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1 UV
����� P ∈ Cm×m � Q ∈ Cn×n, ����

R = P diag(γ0Im0 , γ1Im1 , . . . , γk−1Imk−1)P−1 ∈ Cm×m (1.1)

�
Sσ = Qdiag(γσ(0)In0 , γσ(1)In1 , . . . , γσ(k−1)Ink−1)Q

−1 ∈ Cn×n, (1.2)

�� It�� t����, γ0, γ1, . . . , γk−1� k���Æ����, σ���� Zk := {0, 1, . . . , k−1}
� Zk �� , � σ : Zk → Zk, !

∑k−1
�=0 m� = m,

∑k−1
�=0 n� = n. " σ � Zk � Zk ���� ,

� Sσ #��
S = Qdiag(γ0In0 , γ1In1 , . . . , γk−1Ink−1)Q

−1 ∈ Cn×n. (1.3)

"$ �, RH = R � SH = S, � (1.1) � (1.2) �� P � Q %�!��.  "#����!
� ‖ · ‖ %��� Frobenius !�, " M ∈ Cm×m, M∗ �� M �#$%&. '" [7] �, Trench

�$&'( (R,Sσ)- %&�����:

)W 1.1 [7] ���� R ∈ Cm×m � Sσ ∈ Cn×n. '' RA = ASσ, �( A ∈ Cm×n �

(R,Sσ)- %&��.

* R, Sσ �)()*�+, (R,Sσ)- %&��*,++� ,-, �" R, Sσ ,��-.�
��., * (R,Sσ)- %&���-� //01��. '
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(1) , m = n, R = Jn, Sσ = S = Jn ., �� Jn �67����, (R,Sσ)- %&��#��
n ��8"(�� [1]; " m �= n � (R,Sσ)- %&��#�� m × n �789�8"(�� [1];

, m = n, σ : Z1 → Z1 := {0, 1} ! σ(0) = 1, σ(1) = 0 ., � (R,Sσ)- %&��#�� n ��
86"(�� [1].

(2), R = R−1 �= ±Im, Sσ = S = S−1 �= ±In,� (R,Sσ)-%&��#�� m×n� (R,S)-

"(�� [8]; " σ : Z1 → Z1 ! σ(0) = 1, σ(1) = 0 ., � (R,Sσ)- %&��#�� m × n �

(R,S)- 6"(�� [8]; " Sσ = R = R−1 �= ±Im ., � (R,Sσ)- %&��#�� m � R- "(

�� [8].

(3), R = Sσ = S %� n�9�6 ��, � RH = R, R2 = In,� (R,Sσ)-%&��#�
�:6�� [2]. " σ : Z1 → Z1 ! σ(0) = 1, σ(1) = 0., (R,Sσ)-%&��#��6:6�� [2].

(4) , Rk−1 = R−1 �= ±Im, Sk−1 = S−1 �= ±In, ! σ(�) = � + μ (mod k) (0 ≤ � ≤ k − 1),

� (R,Sσ)- %&��#�� (R,S, μ)- "(�� [9]; " Sσ = R−1 = Rk−1 �= ±Im ., � (R,Sσ)-

%&��#�� (R,μ)- "(�� [9].

(5) , Rk−1 = R−1 �= ±Im, Sk−1 = S−1 �= ±In, ! σ(�) = α� + μ (mod k) (0 ≤ � ≤ k − 1),

α, μ ∈ Zk, � (R,Sσ)- %&��#�� (R,S, α, μ)- "(�� [10]; " Sσ = R−1 = Rk−1 �= ±Im

., � (R,Sσ)- %&��#�� (R,α, μ)- "(�� [10].

" (R,Sσ)- %&��� ,-, ;5:'67�)()*.<$ �89. : ϕ ��;,
m × n � (R,Sσ)- %&��*;��<. =>� (R,Sσ)- %&��� ,-, ;5= ,-<>
67?-8?@ AX = B, Y A = D ' ϕ ��AB@AC=B�ACD>C=.

XM 1.2 ���� X ∈ Cn×v, Y ∈ Cw×m, B ∈ Cm×v, D ∈ Cw×n, ? ρ(X,Y,B,D) @-

ρ(X,Y,B,D) = min
A∈ϕ

(‖AX − B‖2 + ‖Y A − D‖2),

E?@AB;C�D�<, F� ϕ(X,Y,B,D), �?

