ V ”. %E���EX P 
!1V�Y ). U�&�!�O sn (so) 9
��;

� snf (sof) �O�� [21].

c , U��+����+. ���� X ;����� [9], T X 
U����+� X 


�+.

fn 2.1 R P ��� X 
6+8.

(1) P ;� X 
9 [9], T x ∈ U ∈ τ , 0S* P ∈ P, L7 x ∈ P ⊂ U .

(2) P ;� X 
 cs9 [16],T x ∈ U ∈ τ ? X �
�� {xn}n∈N *+; x,0S* P ∈ P,

L7 {xn}n∈N _; P ? P ⊂ U .
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(3) P ;� X 
 sn 9 (so 9)[20], T P =
⋃

x∈X Px ?U� Px � x 
 sn 9 (so 9).

c 

# ⇒ so 9 ⇒ sn 9 ⇒ cs 9 ⇒ 9 ⇒ ��.

fn 2.2 R P ��� X 
6+8.

(1) P ;� X 
 cs �� [30], T {xn}n∈N � X �*+; x ∈ X 
��, 0S* P ∈ P,

L7�� {xn}n∈N _; P .

(2) P ;� X 
 sn �� [25], T P 
U�a� X �Z&
��S^?:U� x ∈ X S

* P ∈ P, L7 P � x 
��S^.

(3) P ;� X 
 so �� [25], T P � X 
����+d.
��.

c 

��� ⇒ so �� ⇒ sn �� ⇒ cs �� ⇒ ��.

:�� X 
6+8 P G A ⊂ X, O (P)A = {P ∈ P : A ∩ P 	= ∅}, &B A = {x}, QO
(P)A � (P)x.

fn 2.3 R P ��� X 
6+8.

(1) P ;� X 
& (cs) !1+8 [8], T X 
U�W&+ (*+��) [- P �
!1C

a+V; �OC cs !1+8�E;� σ-cs !1+8.

(2) P ;� X 
 sn (so,01) !1+8,T X �
U�&S*�� (���,�)S^L�

[- P �
!1Ca+V; �OC sn (so, 01) !1+8�E;� σ-sn (so,01) !1+8.

c 

01!1+8 ⇒ so !1 ⇒ sn !1 ⇒ cs !1 ⇒ &!1+8.

og 2.4 R P ��� X 
6+8? X � snf (sof , X�) �O��. T P � cs !1


, 0 P � sn (so, 01) !1
.

pq Boone [8] :1�X��O��
 cs !1+8�01!1
. �Y, Q�[:1 X �

snf �O��? P � cs !1+8
\T. T P Z� sn !1+8, 0S* x ∈ X, L7: x *

X �]e
��S^ V , (P)V �f1
. �; X � snf �O��, ^ {Vn}n∈N � x * X �[

\
 sn 9, 0S* P 
f16+ {Pn}n∈N, L7U� Vn ∩Pn 	= ∅. _� X �
�� {xn}n∈N,

L7U� xn ∈ Vn ∩ Pn, 0�� {xn}n∈N *+; x, J] P Z� cs !1
, `^. _ P � sn

!1
. :`.

fn 2.5 R f : X → Y �ag$!.

(1) f ;� ssnc (ssoc, ssc) $! [19], &BS*� X �6��
a��
∏

i∈N
Xi �[: :U

� y ∈ Y , S* y * Y �
�� (���S^, �) S^� {Vi}i∈N, LU� pi(f−1(Vi)) � Xi 


)6+, �� pi :
∏

i∈N
Xi → Xi �Æ!; &BbRZ!
 Xi �

��, bc f ;� mssnc

(mssoc, mssc) $!.

(2) f ;� σ-cs (σ-so, σ)$! [27], TS*�� X 
# B, L7 f(B)� Y �
 σ-cs (σ-so,

σ 01) !1+8.

c 

mssc $! ⇒ mssoc $! ⇒ mssnc $!; σ $! ⇒ σ-so $! ⇒ σ-cs $!.

8�, mssc $!*��cO
BC�.Ghd [11].
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og 2.6 (1) U� mssoc $!� σ-so $!.

(2) U� mssnc $!� σ-cs $!.

