
� 62�� 6� � � � � ��� Vol.62, No.6

2019� 11� ACTA MATHEMATICA SINICA, CHINESE SERIES Nov., 2019

����: 0583-1431(2019)06-0853-12 ����	: A


���
�� R- ��

���
�	
��
�
���
� �� 550025

E-mail: shuangjguo@gmail.com

���
�����
�
�

� �� 273165

E-mail: zxhui-000@126.com

� � ���� !"#$%&'()*+ R- ,-./. 0 F 1 G 234'!"
#, 56 "#!789, :3; +<=#89'Æ>?@, AB/C D# Yang–
Baxter EF'GHIJK.

��� !"#; "#$%&; =#LD89
MR(2010) ���� 18D10, 16T05
���� O154.1

The R-Matrix of Bimonad Distributive Law

Shuang Jian GUO

School of Mathematics and Statistics,

Guizhou University of Finance and Economics, Guiyang 550025, P. R. China

E-mail : shuangjguo@gmail.com

Xiao Hui ZHANG

School of Mathematical Sciences, Qufu Normal University,

Qufu 273165, P. R. China

E-mail : zxhui-000@126.com

Abstract The aim of this paper is to define and study the R-matrix of a bimonad
distributive law. Assume that F and G are bimonads, we give necessary and sufficient
conditions for C(F,G)(ϕ), the category of F,G-bimodules, to be a braided monoidal
category.

Keywords Bimonad; Monad distributive law; Braided monoidal category
MR(2010) Subject Classification 18D10, 16T05
Chinese Library Classification O154.1

����: 2019-01-21; ����: 2019-05-08

���	: �	�
�������	 (11761017, 11801304);  �

������	 (2018M630768)

��!": #��



854 � � � 
 M N O 62�

1 $%
�& (monad) �Æ�& (comonad) ���'(����)�Æ*+�����. 1956 �,

MacLane ��Æ����,-����� (Æ) �& [11]. 1969 �, Beck ��Æ (Æ) �&� 
!.��� !��� [1], "�Æ�&��#$%; 1972 �, Street � (Æ) �&���&� 
Æ 2- !"' [15], #$�(),/0�%&. �', 1*1(�+2),Æ�&���-., #

/$Æ*0132���+& [2, 3, 14]. 2002 �, Moerdijk ��ÆÆ40�&��� [13], 5,�
��40%-��&%-3�6(4, 5��40!"�%-�.Æ6�78�/0. 2007 �,

Bruguières � Virelizier [7], 9 [5] 5Æ612&40!")37 Hopf ��$%, 48ÆÆ40
�&9�5%-, 67$ Æ(: Hopf �&, #��Æ;8�2<=9%-:ribbon %-�0

&>, 5�;��+()?@<A!"�)B [6]:Hopf ��CD: fusion !" [8] =>�.Æ

6�?@. A(�&�B(C��, ED9F [10, 16].

E96'����FG', GHÆ;I,J�& F � G 6�&� KL-+�JM!",

N<� K� R- H=, I�Æ;>+2&!"�JOPK.

2 ?@AB
CD 2.1 [1, 15] Q C R(,!", F 56 C  ES�(,�&, TL6EUMN: m :

FF → F � η : idC → F , V$LWEN

FFF

Fm

��

mF �� FF

m

��
FF

m �� F,

F

Fη

��
idF

���
�

���
���

ηF �� FF

m

��
FF m

�� F,

(2.1)

FO=G� (F,m, η) 5!" C '�(,�&.

CD 2.2 [1, 15] Q (F,m, η) 5!" C '�(,�&PV 5 C �(,�X, TL6 C )�
(,YZ θV , V$LWEN

FFV

FθV

��

mV �� FV

θV

��
FV

θV �� V,

V

ηV

��

idV �� V

FV,

θV���

����� (2.2)

FO (V, θV ) 5�& F '�M, QR5 F - M.

HI�([/� X ∈ C , (FX,mX) S5 F - M. \]O5J F - M5E; F - M.

Q V � W >R F - M, F - M�YRK C )�YZ f : V →W , ^_L
θW ◦ Ff = f ◦ θV .

T`; F - M� F - M�Y-+� F - M!"R5 CF .

M 2.3 T H 5N k '�(,��, F H a�O�40�& H ⊗ . ⊗H SR k- bU

!"'��&, 7 H ⊗ - MFRP H M, ⊗H- MFRQ H M.