ϕ(X,Y,B,D) = {A ∈ ϕ | ‖AX − B‖2 + ‖Y A − D‖2 = ρ(X,Y,B,D)}.
XM 1.3 ���� X ∈ Cn×v, Y ∈ Cw×m, B ∈ Cm×v, D ∈ Cw×n � G ∈ Cm×n, ?

ρ(X,Y,B,D,G) = min
A∈ϕ(X,Y,B,D)

‖A − G‖ ,

E?E � Â ∈ ϕ(X,Y,B,D), @- ‖Â − G‖ = ρ(X,Y,B,D,G).

FGA, "DHIG-01����0EFC=, �C=HAB@AC=B�ACD>C=,

G,IJKL�HJ;'. '" [18] HJ&�8"(�� (�86"(��) ��0EFC=.

" [19] � [6] )MHJ&:6�� (6:6��) ��0EFC=���8? AX = B ':6�
� (6:6��) �<��AB@AC=B�ACD>C=. " [11] HJ& AX = B ' (R,S)-

"( ((R,S)- 6"() ���<��AB@AC=BACD>C=. " [4] � [16] )MHJ&�
�8? AX = B ���8?@ AX = B, Y A = D ' (R,S, μ)- "(� (R,S, α, μ)- "(���
<��AB@AC=B�ACD>C=; " [5] $ �67& (R,S, μ)- "(���C=, ACD
>C=B�"ACD>C=�KN)I. OP�;'Q [12–14, 17, 20] B�RL"J.

>� (R,Sσ)- %&���AI01��� ,9B, SC= 1.2 ��M�8?@ AX = B,

Y A = D ' �K�(L�N��0EFC=, �C=HJ�M�8?�O99B, >T'U=
 ,-<>67 (R,Sσ)- %&���)()*0E, E67?-8?@' (R,Sσ)- %&���
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<��AB@AC=BACD>C=,@HIG,HJ;'VP' �K�(WD ")7�0
1Q9, �F-HJ�R=. S 8T, (R,Sσ)-%&������� σ X� Zk → Zk �� ,

Y� EI  "M., "MC=HJM'UZU. NAV8T=� "�HJK�;'B "
�HJ[O.

 "\ 2 W]D" [7] �" (R,Sσ)- %&��)()*, $ �'� σ � σ : Zk → Zk

�  "M� (&&) �I  "M� V8T)M�$ (R,Sσ)- %&�P�9B�)()
*, EQR)I (R,Sσ)- %&�� ,-)*, �Y R,Sσ ,��01��B��� σ (, *
(R,Sσ)- %&��S-���-.�01��. \ 3 W=� σ � Zk → Zk �  "M� 
(&&) �I  "M� V8TQR)IC= 1.2 � 1.3, �$�*XDI�^B, !'ÆYZ
_(�$ÆYD`'�aTZ_B�ÆYD�*XDI�^B. \ 4 W�$)7E89( �
�b<.

2 (R, Sσ)- YZ[\U]^_`abVc
"���� P ∈ Cm×m � Q ∈ Cn×n <'()(

P = (P0 P1 · · · Pk−1), Q = (Q0 Q1 · · · Qk−1); (2.1)

P−1 =

⎛⎜⎜⎜⎜⎝
P̂0

P̂1

...
P̂k−1

⎞⎟⎟⎟⎟⎠ , Q−1 =

⎛⎜⎜⎜⎜⎝
Q̂0

Q̂1

...
Q̂k−1

⎞⎟⎟⎟⎟⎠ , (2.2)

��
Pr ∈ Cm×mr , P̂r ∈ Cmr×m, P̂rPs = δrsImr , 0 ≤ r, s ≤ k − 1.

Qr ∈ Cn×nr , Q̂r ∈ Cnr×n, Q̂rQs = δrsInr , 0 ≤ r, s ≤ k − 1.

;5�S-�
R =

k−1∑
�=0

γ�P�P̂�, Sσ =
k−1∑
�=0

γσ(�)Q�Q̂�.

" P � Q �!��, �,

P−1 =

⎛⎜⎜⎜⎝
P ∗

0

P ∗
1
...

P ∗
k−1

⎞⎟⎟⎟⎠ , Q−1 =

⎛⎜⎜⎜⎝
Q∗

0

Q∗
1
...

Q∗
k−1

⎞⎟⎟⎟⎠ . (2.3)

[\

R =
k−1∑
�=0

γ�P�P
∗
� , Sσ =

k−1∑
�=0

γσ(�)Q�Q
∗
� .