(3) U� mssc $!� σ $! [26].

pq [:1 mssnc $!
\T. R f : X → Y ��C mssnc $!, ;�S*

���

{Xi}i∈N �[ mssnc $!
E8. :U� i ∈ N, ^ Pi =
⋃

j∈N
Pi,j � Xi 
#, ��U� Pi,j

� Xi 
01!1+8. :U� i, j ∈ N, e

Bi,j =
{

X ∩
⋂
k≤i

p−1
k (Pk,j) : Pk,j ∈ Pk,j

}
.

D: f(Bi,j) � sn !1
. :U� y ∈ Y , S* y * Y �
��S^� {Vk}k∈N, LU�

pk(f−1(Vk)) � Xk 
)6+. e Ui =
⋂

k≤i Vk, 0 Ui � y 
��S^?:U� k ≤ i, � Pk,j


01!1R, [!!1C P ∈ Pk,j , L7

pk(f−1(Ui)) ∩ P 	= ∅,
R f−1(Ui) ∩ p−1

k (P ) 	= ∅. i�

Ui ∩ f

(
X ∩

⋂
k≤i

p−1
k (Pk,j)

)
	= ∅ ⇔

⋂
k≤i

f−1(Ui) ∩ p−1
k (Pk,j) 	= ∅,

Z� Ui [- f(Bi,j) �
!1Ca+V. ji� sn !1+8� cs !1+8, Z� f(Bi,j) �

cs !1+8. e B =
⋃

i,j∈N
Bi,j , 0 B � X 
#? f(B)� Y 
 σ-cs !1+8. _ f � σ-cs

$!. :`.

fn 2.7 R f : X → Y �ag$!.

(1) f ;�)$!, T y ∈ Y , 0 f−1(y) � X 
)6+.

(2) f ;�����$! [28], T Y �U�*+��� X �Z�*+��
3.

(3) f ;� 1 ����$! [20], T:U� y ∈ Y , S* x ∈ f−1(y) �[: &B Y �
��

{yn}n∈N *+; y, 0S* X �*+; x 
�� {xn}n∈N, L7U� f(xn) = yn.

(4) f ;� 2 ����$! [20], T y ∈ Y ? x ∈ f−1(y), 0: Y �U�*+; y 
��

{yn}n∈N, S* X �*+; x 
�� {xn}n∈N, L7U� f(xn) = yn.

c 

2 ����$! ⇒ 1 ����$! ⇒ ����$!.

og 2.8 R f : X → Y �����
)$!. T X �X��O��, 0 f � 1 ����

$! [23].

3 rh cs stuvwxy
,JC$�! cs !1 cs ���
&F9
��, k-�! σ-cs !1 cs 9
��,-+

*. �� 1.2 de
�!01!1 cs ���
&F9��
((!H;Q�9f:�! cs !1

cs ���
&F9��
gh, �����

��
$3((%#��.

R {Pi}i∈N ��� X 
���. {Pi}i∈N ;� X 
&F9 [25],T x ∈ X,0 {st(x,Pi)}i∈N

� x * X �
9 (&F9l;�f9m�� [5] < σ 79 [17]). gU��� Pi �!RS P i,

&F9 {Pi}i∈N ;� P ���
&F9, <Q;� P &F9.
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c , ����
2�j�����
&F9 [9]. T {Pi}i∈N ��� X 
���, 0

{Pi}i∈N � X 
&F9g?[g:U� x ∈ X GU� Px,i ∈ (Pi)x, +8 {Px,i}i∈N � x

* X �
9.

fn 3.1 R X ��C����, d � X "
:;, RhO d : X ×X → [0,∞) �[: :U

� x, y ∈ X, d(x, y) = d(y, x), ]?

d(x, y) = 0 ⇔ x = y.

:U� x ∈ X G m ∈ N, e Sm(x) = {y ∈ X : d(x, y) < 1/m}. (X, d) ;� sn :;�� [15], T

:U� x ∈ X, {Sm(x)}m∈N � x 
 sn 9, %i d ;� X 
 sn :;. (X, d) ;� Cauchy sn

:; [2, 18], T d � X "
 sn :;, &B {xn}n∈N � X �
*+��? ε > 0, 0S* k ∈ N,

L7g m,n > k i, ! d(xm, xn) < ε.