CD 2.4 [1, 15] Q C 5!", (F,m, η) � (G,μ, e) 5 C )I,�&, TL6EUMN ϕ :
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FG→ GF , V$LWEN

FGG

Fμ

��

ϕG �� GFG
Gϕ �� GGF

μF

��
FG

ϕ �� GF,

FFG

mG

��

Fϕ �� FGF
ϕF �� GFF

Gm

��
FG

ϕ �� GF,

(2.3)

G
ηG ��

Gη ���
��

��
��

� FG

ϕ

��
GF,

F
Fe ��

eF

��

FG

ϕ
����

��
��

��

GF,

(2.4)

FO ϕ 5(,�&� K, O GF 5 F � G �]^.

TU 2.5 (9 [16, 4.4 _]) ϕ R(,�&� K`^a`9LI,PKV)[(,+f:

(1) L6;�& G aWb��# Ĝ : CF → CF ;

(2) ϕ E9Wb%��& GF �(,�&%- (GF,μm ◦GϕF, eη).
M 2.6 T A,B S5N k '���, F;g 2.3 EI F = A⊗ . G = B ⊗ S5 k- bU

!"'��&, T`c0 ϕ : FG→ GF 5;NhXZWb�EUMN, d_L�[/� k- bU

V , v ∈ V , a ∈ A, b ∈ B,

ϕV (a⊗ b⊗ v) := b⊗ a⊗ v.

HI ϕ 5�&� K, ^T`]^d540^���40�& A⊗B ⊗ .

CD 2.7 (9 [4, 2.12 _]) Q C 5[(!", (F,m, η) � (G,μ, e) 5 C )�I,�&,

ϕ : FG → GF R(,�&� K, V ∈ C , T (V, θV ) 5 F - M, (V, ρV ) 5 G- M, ^,ALWi
EN

FGV

F (ρV )

��

ϕV �� GFV
G(θV ) �� GV

ρV

��
FV

θV �� V,

(2.5)

FO (V, θV , ρV ) 5 (F,G)- JM. ; (F,G)- JM��`5 F - M�Y, G- M�Y�YZa-+

� (F,G)- JM!"R5 C(F,G)(ϕ).

Y 2.8 ;9 [4, 2.12 _] EI, (F,G)- JM.�& GF '�MR=e�.

Q (C ,⊗, I, a, l, r) 540!", F : C → C fO5(,Æ40�&, TL6EUMN
F2 : F⊗ → F ⊗ F �YZ F0 : F (I) → I,

V$�([/� X,Y,Z ∈ C , ,L.=�+f:

(idF (X) ⊗ F2(Y,Z)) ◦ F2(X,Y ⊗ Z) ◦ F (aX,Y,Z)

= aFX,FY,FZ ◦ (F2(X,Y ) ⊗ idF (Z)) ◦ F2(X ⊗ Y,Z),

rFX ◦ (idF (X) ⊗ F0) ◦ F2(X, I) ◦ F (r−1
X )

= idF (X) = lFX(F0 ⊗ idF (X))F2(I,X) ◦ F (l−1
X ).
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CD 2.9 [7, 13] Q (C ,⊗, I, a, l, r) 540!", (F,m, η) 5 C )��&. T F �`5(,

Æ40�&, F;9 [13] (g [7]) EI, F fO5 C )�(,J�&, TL.PK+f:

FF (X ⊗ Y )

F (F2(X,Y ))

��

mX⊗Y �� F (X ⊗ Y )
F2(X,Y ) �� FX ⊗ FY

F (F (X) ⊗ F (Y ))
F2(FX,FY ) �� FFX ⊗ FFY,

mX⊗mY

�� I
ηI ��

idI 		�
��

��
��

� FI

F0

��
I,

(2.6)

X ⊗ Y
ηX⊗Y��

ηX⊗ηY 

����������� F (X ⊗ Y )

F2(X,Y )

��
FX ⊗ FY,

FF (I)

mI

��

FF0 �� F (I)

F0

��
FI

F0 �� I.

(2.7)

Y 2.10 ;J�&�c0HI (I, F0) ∈ CF , ^T` (CF ,⊗, I, a, l, r) 540!". �([
/� (V, θV ), (W, θW ) ∈ CF , ;40^�M%-AL:

θV ⊗W : F (V ⊗W )
F2(V,W ) �� FV ⊗ FW

θV ⊗θW �� V ⊗W.