(TWU�$& (R,Sσ)- %&���)()*.

de 2.1 [7] A ∈ Cm×n � (R,Sσ)- %&��Y!]Y
A = P ([Crs]k−1

r,s=0)Q
−1, Crs ∈ Cmr×ns . (2.4)
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Y r �= σ(s) ., Crs = 0 ∈ Cmr×ns ; Y r = σ(s) ., Crs � mr × ns �^K��.

FGA, "^K� A ∈ Cm×n, A ���; A = PP−1AQQ−1. * P � Q−1 �)()

* (2.1) � (2.2) " C = P−1AQ <ÆM)( C = ([Crs]k−1
r,s=0), c_ (R,Sσ)- %&�����

RA = ASσ B R � Sσ �)()* (1.1) � (1.2) �-WU 2.1 ��)()*. *WU 2.1 $ 
��-'()7.

de 2.2 [7] A ∈ Cm×n � (R,Sσ)- %&��Y!]Y
A =

k−1∑
�=0

Pσ(�)F�Q̂�, F� ∈ Cmσ(�)×n� , 0 ≤ � ≤ k − 1, (2.5)

! F� = P̂σ(�)F�Q�, 0 ≤ � ≤ k − 1 �"^K γ0, γ�, . . . , γk−1,

RA = ASσ =
k−1∑
�=0

γσ(�)Pσ(�)F�Q̂�.

*WU 2.2 $ ��- (R,Sσ)- %&��P�9B�)()*. (TS� σ � Zk → Zk

�&& (  "M� ) BI  "M� VXQ9`89.

fg 2.3 "� σ � Zk → Zk � �&& (  "M). F Pσ = (Pσ(0)Pσ(1) · · ·Pσ(k−1)),

�*WU 2.2, �-

A =
k−1∑
�=0

Pσ(�)F�Q̂� = Pσ

( k−1⊕
�=0

F�

)
Q−1, F� ∈ Cmσ(�)×n� , 0 ≤ � ≤ k − 1. (2.6)

" σ � Zk → Zk � �I  "M� . da σ(s) (0 ≤ s ≤ k − 1) , q ���Æ���
 F, F� u0, u1, . . . , uq−1, �� u� ∈ Zk (0 ≤ � ≤ q − 1). " Zk Ye)

Zk = T0 ∪ T1 ∪ · · · ∪ Tq−1,

�� T� ��Zb��� t�(
∑q−1

�=0 t� = k), !c[
T0 = {s0 s1 · · · st0−1}, ! σ(T0) = u0,

T1 = {st0 st0+1 · · · st0+t1−1}, ! σ(T1) = u1,
...

Tq−1 = {sk−tq−1 sk−tq−1+1 · · · sk−1}, ! σ(Tq−1) = uq−1,

�� σ(T�) = u� ��" T� � t� �Zb�� F%� u� (0 ≤ � ≤ q − 1). :

P = (Pu0 , Pu1 , . . . , Puq−1), P̂ =

⎛⎜⎜⎜⎝
P̂u0

P̂u1...
P̂uq−1

⎞⎟⎟⎟⎠
�

F0 = (Fσ(s0) Fσ(s1) · · ·Fσ(st0−1)),

F1 = (Fσ(st0 ) Fσ(st0+1) · · ·Fσ(st0+t1−1)),

...

Fq−1 = (Fσ(sk−tq−1 ) Fσ(sk−tq−1+1) · · ·Fσ(sk−1)).
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�., :

Q = (Q0 Q1 · · ·Qq−1) , Q̂ =

⎛⎜⎜⎜⎜⎝
Q̂0

Q̂1

...
Q̂q−1

⎞⎟⎟⎟⎟⎠,

��

Q0 = (Qσ(s0)Qσ(s1) · · ·Qσ(st0−1)), Q̂0 =

⎛⎜⎜⎜⎜⎝
Q̂σ(s0)

Q̂σ(s1)

...
Q̂σ(st0−1)

⎞⎟⎟⎟⎟⎠,

Q1 = (Qσ(st0)Qσ(st0+1) · · ·Qσ(st0+t1−1)), Q̂1 =

⎛⎜⎜⎜⎜⎝
Q̂σ(st0)

Q̂σ(st0+1)

...
Q̂σ(st0+t1−1)

⎞⎟⎟⎟⎟⎠,

...