A�
&F9�(( Cauchy sn :;��. R M ��C

��, ag$! f : M → X

;� π $! [6], TS* M "+k


 d, L7:U� x ∈ U ∈ τX ,

d(f−1(x),M \ f−1(U)) > 0.

c , 

��"
)$!� π $!.

og 3.2 D6E8+"02 [18]:

(1) X �! cs ���
&F9.

(2) X �! sn ���
&F9.

(3) X � Cauchy sn :;��.

(4) X �

��
����
 π $3.

D6.��nio:.

og 3.3 R U ��� X �& x 
��S^. T {Pn}n∈N � x * X �[\
9, 0S*

m ∈ N, L7 Pm ⊂ U .

:+8RS P, $! f : M → X ;� σ-P $!, &BS*���� M 
# B, L7 f(B)

� X 
 σ-P+8. +8RS P;�*;!1V (!1E)jk,T A ,B D��! P 
+8, 0

A ∧ B = {A ∩ B : A ∈ A , B ∈ B} (A ∪ B)

l�! P. a��
∏

i∈N
Xi �
& x O� (xi), ��U� pi(x) = xi.

og 3.4 R+8RS P �[D6E8:

(a) !18 ⇒ P +8 ⇒ &!1+8;

(b) P *;!1V, !1Ejk;

(c) P *;68�pl
.

:;���� X, D6E8+"02:

(1) X �! P ? cs ���
&F9.

(2) X �! P ? sn ���
&F9.

(3) X � Cauchy sn :;��?�! σ-P 
 cs 9.

(4) X � Cauchy sn :;��?�! σ-P 
 sn 9.

(5) X �

��
�����π ? σ-P $3.

(6) X �

��
 1 �����)? σ-P $3.
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pq (2)⇒(6) R {Pi}i∈N � X 
 P ? sn ���&F9. :;U� i ∈ N, O Pi =

{Pα : α ∈ Λi}, Λi mqPl��. e

M =
{

α = (αi) ∈
∏
i∈N

Λi : {Pαi}i∈N �. X �Z& xα 
9
}

,

0 M ��

���, E?:;U� α ∈ M , xα �r�A�
, ;�����hO f : M → X,

L7 f(α) = xα. (f,M,X, {Pi}) ;� Ponomarev � [26]. �;U� Pi � X 
&!1 cs �

�, Z� f �����
)$! [14, 15]. �.� 2.8, f � 1 ����$!. :U� (αi) ∈ M G

n ∈ N, e

B(α1, . . . , αn) = {(βi) ∈ M : g i ≤ n i, ! βi = αi},
0

f(B(α1, . . . , αn)) =
⋂
i≤n

Pαi ∈
∧
i≤n

Pi.

mY", T β = (βi) ∈ B(α1, . . . , αn), 0

f(β) ∈
⋂
i∈N

Pβi ⊂
⋂
i≤n

Pβi =
⋂
i≤n

Pαi ,

Z� f(B(α1, . . . , αn)) ⊂ ⋂
i≤n Pαi . n��o, T x ∈ ⋂

i≤n Pαi , s_ β = (βi) ∈
∏

i∈N
Λi, L7

x ∈ ⋂
i∈N

Pβi ?g i ≤ n i, ! βi = αi, �; {Pi}i∈N � X 
&F9, ;� {Pβi}i∈N � x * X

�
9, J] β ∈ B(α1, . . . , αn) ? f(β) = x, i�⋂
i≤n

Pαi ⊂ f(B(α1, . . . , αn)).

_ f(B(α1, . . . , αn)) =
⋂

i≤n Pαi .

i� {B(α1, . . . , αn) : (αi) ∈ M,n ∈ N} � M 
�C#, �E8 (b) ! (c), f � σ-P $!.

c , (6)⇒(5).

(5)⇒(3) R f : M → X ��C�����π ? σ-P $!. �.� 3.2, X � Cauchy sn :

;��. i� f � σ-P $!, S* M 
# B, L7 f(B) � X 
 σ-P +8. ji�����

$!no cs 9, Z� P l� X 
 cs 9.