M 2.11 T H 5N k '�(,J��, F H a�O�40�& H ⊗ . ⊗H SR k- b

U!"'�J�&.

CD 2.12 (9 [7, 8.2 _]) Q (C ,⊗, I, a, l, r) 540!", (F,m, η) 5 C )�J�&, TL

6h^Ej�EUMN:

σ : ⊗ ⇒ ⊗op ◦ (F × F ) : C ×2 → C ,

_L9LPK+f:

(1) (mY ⊗mX) ◦ σFX,FY ◦ F2(X,Y ) = (mY ⊗mX) ◦ F2(FY, FX) ◦ FσX,Y ;

(2) (m2
Y ⊗m2

Z ⊗m2
X) ◦ (F2(FY,FZ) ⊗ id) ◦ σFX,FY ⊗FZ

= (mY ⊗mZ ⊗m2
X) ◦ (id ⊗ σFFX,FZ) ◦ (σX,Y ⊗ id);

(3) (m2
Z ⊗m2

X ⊗m2
Y ) ◦ (id ⊗ F2(FX,FY )) ◦ σFX⊗FY,FZ

= (m2
Z ⊗mX ⊗mY ) ◦ (σFX,FFZ ⊗ id) ◦ (id ⊗ σY,Z),

FO σ 5�& F '�(,<=9%-, O (F, σ) 5 C )�(,<=9J�&.

CD 2.13 Q (C ,⊗, I, a, l, r) 540!", (F,m, η) � (G,μ, e) 5 C )�I,J�&,

ϕ : FG→ GF 5�&� K. T�([/� X,Y ∈ C , ϕ Z_LALPK:

(1) (ϕX ⊗ ϕY ) ◦ F2(GX,GY ) ◦ F (G2(X,Y )) = G2(FX,FY ) ◦G(F2(X,Y )) ◦ ϕX⊗Y ;

(2) G0 ◦G(F0) ◦ ϕI = F0 ◦ F (G0),

FO ϕ R(,J�&� K.

TU 2.14 (9 [10, c$ 3]) ϕ 5J�&� K`^a`9LPK)[(,+f:

(1) ]^ GF 6i�Æ40%-� ϕ Wb��&%-L, E9>+(,J�&;

(2) C(F,G)(ϕ) = CGF , ^R(,40!".

3 [P\]^_`a
9LZRbc (C ,⊗, I, a, l, r) 540!", (F,m, η) � (G,μ, e) 5 C )�I,J�&, ϕ :

FG→ GF R(,J�&� K. HIT` GF 5 F � G �]^.
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klc0AL6 C �jm^!" C ��&:

⊗op : C × C → C , (X,Y ) �→ Y ⊗X,

GF ⊗GF : C × C → C , (X,Y ) �→ GFX ⊗GFY,

GF⊗ : C × C → C , (X,Y ) �→ GF (X ⊗ Y ),

GF ⊗op GF : C × C → C , (X,Y ) �→ GFY ⊗GFX.

\]< Nat kn�&U�EUMNl, F,ALo@.

c� 3.1 NatC(F,G)(ϕ)(⊗,⊗op) ∼= NatC (⊗, GF ⊗op GF ).

de (/p, \]-fXZ
P : NatC(F,G)(ϕ)(⊗,⊗op) → NatC (⊗, GF ⊗op GF ),

_L�[/� f ∈ NatC(F,G)(ϕ)(⊗,⊗op) � X,Y ∈ C , P (f) c0AL
P (f)X,Y : X ⊗ Y

eηX⊗eηY �� GFX ⊗GFY
fGFX,GF Y�� GFY ⊗GFX ;

q(/p, c0XZ
Q : NatC (⊗, GF ⊗op GF ) → NatC(F,G)(ϕ)(⊗,⊗op),

;)�[/� σ ∈ NatC (⊗, GF ⊗op GF ) � V,W ∈ C(F,G)(ϕ), Q(σ) c05
Q(σ)V,W : V ⊗W

σV,W �� GFW ⊗GFV
GθW⊗GθV�� GW ⊗GV

ρW ⊗ρV �� W ⊗ V.

Lg P � Q mj.

r1', ;LWEN
X ⊗ Y

σX,Y
�������

���������

σX,Y

��

eηX⊗eηY �� GFX ⊗GY
σGF X,GF Y �� GFGFY ⊗GFGFX

GϕFX⊗GϕFY

��

GFY ⊗GFX

id
								

��								

GFeηY ⊗GFeηX



















GFY ⊗GFX GGFFY ⊗GGFFX,
μmY ⊗μmX

��

dI
P (Q(σ)) = σ.