Qq−1 = (Qσ(sk−tq−1)Qσ(sk−tq−1+1) · · ·Qσ(sk−1)), Q̂q−1 =

⎛⎜⎜⎜⎜⎝
Q̂σ(sk−tq−1 )

Q̂σ(sk−tq−1+1)

...
Q̂σ(sk−1)

⎞⎟⎟⎟⎟⎠,

�*WU 2.2 �-

A =
k−1∑
�=0

Pσ(�)F�Q̂� = Pu0F0Q̂0 + · · · + Puq−1Fq−1Q̂q−1 = P

( q−1⊕
�=0

F�

)
Q̂. (2.7)

h 2.4 : k = 8, σ � Z8 → Z8 � �&&, !

s 0 1 2 3 4 5 6 7
σ(s) 5 4 1 0 2 6 3 7

.

*WU 2.1 � 2.2, (R,Sσ)- %&�� A �S���

A = P

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 C03 0 0 0 0
0 0 C12 0 0 0 0 0
0 0 0 0 C24 0 0 0
0 0 0 0 0 0 C36 0
0 C41 0 0 0 0 0 0

C50 0 0 0 0 0 0 0
0 0 0 0 0 C65 0 0
0 0 0 0 0 0 0 C77

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Q−1

= P5F0Q̂0 + P4F1Q̂1 + P1F2Q̂2 + P0F3Q̂3 + P2F4Q̂4 + P6F5Q̂5 + P3F6Q̂6 + P7F7Q̂7
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= (P5 P4 P1 P0 P2 P6 P3 P7)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

C50 0 0 0 0 0 0 0
0 C41 0 0 0 0 0 0
0 0 C12 0 0 0 0 0
0 0 0 C03 0 0 0 0
0 0 0 0 C24 0 0 0
0 0 0 0 0 C65 0 0
0 0 0 0 0 0 C36 0
0 0 0 0 0 0 0 C77

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Q̂0

Q̂1

Q̂2

Q̂3

Q̂4

Q̂5

Q̂6

Q̂7

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= Pσ

( 7⊕
�=0

F�

)
Q̂,

�� F� = Cσ(�)� ∈ Cmσ(�)×n� , � = 0, 1, . . . , 7, !\+"^K γ0, γ�, . . . , γk−1,

RA = ASσ =
7∑

�=0

γ�Pσ(�)F�Q̂�.

h 2.5 : k = 8, σ � Z8 → Z8 � �I  "M�� , !

s 0 1 2 3 4 5 6 7
σ(s) 2 3 5 4 3 2 5 2

.

*WU 2.1 � 2.2, (R,Sσ)- %&�� A �S���

A = P

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

C20 0 0 0 0 C25 0 C27

0 C31 0 0 C34 0 0 0
0 0 0 C43 0 0 0 0
0 0 C52 0 0 0 C56 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Q−1

= P2F0Q̂0 + P2F5Q̂5 + P2F7Q̂7 + P3F1Q̂1 + P3F4Q̂4 + P4F3Q̂3 + P5F2Q̂2 + P5F6Q̂6

= (P2 P3 P4 P5)

⎛⎜⎜⎝
[C20 C25 C27]

[C31 C34]
[C43]

[C52 C56]

⎞⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Q̂0

Q̂5

Q̂7

Q̂1

Q̂4

Q̂3

Q̂2

Q̂6

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= P

( 3⊕
�=0

F�

)
Q̂,

�� F� = Cσ(�)� ∈ Cmσ(�)×n� , � = 0, 1, . . . , 7, F0 = [C20 C25 C27], F1 = [C31 C34], F2 = C43,
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F3 = [C52 C56], !\+"^K γ0, γ�, . . . , γk−1,

RA = ASσ =
7∑

�=0

γ�Pσ(�)F�Q̂�.

(Tde89: " R, S ,��-.���, σ , Zk → Zk ���� ., * (R,Sσ)- %&

���-� //01��. E$ �*WU 2.1, 2.2 �O7 2.3 �$]^01��)()*�
�f9B.

h 2.6 " R = Jn, S = Jn, �� Jn � n �67����. * J2
n = In + Jn �0EF_

, 1 � −1. Y n = 2r ., Jn �)()*'( (-fD (1.1) �" R �)()*)

Jn = (P0 P1)
(

Ir 0
0 −Ir

)(
P0

�

P1
�

)
, �� P0 =

1√
2

(
Ir

Jr

)
, P1 =

1√
2

(
Ir

−Jr

)
.