(3)⇒(4) R Cauchy sn :;�� X �! σ-P 
 cs 9 P. i� sn :;��� snf �O

��, :U� x ∈ X, ^ {Ux,n}n∈N � x * X �[\
 sn 9. `e

Px = {P ∈ P : S* n ∈ N, L7 Ux,n ⊂ P},
0 Px � x 
 sn 9. p0, S* x 
S^ U , L7T P ∈ Px, 0 P 	⊂ U . �E8 (a), P �

&�O
+8, O {P ∈ (P)x : P ⊂ U} = {Pk}k∈N, 0U� Ux,n 	⊂ Pk. :U� n, k ∈ N, _�

xn,k ∈ Ux,n \ Pk. :U� n ≥ k, t ym = xn,k, �� m = k + n(n−1)
2 . bc�� {ym}m∈N *+

; x. �; P � X 
 cs 9, 0S* k, i ∈ N, L7 {ym : m > i} ⊂ Pk. q� m > i ! n ≥ k,

L7 ym = xn,k, 0 xn,k ∈ Pk, `^. �E8 (c),
⋃

x∈X Px � X 
 σ-P 
 sn 9.

(4)⇒(1) R Cauchy sn :;�� (X, d) �! σ-P 
 sn 9 P, �� d � X "
 Cauchy

sn :;. : X 
r�6+ P , e

d(P ) = sup{d(x, y) : x, y ∈ P}.



872 � � � 	 a b c 62�

O P =
⋃

n∈N
Pn, ��U� Pn �! P ? X ∈ Pn. :U� i ∈ N, e Hi =

∧
n≤i Pn, 0

Hi �! P ? Hi ⊂ Hi+1. :U� m,n ∈ N, t

Qm,n(x) = {H ∈ Hm : Sm(x) ⊂ H, d(H) < 1/n}, x ∈ X;

Am,n = {x ∈ X : Qm,n(x) = ∅}; Bm,n = X \ Am,n;

Qm,n =
⋃

{Qm,n(x) : x ∈ Bm,n}; Fm,n = Qm,n ∪ {Am,n}.
�; Qm,n ⊂ Hm, Z� Fm,n l�! P. Do
 (i) ! (ii) p1 (1) �/A
.

(i) U� Fm,n � X 
 cs ��.

R {xi}i∈N � X �*+; x 
��. %q&\rC$:

&B x ∈ Bm,n, 0 Qm,n(x) 	= ∅, ^ H ∈ Qm,n(x), �; Sm(x) � x 
��S^, 0 {xi}i∈N

_; Sm(x) ? Sm(x) ⊂ H ∈ Fm,n.

&B x 	∈ Bm,n ? Bm,n [s!�� {xi}i∈N 
!1u, 0 x ∈ Am,n ? {xi}i∈N _;

Am,n ∈ Fm,n.

&B x 	∈ Bm,n ? Bm,n s!�� {xi}i∈N 
f1u, �; d � X "
 Cauchy sn :;, S

* n0 ∈ N, L7g i, j ≥ n0 i, ! d(xi, xj) < 1/m ? d(x, xi) < 1/m. s_ xk0 ∈ Bm,n, L7

k0 ≥ n0, 0S* H ∈ Qm,n(xk0), ;�g i ≥ n0 i, ! x, xi ∈ Sm(xk0) ⊂ H, J] {xi}i∈N _;

H ∈ Fm,n. %v.� (i) 
:1.

(ii) {Fm,n : m,n ∈ N} � X 
&F9.

R x ∈ U ∈ τ . s_ n ∈ N,L7 Sn(x) ⊂ U . :"6 n ∈ NS* j ∈ N,L7 d(Sj(x)) < 1/n.

p0, :U� k ∈ N ! d(Sk(x)) ≥ 1/n, ;�S* xk, yk ∈ Sk(x), L7 d(xk, yk) ≥ 1/2n. �� X

�
�� {zk}k∈N, L7U� z2k−1 = xk ? z2k = yk, 0 {zk}k∈N *+; x, J]S* k0 ∈ N, L

7g k,m ≥ k0 i, ! d(zk, zm) < 1/2n, ;� d(xk0 , yk0) < 1/2n, `^.  *R d(Sj(x)) < 1/n.