�$, ;LWEN
V ⊗W

fV,W

��

eηV ⊗eηW �� GFV ⊗GFW
fGF V,GF W �� GFW ⊗GFV

GθW⊗GθV

��
W ⊗ V

eηW ⊗eηV���������������

�����������������

id
�� W ⊗ V W ⊗ V,

ρW ⊗ρV��

dI
Q(P (f)) = f.

(R P � Q mj. gn.
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c� 3.2 NatC(F,G)(ϕ)(⊗op,⊗) ∼= NatC (⊗op, GF ⊗GF ).

de :s(o@ 3.1, >XZ
P ′ : NatC(F,G)(ϕ)(⊗op,⊗) → NatC (⊗op, GF ⊗GF ),

_L�[/� f ′ ∈ NatC(F,G)(ϕ)(⊗op,⊗) � X,Y ∈ C , P ′(f ′) c0AL

P ′(f ′)X,Y : Y ⊗X
eηY ⊗eηX �� GFY ⊗GFX

f ′
GF X,GF Y�� GFX ⊗GFY ,

HI;jXZ5
Q′ : NatC (⊗op, GF ⊗GF ) → NatC(F,G)(ϕ)(⊗op,⊗),

;)�[( σ′ ∈ NatC (⊗op, GF ⊗GF ) � V,W ∈ C(F,G)(ϕ), Q′(σ′) c05

Q′(σ′)V,W : W ⊗ V
σ′

V,W �� GFV ⊗GFW
GθV ⊗GθW�� GV ⊗GW

ρV ⊗ρW �� V ⊗W.

gn.

CD 3.3 �[/� σ ∈ NatC (⊗, GF ⊗op GF ) � σ′ ∈ NatC (⊗op, GF ⊗GF ), c0 σ′ � σ

�h^AL:

(σ′ ∗ σ)X,Y : X ⊗ Y
σX,Y �� GFY ⊗GFX

σ′
GF X,GF Y�� GFGFX ⊗GFFGFY

GϕFX⊗GϕFY

��
GFX ⊗GFY GGFFX ⊗GGFFY,

μmX⊗μmY

��

c0 σ � σ′ �h^AL:

(σ ∗ σ′)X,Y : Y ⊗X
σ′

X,Y �� GFX ⊗GFY
σGF X,GF Y�� GFGFY ⊗GFFGFX

GϕFY ⊗GϕFX

��
GFY ⊗GFX GGFFY ⊗GGFFX,

μmY ⊗μmX

��

;) σ ∈ NatC (⊗, GF ⊗op GF ) fO5h^Ej�, TL6 σ′ ∈ NatC (⊗op, GF ⊗ GF ), V$

σ′ ∗ σ = μm⊗ μm, ^ σ ∗ σ′ = μm⊗op μm. T`\]O σ′ 5 σ �h^j.

Y 3.4 9)Q τ ∈ NatC(F,G)(ϕ)(⊗,⊗op), #� τ 6XZ P L�tGR5 σ.

T`, \],AL�h$.

TU 3.5 τ 5 NatC(F,G)(ϕ)(⊗,⊗op) )�EjG`^a` σ Rh^Ej�.

de ⇒ T τ REj�, ;jGQ5 τ ′ ∈ NatC(F,G)(ϕ)(⊗op,⊗), F;o@ 3.2 EIoL6
σ′ ∈ NatC (⊗op, GF ⊗GF ), V$ σ′ = P ′(τ ′). T`<LWpu σ′ ∗ σ:

X ⊗ Y

eηX⊗eηY

��

eeηηX⊗eeηηY



��������������������������
eηX⊗eηY �� GFX ⊗GFY

eηGFX⊗eηGFY

��

τGFY,GF X �� GFY ⊗GFX

eηGFY ⊗eηGFX

��
GFGFX ⊗GFGFY

τ ��

GϕFX⊗GϕFY

��

GFGFY ⊗GFGFX

τ ′
GF GF Y,GF GF X

��
GFX ⊗GFY GGFFX ⊗GGFFY

μmX⊗μmY

�� GFGFX ⊗GFGFY,
GϕFX⊗GϕFY

��
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;) X,Y ∈ C . EI σ′ ∗ σ = μm⊗ μm. �$Eg
σ ∗ σ′ = μm⊗op μm,

d σ′ 5 σ �h^j.