Y n = 2r + 1 ., Jn �)()*'(

Jn = (P0 P1)
(

Ir+1 0
0 −Ir

)(
P0

�

P1
�

)
, �� P0 =

1√
2

⎛⎝ Ir 0
0�

√
2

Jr 0

⎞⎠ , P1 =
1√
2

⎛⎝ Ir

0�

−Jr

⎞⎠ .

*�8"(����86"(����� [1],�" A ∈ Rn×n," JnAJn = A�( A��8
"(��; " JnAJn = −A �( A ��86"(��. �+�8"(���� (Jn, Jn) %&�

�, S�86"(���� (Jn, Sσ)%&��, �� σ � Z2 → Z2 �&&, ! σ(0) = 1, σ(1) = 0

� γ0 = 1, γ1 = −1. $ �, *WU 2.1 � 2.2 �+ A ∈ Rn×n ��8"(��Y!]Y
A= (P0 P1)

(
C0 0
0 C1

)(
P0

�

P1
�

)
= P0C0P

�
0 + P1C1P

�
1 , ∀C0 ∈ C(n−r)×(n−r), C1 ∈ Cr×r.

S A ∈ Rn×n ��86"(��Y!]Y
A= (P0 P1)

(
0 D1

D0 0

)(
P0

�

P1
�

)
= P1D0P

�
0 + P0D1P

�
1 , ∀D0 ∈ Cr×(n−r), D1 ∈ C(n−r)×r.

h 2.7 " R � S )M� m �� n �Igg"<��, �c[ R = R−1 �= ±Im �

S = S−1 �= ±In. * R2 = Im, S2 = In + R � S �0EF%� 1 � −1. "�� R, "��
m0 = dim{z |Rz = z}, m1 = dim{z |Rz = −z}, �, m0 + m1 = m !`'�� P0 ∈ Cm×m0 ,

P1 ∈ Cm×m1 , @- RP0 = P0, RP1 = P1 ! P ∗
0 P0 = Im0 � P ∗

1 P1 = Im1 . "�� S, "��
n0 = dim{z |Sz = z}, n1 = dim{z |Sz = −z}, �, n0 + n1 = n !`'�� Q0 ∈ Cn×n0 ,

Q1 ∈ Cn×n1 , @- SQ0 = Q0, SQ1 = Q1 ! Q∗
0Q0 = In0 � Q∗

1Q1 = In1 . ��
P̂0 =

P ∗
0 (Im + R)

2
, P̂1 =

P ∗
1 (Im − R)

2
, Q̂0 =

U∗(In + S)
2

� Q̂2 =
V ∗(In − S)

2
.

\`a
P̂0P0 = Im0 , P̂0P1 = 0, P̂1P1 = Im1 � P̂1P0 = 0,

Q̂0Q0 = In0 , Q̂0Q1 = 0, Q̂1Q1 = In1 � Q̂1Q0 = 0.

>T�-
(P0 P1)−1 =

(
P̂0

P̂1

)
� (Q0 Q1)−1 =

(
Q̂0

Q̂1

)
,
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!�� R � S )M*,'()()*
R = (P0 P1)

(
Im0 0
0 −Im1

)(
P̂0

P̂1

)
� S = (Q0 Q1)

(
In0 0
0 −In1

)(
Q̂0

Q̂1

)
.

* (R,S)- "(��� (R,S)- 6"(����� [8], �" A ∈ Cm×n, " RAS = A �( A

� (R,S)- "(��; " RAS = −A �( A � (R,S)- 6"(��, �+ (R,S)- "(����
(R,S)- %&��, S (R,S)- 6"(���� (R,Sσ)- %&��, �� σ � Z2 → Z2 �&&, !

σ(0) = 1, σ(1) = 0 � γ0 = 1, γ1 = −1. $ �, *WU 2.1 � 2.2 �-, A ∈ Cm×n � (R,S)- "

(��Y!]Y
A = (P0 P1)

(
C0 0
0 C1

)(
Q̂0

Q̂1

)
= P0C0Q̂0 + P1C1Q̂1, ∀C0 ∈ Cm0×m0 , C1 ∈ Cm1×m1 .

S A ∈ Cm×n � (R,S) 6"(��Y!]Y

A = (P0 P1)
(

0 D1

D0 0

)(
Q̂0

Q̂1

)
= P1D0Q̂0 + P0D1Q̂1, ∀D0 ∈ Cm1×m0 , D1 ∈ Cm0×m1 .

h 2.8 : R = [δr,s−1 (mod k)]k−1
r,s=0 � k � 1- bh��, �

R =

⎛⎜⎜⎜⎝
0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

1 0 0 · · · 0

⎞⎟⎟⎟⎠ ∈ Rk×k.