�; Sj(x) � x 
��S^? P � X 
 sn 9, �.� 3.3, S* k ∈ N ! H ∈ Hk, L7 H

� x 
��S^? H ⊂ Sj(x). s�.� 3.3, S* i ∈ N, L7 Si(x) ⊂ H. ^ m = max{i, k},
Do:1 st(x,Fm,n) ⊂ Sn(x). i�

Sm(x) ⊂ Si(x) ⊂ H ∈ Hk ⊂ Hm ? d(H) ≤ d(Sj(x)) < 1/n,

Z� H ∈ Qm,n, ;� x ∈ Bm,n. R x ∈ F ∈ Fm,n, 0 F ∈ Qm,n, bc d(F ) < 1/n, ;�

F ⊂ Sn(x), J] st(x,Fm,n) ⊂ Sn(x). %Æ1

st(x,Fm,n) ⊂ U.

%v.� (ii) 
:1.

(1)⇒(2) R�� X �! P ? cs ���
&F9 {Pn}n∈N. :U� x ∈ X ! n ∈ N, S*

P ∈ Pn L�� x 
��S^. mY", T (Pn)x �
aÆZ� x
��S^, �;Pn �&!

1
��, O (Pn)x = {Pi}i≤k, bcU� Pi Z� x
��S^, ;�S* X \Pi �
&d.


�� {xi,j}j∈N L�*+; x. :;U� i ≤ k ! j ∈ N, ^ m = i + (j − 1)k, E�� ym = xi,j ,

0�� {ym}m∈N *+; x ?Z_;]� Pi, %- Pn � X 
 cs ��+`^. R Px,n ∈ Pn

� x 
��S^. e

Qn = {Px,n : x ∈ X},
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0 Qn � X 
 P ? sn ��. J], {Qn}n∈N � X 
�! P ? sn ���
&F9. :`.

"6.��,N
*tut, �OPIU�(N [3] 
�u. An ! Tuyen [3] %HC$�&

!1�)!1!01!1+80
\T. Q��e
RS P �!��
e�, &v�;,NBC


 cs !1�sn !1! so !1+80
\T. D6>Bj�.� 3.4 
w�.v

fg 3.5 :;���� X, D6E8+"02:

(1) X �! sn !1 sn ���
&F9.

(2) X �! cs !1 cs ���
&F9.

(3) X ��! σ-sn !1 sn 9
 Cauchy sn :;��.

(4) X ��! σ-cs !1 cs 9
 Cauchy sn :;��.

(5) X �

��
 1 �����)? mssnc $3.

(6) X �

��
�����π ? σ-cs $3.

pq _ P� cs!1RS.�.� 3.4! 2.4, (1) ⇔ (2) ⇔ (3) ⇔ (4) ⇔ (6). �.� 2.6 (2)

7 (5)⇒(6).

Do:1 (1)⇒(5) R {Pi}i∈N � X 
&F9. :;U� i ∈ N, O Pi = {Pα : α ∈ Λi},
Λi mqPl��. &.� 3.4 
:1, ^ (f,M,X, {Pi}) � Ponomarev �, 0 f �!D6RS:

q� i ∈ N,

T Ei ⊂ Λi, 0 pi(f−1(Ei)) = {αi ∈ Λi : Pαi ∩ Ei 	= ∅}. (3.1)

mY", R αi ∈ Λi, L7 Pαi ∩ Ei 	= ∅, _� x ∈ Pαi ∩ Ei, E:U� n ∈ N _� βn ∈ Λn, L7

x ∈ Pβn ? βi = αi. e

β = (βn) ∈
∏
n∈N

Λn,

0 β ∈ M ? f(β) = x ∈ Ei, ;� β ∈ f−1(Ei), J] αi ∈ pi(f−1(Ei)). n��o, R

αi ∈ pi(f−1(Ei)), 0S* β = (βn) ∈ f−1(Ei), L7 βi = αi, ;� αi ∈ Λi ? f(β) ∈ Pαi ∩ Ei,

Z�

pi(f−1(Ei)) ⊂ {αi ∈ Λi : Pαi ∩ Ei 	= ∅}.
_ (3.1) F.�.