⇐ qV, Q σ Rh^Ej�, σ′ 5;h^j. ;o@ 3.1 � 3.2, / τ = Q(σ), τ ′ = Q′(σ′),

T`�[/� V,W ∈ C(F,G), ;
τ ′V,W ◦ τV,W

= Q′(σ′)V,W ◦Q(σ)V,W

= (ρV ⊗ ρW ) ◦ (GθV ⊗GθW ) ◦ σ′
V,W ◦ (ρW ⊗ ρV ) ◦ (GθW ⊗GθV ) ◦ σV,W

= (ρV ⊗ ρW )◦ (GθV ⊗GθW )◦ (GF (ρV ◦GθV )⊗GF (ρW ◦GθW ))◦ σ′
GFV,GFW ◦ σV,W

= (ρV ⊗ ρW )◦ (μV ⊗ μW )◦ (GGθV ⊗GGθW )◦ (GGmV ⊗GGmW )◦ (GϕFV ⊗GϕFW )

◦ σ′
GFV,GFW ◦ σV,W

= (ρV ⊗ ρW )◦ (GθV ⊗GθW )◦ (μmV ⊗ μmW )◦ (GϕFV ⊗GϕFW )◦ σ′
GFV,GFW ◦ σV,W

= (ρV ⊗ ρW ) ◦ (GθV ⊗GθW ) ◦ (eηV ⊗ eηW ) = idV ⊗W

EI τ ′ ◦ τ = id. �$Eg
τ ◦ τ ′ = id.

(R τ 5EjG. gn.

4 (F, G)- ijklm_nPop
40!" (C ,⊗, I, a, l, r) )�(,2&%-RK(,EU�-

T : ⊗ ⇒ ⊗op : C × C → C ,

_L�[/� X,Y,Z ∈ C , 9LWiSEN:

(X ⊗ Y ) ⊗ Z

TX,Y ⊗idZ

��

aX,Y,Z �� X ⊗ (Y ⊗ Z)
TX,Y ⊗Z �� (Y ⊗ Z) ⊗X

aY,Z,X

��
(Y ⊗X) ⊗ Z

aY,X,Z �� Y ⊗ (X ⊗ Z)
idY ⊗TX,Z �� Y ⊗ (Z ⊗X),

(B1)

X ⊗ (Y ⊗ Z)

idX⊗TY,Z

��

a−1
X,Y,Z �� (X ⊗ Y ) ⊗ Z

TX⊗Y,Z �� Z ⊗ (X ⊗ Y )

a−1
Z,X,Y

��
X ⊗ (Z ⊗ Y )

a−1
X,Z,Y �� (X ⊗ Z) ⊗ Y

TX,Z⊗idY �� (Z ⊗X) ⊗ Y.

(B2)

TU 4.1 �[(�X X ∈ C , \], GFX ∈ C(F,G)(ϕ).

de \]c0 GFX � F - Mq<� G- Mq<�rAL:

ρGFX : GGFX
μF X �� GFX ;

θGFX : FGFX
ϕF X �� GFFX

GmX �� GFX,
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FHg
(GFX, θGFX) ∈ CF .

�`

(GFX, ρGFX) ∈ CG.

B7;ALsNW:

FGGFX

FμF X

��

ϕGF X �� GFGFX
GϕFX �� GGFFX

μF F X

��

GGmX �� GGFX

μF X

��
FGFX ϕF X

�� GFFX
GmX

�� GFX

EI
(GFX, θGFX , ρGFX) ∈ C(F,G)(ϕ).

gn.

Y 4.2 �[(YZ f ∈ Mor C , EI GF (f) �`5 F - M�Y� G- M�Y, B7\]$

 (,E;�&
GF : C → C(F,G)(ϕ).

c� 4.3 τ R F - M�Y`^a`�[/� X,Y ∈ C , σ _LALsNW
F (X ⊗ Y )

F2

��

FσX,Y �� F (GFY ⊗GFX)
F2 �� FGFY ⊗ FGFX

ϕFY ⊗ϕFX

��
FX ⊗ FY σF X,F Y

�� GFFY ⊗GFFX
GmY⊗GmX

�� GFY ⊗GFX.

(4.1)

de ⇒ ;h$ 4.1 t C(F,G)(ϕ) 540!"I
GFX ⊗GFY ∈ C(F,G)(ϕ).