*" [3, 15], C = [cs−αr (mod k)]k−1
r,s=0 ∈ Ck×k � α- bh��Y!]Y RC = CRα. '⎛⎜⎜⎜⎜⎜⎜⎜⎝

c0 c1 c2 c3 c4 c5

c5 c0 c1 c2 c3 c4

c4 c5 c0 c1 c2 c3

c3 c4 c5 c0 c1 c2

c2 c3 c4 c5 c0 c1

c1 c2 c3 c4 c5 c0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
6 h 1- ci33
j 6 h Toeplitz 33

⎛⎜⎜⎜⎜⎜⎜⎜⎝

c0 c1 c2 c3 c4 c5

c3 c4 c5 c0 c1 c2

c0 c1 c2 c3 c4 c5

c3 c4 c5 c0 c1 c2

c0 c1 c2 c3 c4 c5

c3 c4 c5 c0 c1 c2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
6 h 3- ci33

⎛⎜⎜⎜⎜⎜⎜⎜⎝

c0 c1 c2 c3 c4 c5

c1 c2 c3 c4 c5 c0

c2 c3 c4 c5 c0 c1

c3 c4 c5 c0 c1 c2

c4 c5 c0 c1 c2 c3

c5 c0 c1 c2 c3 c4

⎞⎟⎟⎟⎟⎟⎟⎟⎠
6 h 5- ci33
j 6 h Hankel 33

\+ Rk = Ik, k R �0EF� 1, ξ, ξ2, . . . , ξk−1, �� ξ = e2πi/k, ! R *,'()()*
R = P diag(1, ξ, ξ2, . . . , ξk−1)P ∗,

��

P = [p0 p1 . . . pk−1], p� =
1√
k

⎛⎜⎜⎜⎜⎜⎜⎝
1
ξ�

ξ2�

...
ξ(k−1)�

⎞⎟⎟⎟⎟⎟⎟⎠, 0 ≤ � ≤ k − 1.

* Rα = Pdiag(1, ξα, ξ2α, . . . , ξ(k−1)α)P ∗, "�� σ(�) = α� (mod k) (0 ≤ � ≤ k − 1), � σ(�) �

Zk → Zk � �&&, !, Rσ = Rα. *T�S89 k � α- bh���� k � (R,Rσ)- %&
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�. $ �, *WU 2.1 � 2.2 �+, k � α- bh�� C *,'()()*

C = P ([crs]k−1
r,s=0)P

∗ =
k−1∑
�=0

pσ(�)cσ(�)�p
∗
� = pσ

( k−1⊕
�=0

cσ(�)�

)
p∗.

��Y r �= σ(s) = αs (mod k) ., crs = 0; Y r = σ(s) ., crs �^K�i.

h 2.9 "�� R ∈ Cm×m, S ∈ Cn×n %� k �Iggj&��, �c[ R−1 = Rk−1 �=
±Im, S−1 = Sk−1 �= ±In. : ξ = e2πi/k, � R � S �0EF%� ξ0, ξ1, . . . , ξk−1. ��

ms = dim{z |Rz = ξsz} � ns = dim{z |Sz = ξsz}, 0 ≤ s ≤ k − 1.

`'�� Ps ∈ Cm×ms � Qs ∈ Cn×ns , 0 ≤ s ≤ k − 1, @-

RPs = ξsPs, SQs = ξsQs P ∗
s Ps = Ims � Q∗

sQs = Ins , 0 ≤ s ≤ k − 1.

:

P = (P0 P1 · · · Pk−1), Q = (Q0 Q1 · · · Qk−1),

P−1 = (P̂ ∗
0 P̂ ∗

1 . . . P̂ ∗
k−1)

∗ � Q−1 = (Q̂∗
0 Q̂∗

1 . . . Q̂∗
k−1)

∗,

�� P̂s ∈ Cms×m � Q̂s ∈ Cns×n, 0 ≤ s ≤ k − 1. P0, P1, . . . , Pk−1; P̂0, P̂1, . . . , P̂k−1; Q0, Q1, . . .,

Qk−1 � Q̂0, Q̂1, . . . , Q̂k−1 �*X�^BBlk8mQ" [9]. n�lk,
P̂rPs =

{
Ims , r = s,

0, r �= s
� Q̂rQs =

{
Ins , r = s,

0, r �= s,
0 ≤ r, s ≤ k − 1.