�E8 (1),  *RU�Pi ��� X 
 sn!1
 sn���. �.� 3.4 
:1, 0 M �



��? f : M → X � 1 ����
)$!. :U� x ∈ X, S* x 
��S^� {Vi}i∈N,

L7U� Vi [- Pi �
!1Ca+V. �"6 (3.1) F, U� pi(f−1(Vi)) �Pl�� Λi �


!1+, ;� pi(f−1(Vi)) � Λi 
)6+. _ f � mssnc $!. :`.

z 3.6 (1) �� 3.5 �
 1 ����$!Z��97� 2 ����$!, I% 3.8.

(2) �� 3.5 :1�
 (3.1) F�!��R. g {Pi}i∈N � X 
 so (01) !1
&F9i,

f � mssoc (mssc) $!.

{ 3.7 S*�!&!1����
&F9
��L�Z�! cs !1 cs ���
&F9.

^ X � Heath 
 V �� [27], 0 X �Z�

�
x)
�2
/0��. �; X �x

)
�2��, ;� X �!&!1����
&F9, R X �!&/0# [1]. T X �! cs !

1 cs ���
&F9, �.� 2.4, X �! σ 01!1
 cs 9, j�; X �/0
X��O�

�, Z� X ��

��� [27], `^. _ X Z�! cs !1
 cs ���
&F9.
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{ 3.8 S*�!01!1 cs ���
&F9
��L�Z�! so ���
&F9.

^ X � Arens �� S2, R+ X = {xn : n ∈ ω} ∪ {xn,m : n,m ∈ N} mqD6�� [9]:

(1) U� xn,m �w�&;

(2) :U� n ∈ N, & xn 
S^#aT& Vn,m = {xn} ∪ {xn,k : k ≥ m}, m ∈ N;

(3) & x0 
S^#aT& {x0} ∪
⋃

n≥i V (n,mn), i,mn ∈ N.

yI X �Z�

�
/0��. �; X 
U����+D� X 
�+, Z� X ���

��. :U� i ∈ N, O

Wi = {x0} ∪ {xn : n ≥ i},

Ee

Pi = {{xn,m} : n,m ∈ N} ∪ {Vn,i : n ∈ N} ∪ {Wi}.
yI, {Pi}i∈N � X 
 cs ��
&F9?

⋃
i∈N

Pi � X 
�O sn 9. �.� 3.2, X �

Cauchy sn :;��. ��� 1.2, X �!01!1 cs ���
&F9. T X �! so ���


&F9, �; X �����, bc X ��2��, J] X �X��O��, `^. _ X Z

�! so ���
&F9. %Æ1�� 3.5 G�� 1.2 �
 cs ��< sn ��ÆZ�97� so

��. �� X lZ�

��
 2 ����
 σ-cs $3. p0, R M ��C�

���?

f : M → X � 2 ����
 σ-cs $!, 0S* M 
�C# B, L7 f(B) � X 
 σ-cs !1

+8. �; 2 ����$!no so 9, Z� X �! σ-cs !1
 so 9. ji� X ��C��

��, Z� X �X��O��, `^. _ X Z�

��
 2 ����
 σ-cs $3.

4 rh so stuvwxy
% 3.8 Æ1: �! cs !1 cs ���
&F9
��, \x�! so ���
&F9. `:z

�� 1.2 ! 3.5, !xPBC�!01!1 so ���
&F9G so !1 so ���
&F9. %

�,J
OPwk, k��g��X 3 J��
w�.

���� X ;� Fréchet–Urysohn �� [9], T A ⊂ X ? x ∈ A, 0S*� A �&d.
�

�L�*+; x. c , U�X��O��� Fréchet–Urysohn ��; U� Fréchet–Urysohn �

������.

og 4.1 (1) R���� X �!&�O
 cs 9. T X Zs!k6��=x; S2, 0 X

� Fréchet–Urysohn �� [21].

(2) �� X � Fréchet–Urysohn ��g?[g X �U�&
��S^�y&
S^ [22].

�� X 
��{z! sX �+ X mq� X 
NX���+Zd.
�� [7]. c , ��

X -���{z! sX !+=
*+�� [7], +=
��S^G+=
���+, J] sX ��

���, E? X �����g?[g sX = X.

fg 4.2 :;���� X, D6E8+"02:

(1) X �! so !1 so ���
&F9.