B7E$

F (GFX ⊗GFY )

θGFX,GF Y

��

Fτ �� F (GFY ⊗GFX)

θGFY,GF X

��
GFX ⊗GFY

τ �� GFY ⊗GFX

5ENW. T`, (/p,
F (X⊗Y )

Fσ

��������������������
F (eηX⊗eηY ) �� F (GFX⊗GFY ) Fσ �� F (GFGFY⊗GFGFX)

F (GϕFY ⊗GϕFX)

��
GFY ⊗GFX F (GFY⊗GFX)

F (GFeηY ⊗GFeηX)



















F (GeFηY ⊗GeFηX)
��

F2

��

F (GGFFY⊗GGFFX)

F (μmY ⊗μmX)

��
GFFY⊗GFFX

GmY ⊗GmX

��

FGFY⊗FGFX
ϕFY ⊗ϕFX

�� F (GFY ⊗GFX);
F2

��
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q(/p, u,
F (X⊗Y )

F2

��

F (eηX⊗eηY )�� F (GFX⊗GFY )
F2 �� FGFX⊗FGFY

ϕF X⊗ϕF Y �� GFFX⊗GFFY

GmX⊗GmY

��
FX⊗FY

σ

��

FeηX⊗FeηY

��






























 eFX⊗eFY �� GFX⊗GFY

σ

��
GFFY⊗GFFX

GFeFY ⊗GFeFX

��

GmY⊗GmX

�� GFY⊗GFX GGFFY⊗GGFFX
μmY⊗μmX

�� GFGFY⊗GFGFX..
GϕFY⊗GϕFX

��

;9'IsNWiEI, PK (4.1) +f.

⇐ qV, TWi (4.1) EN, F� V,W ∈ C(F,G)(ϕ), \],ALsNW:

F (V ⊗W ) Fσ ��

F2

��

F (GFW ⊗GFV )

F2

��

F (GθW⊗GθV ) �� F (GW ⊗GV )

F2���������������
F (ρW ⊗ρV )

��
FV ⊗ FW

θV ⊗θW

��

σ

����������������� FGFW⊗FGFV FGθW⊗FGθV��

ϕFW⊗ϕFV

��

FGW⊗FGV

ϕW ⊗ϕV

��

FρW ⊗FρV

������

��������

F (W ⊗ V )

F2

��
V ⊗W

σ

��

GFFW ⊗GFFV

GmW⊗GmV
������

��������

FW ⊗ FV

θW⊗θV

��
GFW ⊗GFV

GθW ⊗GθV

�� GW ⊗GV
ρW ⊗ρV

�� W ⊗ V,

dEIo@$g.

c� 4.4 τ R G- M�Y`^a`�[/� X,Y ∈ C , σ _LALsNW:

G(X ⊗ Y )

F2

��

GσX,Y �� G(GFY ⊗GFX)

F2

��
GX⊗GY σ

�� GFGY ⊗GFGX
GϕY⊗GϕX

�� GGFY ⊗GGFX
μFY ⊗μFX

�� GFY ⊗GFX.

(4.2)

de :s(o@ 4.3 Eg, vrs�. gn.

c� 4.5 τ _LENW (B1) `^a`�[/� X,Y,Z ∈ C , σ _LALENW:

(X⊗Y )⊗Z

a

��

σ⊗id �� (GFY ⊗GFX) ⊗ Z
a �� GFY ⊗ (GFX ⊗ Z)

id⊗σ

��
X⊗ (Y⊗Z)

σ

��

GFY ⊗ (GFZ⊗GFGFX)

id⊗id⊗GϕFX

��
GF (Y⊗Z)⊗GFX

GF2⊗id

��

GFY ⊗ (GFZ⊗GGFFX)

id⊗id⊗μmX

��
G(FY⊗FZ) ⊗GFX

G2⊗id �� (GFY ⊗GFZ) ⊗GFX
a �� GFY ⊗ (GFZ⊗GFX).