>T, ;5-�
R = P diag(ξ0Im0 , ξ

1Im1 , . . . , ξ
k−1Imk−1)P−1,

S = Qdiag(ξ0Im0 , ξ
1Im1 , . . . , ξ

k−1Imk−1)Q−1.

: α, μ ∈ Zk = {0, 1, . . . , k−1}. Trench'" [9]� [10]�)M��& (R,S, μ)-"(��, (R,μ)-

"(��� (R,S, α, μ)- "(��, (R,α, μ)- "(��. �" A ∈ Cm×n c[ RAS−1 = ξμA

(RAR−1 = ξμA), �( A � (R,S, μ)- "(�� ((R,μ)- "(��)[9]. " A ∈ Cm×n c[
RAS−α = ξμA(RAR−α = ξμA), �( A � (R,S, α, μ)- "(�� ((R,α, μ)- "(��)[10]. "

�� σ(�) � Zk → Zk � �&&, ! σ(�) = � + μ (mod k)(0 ≤ � ≤ k − 1), � (R,S, μ)-

"(���� (R,Sσ) %&��, (R,μ)- "(���� (R,Rσ)- %&��. "��&& σ(�) =

α� + μ (mod k) (0 ≤ � ≤ k − 1), � (R,S, α, μ)- "(���� (R,Sσ)- %&��, (R,α, μ)- "

(���� (R,Rσ)- %&��. $ �, *WU 2.1 � 2.2 �+, (R,S, μ)- "(�� A *,'(
)()*

A = P ([Crs]k−1
r,s=0)Q

∗ =
k−1∑
�=0

P�+μC�+μ,�Q
∗
� = Pσ

( k−1⊕
�=0

C�+μ,�

)
Q∗,

Y r �= σ(s) = s + μ (mod k) ., Crs = 0 ∈ Cmr×ns ; Y r = σ(s) ., Crs �^K mr × ns ��

�. (R,S, α, μ)- "(�� A *,'()()*

A = P ([Crs]k−1
r,s=0)Q

∗ =
k−1∑
�=0

Pα�+μCα�+μ,�Q
∗
� .
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Y r �= σ(s) = αs + μ (mod k) ., Crs = 0 ∈ Cmr×ns ; Y r = σ(s) ., Crs �^K mr × ns ��

�. *" [10] �+, Y (gcd(α, k) = 1 ., σ(s) = αs + μ (mod k) � Zk → Zk � �&&, ].
(R,S, α, μ)- "(�� A �$ ����

A =
k−1∑
�=0

Pα�+μCα�+μ,�Q
∗
� = Vμ,α

( k−1⊕
�=0

Cα�+μ,�

)
Q−1,

�� Vμ,α = (Pμ Pα+μ · · · P(k−1)α+μ). Y gcd(α, k) = q > 1, σ(s) = αs+μ (mod k)� Zk → Zk

� �I  � . : p = k/q, ]. (R,S, α, μ)- "(�� A �$ ����
A =

k−1∑
�=0

Pα�+μCα�+μ,�Q
∗
� = Vμ,α

( p−1⊕
�=0

F�

)
Q−1,

�� Vμ,α, Q−1 �*X��Q" [10]. ', k = 8, α = 2 � μ = 0, �, p = 2, q = 4, ].
s 0 1 2 3 4 5 6 7

αs + μ (mod k) 3 2 4 6 3 2 4 6
.

*WU 2.1 � 2.2, (R,S, α, μ)- "(�� A �S���

A = P

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 C21 0 0 0 C25 0 0

C30 0 0 0 C34 0 0 0
0 0 C42 0 0 0 C46 0
0 0 0 0 0 0 0 0
0 0 0 C63 0 0 0 C67

0 0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Q−1

= P3F0Q̂0 + P2F1Q̂1 + P4F2Q̂2 + P6F3Q̂3 + P3F4Q̂4 + P2F5Q̂5 + P4F6Q̂6 + P6F7Q̂7

= (P3 P2 P4 P6)

⎛⎜⎜⎝
[C30 C34]

[C21 C25]
[C42 C46]

[C63 C67]

⎞⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Q̂0

Q̂3

Q̂1

Q̂5

Q̂2

Q̂6

Q̂3

Q̂7

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= Vμ,α

( 3⊕
�=0

F�

)
Q−1.