(2) X �! cs !1 cs ���
&F9? sX Zs!k6��=x; S2.

(3) X ��! σ-so !1 so 9
 Cauchy sn :;��.

(4) sX �!01!12�.
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(5) X �

��
 2 �����)? mssoc $3.

(6) X �

��
 2 �����π ? σ-so $3.

pq (1)⇒(5) R {Pi}i∈N � X 
 so !1 so ���
&F9. &�� 3.5 �
:1, ^

(f,M,X, {Pi}) � Ponomarev �, 0 M �

��? f : M → X �)? mssoc $!. �;U

� Pi � X 
 so ��, Z� f U� 2 ����$! [13].

�.� 2.6 (1) 7 (5) ⇒ (6). Do:1:

(6)⇒(3) R f : M → X � 2 �����π ? σ-so $!. i� f � 2 ����
 π $!,

��� 3.5, X � Cauchy sn :;��. j�; f � σ-so $!, S*�� M 
# B, L7 f(B)

� X 
 σ-so !1+8. yo: 2 ����$!no so 9, Z� f(B)� X 
 σ-so !1 so 9.

_ X ��! σ-so !1 so 9
 Cauchy sn :;��.

(3)⇒(2) R X ��! σ-so !1 so 9
 Cauchy sn :;��. ��� 3.5, X �! cs !1

cs ���
&F9. �.� 3.3, sX �! σ 01!1#, ;� sX �X��O��. �; S2 Z

�X��O��, Z� sX Zs!6��=x; S2.

(2)⇒(4) R X �! cs !1 cs ���
&F9, ? sX Zs!k6��=x; S2. �

�� 3.5, X �! sn !1 sn ���
&F9 {Pi}i∈N. Z{RU� Pi+1 9m Pi. �.� 3.3,

{Pi}i∈N l� sX 
 sn !1 sn ���
&F9. �.� 4.1 (1), sX � Fréchet–Urysohn ��.

:U� i ∈ N, e

Bi = {intsX(P ) : P ∈ Pi},

�.� 4.1 (2) ! 2.4, {Bi}i∈N � sX 
01!12�.

(4)⇒(1) R sX �!01!12�. c , X �! so !1 so ���
&F9. :`.

fg 4.3 :;���� X, D6E8+"02:

(1) X �!01!1 so ���
&F9.

(2) X �!01!1 cs ���
&F9? sX Zs!k6��=x; S2.

(3) X ��! σ 01!1 so 9
 Cauchy sn :;��.

(4) X �

��
 2 �����)? mssc $3.

(5) X �

��
 2 �����π ? σ $3.

pq (1)⇒(4) R {Pi}i∈N � X 
01!1 so ��
&F9. &�� 3.5 �
:1, ^

(f,M,X, {Pi}) � Ponomarev �, 0 M �

��? f : M → X �)? mssc $!. �;U

� Pi � X 
 so ��, Z� f U� 2 ����$! [13].

�.� 2.6 (3) 7 (4) ⇒ (5). Do:1:

(5)⇒(3) R f : M → X � 2 �����π ? σ $!. i� f � 2 ����
 π $!, _

��� 3.5, X � Cauchy sn :;��. j�; f � σ $!, S*�� M 
# B, L7 f(B)

� X 
 σ 01!1+8. yo: 2 ����$!no so 9, Z� f(B) � X 
 σ 01!1 so

9. _ X ��! σ 01!1 so 9
 Cauchy sn :;��.

(3)⇒(2) R Cauchy sn :;�� X �! σ 01!1 so 9 P. ��� 4.2, sX Zs!

k6��=x; S2. �.� 3.4 �:1 (4) ⇒ (1) 
OPG��, _ P �01!1+8, 0

{Fm,n : m,n ∈ N} � X 
01!1 cs ���
&F9.
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(2)⇒(1) R X �!01!1 cs ���
&F9 {Pi}i∈N ? sX Zs!k6��=x;

S2. ��� 4.2, X � sof �O��. :U� i ∈ N, e

Bi = {intsX(P ) : P ∈ Pi}.
�.� 3.4� (1) ⇒ (2)
:1,:U� x ∈ X,S*Qx,i ∈ PiL�� x
��S^. �.� 3.3,