(4.3)
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de ⇒ HI (GFX ⊗GFY ) ⊗GFZ ∈ C(F,G)(ϕ). B7, (/p,
aGFY,GFZ,GFX ◦ (μmY ⊗ μmZ ⊗ μmX) ◦ (GϕFY ⊗GϕFZ ⊗GϕFX)

◦(G2(FGFY,FGFZ) ⊗ id) ◦ (GF2(GFY,GFZ) ⊗ id) ◦ σGFX,GFY ⊗GFZ

◦aGFZ,GFY,GFZ ◦ (eηX ⊗ eηY ⊗ eηZ)

= aGFY,GFZ,GFX ◦ (μmY ⊗ μmZ ⊗ μmX) ◦ (GϕFY ⊗GϕFZ ⊗GϕFX)

◦(GFeηY ⊗GFeηZ ⊗GFeηX) ◦ (G2(FY, FZ) ⊗ id) ◦ (GF2(Y,Z) ⊗ id) ◦ σX,Y ⊗Z

◦aX,Y,Z

= aGFY,GFZ,GFX ◦ (G2(FY,FZ) ⊗ id) ◦ (GF2(Y,Z) ⊗ id) ◦ σX,Y ⊗Z ◦ aX,Y,Z ;

q(/p, t,
(id ⊗ μmZ ⊗ μmX) ◦ (id ⊗GϕFZ ⊗GϕFX) ◦ (id ⊗ σGFX,GFZ) ◦ aGFY,GFX,GFZ

◦(μmY ⊗ μmX ⊗ id) ◦ (GϕFY ⊗GϕFX ⊗ id) ◦ (σGFX,GFY ⊗ id) ◦ (eηX ⊗ eηY ⊗ eηZ)

= (id ⊗ μmZ ⊗ μmX) ◦ (id ⊗GϕFZ ⊗GϕFX) ◦ (id ⊗ σGFX,GFZ) ◦ aGFY,GFX,GFZ

◦(μmY ⊗ μmX ⊗ id) ◦ (GeFηY ⊗GeFηX ⊗ eηZ) ◦ (σX,Y ⊗ id)

= (id ⊗ μmZ ⊗ μmX) ◦ (id ⊗GϕFZ ⊗GϕFX) ◦ (id ⊗GFeηZ ⊗ id) ◦ (id ⊗ σGFX,Z)

◦aGFY,GFX,Z ◦ (σX,Y ⊗ id)

= (id ⊗ id ⊗ μmX) ◦ (id ⊗ id ⊗GϕFX) ◦ (id ⊗ σGFX,Z) ◦ aGFY,GFX,Z ◦ (σX,Y ⊗ id),

(R, ; τGFX, GFY, GFZ _LWi (B1), dE$W (4.3) +f.

⇐ qV, TWi (4.3) EN, F�[/� U, V,W ∈ C(F,G)(ϕ), EI,
aV,W,U ◦ τU,V ⊗W ◦ aU,V,W

= aV,W,U ◦ (ρV ⊗ ρW ⊗ ρU ) ◦ (GθV ⊗GθW ⊗GθU ) ◦ (G2(FV,FW ) ⊗ id)

◦(GF2(V,W ) ⊗ id) ◦ σV ⊗W,U ◦ aU,V,W

= (ρV ⊗ ρW ⊗ ρU ) ◦ (GθV ⊗GθW ⊗GθU ) ◦ aGFV,GFW,GFU ◦ (G2(FV,FW ) ⊗ id)

◦(GF2(V,W ) ⊗ id) ◦ σV ⊗W,U ◦ aU,V,W

= (ρV ⊗ ρW ⊗ ρU ) ◦ (GθV ⊗GθW ⊗GθU ) ◦ (id ⊗ id ⊗ μmU ) ◦ (id ⊗ id ⊗GϕFU )

◦(id ⊗ σGFU,W ) ◦ aGFV,GFU,W ◦ (σU,V ⊗ id)

= (id ⊗ ρW ⊗ ρU ) ◦ (id ⊗ id ⊗GθU ) ◦ (id ⊗GθW ⊗ μFU ) ◦ (ρV ⊗ id ⊗GϕU )

◦(GθV ⊗ id ⊗GFGθU ) ◦ (id ⊗ σGFU,W ) ◦ aGFV,GFU,W ◦ (σU,V ⊗ id)

= (id ⊗ ρW ⊗ ρU ) ◦ (id ⊗GθW ⊗GθU ) ◦ (id ⊗ σU,W ) ◦ (ρV ⊗ ρU ⊗ id)

◦(GθV ⊗GθU ⊗ id) ◦ aGFV,GFU,W ◦ (σU,V ⊗ id)

= (id ⊗ ρW ⊗ ρU ) ◦ (id ⊗GθW ⊗GθU ) ◦ (id ⊗ σU,W ) ◦ aV,U,W ◦ (ρV ⊗ ρU ⊗ id)

◦(GθV ⊗GθU ⊗ id) ◦ (σU,V ⊗ id)

= (id ⊗ τU,W ) ◦ aV,U,W ◦ (τU,V ⊗ id),

5wgvÆW (B1) EN. gn.
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c� 4.6 τ _LENW (B2) `^a`�[/� X,Y,Z ∈ C , σ _LALENW:

X⊗ (Y⊗Z)

a−1

��

id⊗σ �� X ⊗ (GFZ ⊗GFY ) a−1
�� (X ⊗GFZ) ⊗GFY

σ⊗id

��
(X⊗Y )⊗Z

σ

��

(GFGFZ⊗GFX) ⊗GFY

GϕFZ⊗id⊗id

��
GFZ⊗GF (X⊗Y )

id⊗GF2

��

(GGFFZ⊗GFX) ⊗GFY

μmZ⊗id⊗id

��
GFZ⊗G(FX ⊗ FY )

id⊗G2 �� GFZ⊗ (GFX⊗GFY ) a−1
�� (GFZ⊗GFX) ⊗GFY.

(4.4)

de :s(o@ 4.5 Eg, vrs�. gn.

CD 4.7 Q (C ,⊗, I, a, l, r) 540!", (F,m, η) � (G,μ, e) 5 C )�I,J�&, ϕ :

FG→ GF R(,J�&� K. TL6h^Ej�EUMN
σ ∈ NatC (⊗, GF ⊗op GF ),

_L�[/� X,Y,Z ∈ C , Wi (4.1)–(4.4) SEN, FO σ 5J�&� K ϕ '� R- H=, O

(F,G,ϕ, σ) 5 C '�(,� K2&�x.

T`, \]E$ALuOc$.

CU 4.8 Q (C ,⊗, I, a, l, r) 540!", (F,m, η) � (G,μ, e) 5 C )�I,J�&, ϕ :

FG→ GF R(,J�&� K. F C(F,G)(ϕ) 52&40!"`^a`L6EUMN
σ ∈ NatC (⊗, GF ⊗op GF ),

V$ σ 5 ϕ '� R- H=. T`, C(F,G)(ϕ) )�2&5 τ = Q(σ).

de ;h$ 3.5, to@ 4.3–4.6 vyEg.

wx 4.9 Q (C ,⊗, I, a, l, r)540!", (F,G,ϕ, σ)5 C '�� K2&�x,F (GF, σ)

5 C '�<=9J�&.

M 4.10 Q (C ,⊗, I, a, l, r) 540!", (F,m, η) 5 C '�(,J�&. T R 5 F �z

R- H=, V$ F 5(,<=9J�&, FT`GH G = (ID, id, id) t5 C '�J�&, w

ϕ = idF : FG→ GF,

(RHg ϕ 5J�&� K, ^xU,
σ = R : ⊗ → GF ⊗op GF

5 ϕ '� R- H=.

M 4.11 Q H 5�N k '�,yz Hopf ��, S 5;�5, HI H∗op t5 Hopf ��.

klc0 k- {2XZ ψ : H ⊗H∗op → H∗op ⊗H AL: �[/� a ∈ H, q ∈ H∗op,

ψ(a⊗ q) =
∑

q(S(a1)?a3) ⊗ a2.

B(C{, w

F = ⊗H∗op, G = ⊗H, ϕ = ⊗ ψ : FG→ GF,
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F;g 2.11 I F,G S5J�&, ^H|$ ϕ 5J�&� K. T`, Tc0ALEUMN:

σX,Y : X ⊗ Y → GFY ⊗GFX,

x⊗ y �→
∑

y ⊗ ε⊗ ei ⊗ x⊗ ei ⊗ 1H ,

;) ei . ei 5 H∗ . H '�(��>F, FH|$ σ 5 ϕ '� R- H=, 67 (F,G,ϕ, σ) 5

k bU!"'�(,� K2&�x.

Y 4.12 ;h$ 2.14 �&% 4.9, Hg$g 4.11 )� (GF, σ) 5<=9J�&. r1', '

�J�& GF 13R; H �0&> D(H) = H∗op ⊗H aWb�, d

GF = ⊗D(H).

T`, ; D(H) 5<=9 Hopf ��, tEg$ (GF, σ) 5<=9J�&.

yz E9q2{B|}~}����~�/D.
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