S* X 
���+ Ox,i, L7 x ∈ Ox,i ⊂ Qx,i, ;� Ox,i ⊂ intsX(Qx,i). %Æ1 Bi � X 
0

1!1 so ��. i� X �!01!1 so ���
&F9 {Bi}i∈N. :`.

z 4.4 (1) $! M → X ;�)��$! [9], T�� X 
U�)6+��� M 
Z

)6+* f D
3. �� 4.3 �
$!�97�)��$!. mY", P:1* Ponomarev �

(f,M,X, {Pi}) � f : M → X �)��$!, |}:1U� Pi �[D6E8 [31]: X 
U�

)+ K �ÆM�)6+
!18 F �E? F �
U�as; Pi 
Za�. �; X �! σ

01!19, ;�)6+ K l�! σ 01!19. �;)��
01!1+8�!1+, ;�

K �!�O9, J] K ��

��� [9]. :U� x ∈ K, S* Px ∈ Pi, L7 x ∈ Px. i�

Px ����+, �.� 4.1 (2), x ∈ intK(Px ∩ K), ;�S* K �
�+ Ux, L7

x ∈ Ux ⊂ clK(Ux) ⊂ intK(Px ∩ K).

K 
+:��� {Ux : x ∈ K} �!!16��, R� {Uxj}j≤m. %i,

K =
⋃

j≤m

clK(Uxj ) ?U� clK(Uxj ) ⊂ Pxj ∈ Pi.

|�, �� 3.5 ! 4.2 �
$!DZy97�)��$!, I% 4.5.

(2) �� 4.2 !�� 4.3 �
 2 ����$!DZ�\2� 1 ����$!. ^ X �% 3.8

�de
�!01!1 cs ���&F9
��. ��� 1.2, X �

��
�����)? σ

$3, �.� 2.8, %����$!l� 1 ����$!. �; X Z�! so ���
&F9, Z

� X Z�[�� 4.2 !�� 4.3 
E8.

(3) % 3.8 Æ1�� 4.3 (2) �
E8 “sX Zs!k6��=x; S2” Z�z{.

{ 4.5 S*�! so !1 so ���
&F9
��L�Z�!01!1���
&F9.

^ X �/YO+ N 
 Stone-Čech )� βN (IN [9]). �; X �ZS*r|}
*+�

� [9], ;� X 
U�6+Æ����+, J] {{x} : x ∈ X} � X 
 so !1 so 9. _ X �!

so !1 so ���
&F9 (�[�� 3.5 ! 4.2 
E8). %i, X Z�

��
ag
)�

�$3. p0, R M ��C

��? f : M → X �ag
)��$!, 0S* M 
)6+

L, L7 f(L) = X, ;� X ��

��, `^. �;�!01!1���
&F9
)���

�

���, Z� X Z�!01!1���
&F9.

{ 4.6 S*Z�

�
��L��!01!1
2�.

^ τR � R "�~
}~��. ^ S �Yn~ R mq Smirnov ������ τS , R U ∈ τS

g?[gS* O ∈ τR ! T ⊂ {1/n : n ∈ N}, L7 U = O \ T [9]. yI, S Z�/0��, Z� S

Z��

���. :U� n ∈ N, O

Tn =
{

1
m

: n ≤ m ∈ N

}
,

Ee

Bn =
{(

2k − 1
n

,
2k + 1

n

)∖
Tn : k ∈ Z

}
∪

{(
2k
n

,
2k + 2

n

)
: k ∈ Z

}
∪

{(
0,

1
n

)}
.
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yI, {Bn}n∈N � S 
01!1
2�.

7), ,NZC$
�'��#��
*��>&D:

01!1 so ���
&F9
(σ 01!1 so 9


Cauchy sn :;��)

�
���

�
���

so !1 so ���
&F9
(σ-so !1 so 9


Cauchy sn :;��) �
���

01!1 cs ���
&F9
(σ 01!1 cs 9


Cauchy sn :;��)�
���

� �

cs !1 cs ���
&F9
(σ-cs !1 cs 9


Cauchy sn :;��)

�
	

&!1 cs ���
&F9
(&/0 cs 9)
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