3 ij 1.2 Uklde (R, Sσ) YZmaij 1.3 Uknfo (R, Sσ) YZm
A W67& (R,Sσ) %&�� ,-,  W)I?-8?@ AX = B, Y A = D �AB@

A (R,Sσ) %&DB�ACD> (R,Sσ) %&D. " R,Sσ ,AW�"M���-.�01��
B� σ, ��#��?-8?@ AX = B, Y A = D "M01)*���AB@AC=BAC
D>C=. �a9 W��gT�U, lhmn'(iTWU.
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de 3.1 [16] ���� M,N ∈ Cf×g, Σ = diag(ξ1, ξ2, . . . , ξg) > 0,

ρ(Σ,Γ,M,N) = min
L∈Cf×g

(‖LΣ − M‖2 + ‖ΓL − N‖2),

�
ρ(Σ,Γ,M,N) = ‖Θ ∗ (ΓM − NΣ)‖2

,

E!ABF�
L = Ω ∗ (MΣ + ΓN),

��
Θ =

(
1√

η2
i + ξ2

j

)
f×g

∈ Rf×g, Ω =
(

1
η2

i + ξ2
j

)
f×g

∈ Rf×g.

de 3.2 [11] ���� F ∈ Cq×m, G ∈ Cp×m, �
min

C∈Cp×q
‖CF − G‖ = ‖G(I − F †F )‖,

E!ABFP,�Y!]Y
C = GF † + K(I − FF †), ∀K ∈ Cp×q.

3.1 σ p Zk → Zk jqr (ssktuv)

FGA, *WU 2.1, " A ∈ Cm×n � (R,Sσ)- %&��, �)(�� C �o/(,!],
 �Ipl(, !oIpl(�m/�pnc[ r = σ(s). "D��� X ∈ Cn×v, Y ∈ Cw×m,

B ∈ Cm×v, D ∈ Cw×n, q5�SE ����
X =

k−1∑
�=0

Q�X�, Y =
k−1∑
�=0

Yσ(�)P̂σ(�), B =
k−1∑
�=0

Pσ(�)Bσ(�), D =
k−1∑
�=0

D�Q̂�,

��"D 0 ≤ � ≤ k − 1,

X� = Q̂�X ∈ Cn�×v, Yσ(�) = Y Pσ(�) ∈ Cw×mσ(�) ,

Bσ(�) = P̂σ(�)B ∈ Cmσ(�)×v, D� = DQ� ∈ Cw×n� .
(3.1)

'' P � Q %�!��, � X� = Q∗
�X � Bσ(�) = P ∗

σ(�)B, 0 ≤ � ≤ k − 1.

da rank(X�) = ζ� � rank(Yσ(�)) = η�, 0 ≤ � ≤ k − 1. : X� � Yσ(�) (0 ≤ � ≤ k − 1) �r

oF)D)M�
X� = ΦX�

DX�
Ψ∗

X�
, Yσ(�) = ΦYσ(�)DYσ(�)Ψ

∗
Yσ(�)

, (3.2)

��
ΦX�

= (ΦX�,1 ΦX�,2), ΨX�
= (ΨX�,1 ΨX�,2),

ΦYσ(�) = (ΦYσ(�),1 ΦYσ(�),2), ΨYσ(�) = (ΨYσ(�),1 ΨYσ(�),2),

ΦX�,1 ∈ Cn�×ζ� , ΨX�,1 ∈ Cv×ζ� , ΦYσ(�),1 ∈ Cw×η� , ΨYσ(�),1 ∈ Cmσ(�)×η� ,

DX�
=
(

ΣX�
0

0 0

)
, ΣX�

= diag(σ1(X�), σ2(X�), . . . , σζ�
(X�)),

DYσ(�) =
(

ΣYσ(�) 0
0 0

)
, ΣYσ(�) = diag(σ�(Yσ(�)), σ2(Yσ(�)), . . . , ση�

(Yσ(�))).
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)e 3.3 ��X ∈Cn×v, Y ∈Cw×m, B ∈ Cm×v, D ∈ Cw×n. daX�, Yσ(�), Bσ(�),D� (0 ≤
� ≤ k − 1) ' (3.1) ;�, X�, Yσ(�) �roF)D' (3.2) ;�. '' P � Q �!��, �
ϕ(X,Y,B,D) ∈ ϕ IsE! A P���

A = Pσ

( k−1⊕
�=0

F�

)
Q∗,

��
F� = Γ� + ΨYσ(�),2F

�
22Φ

∗
X�,2, ∀F �

22 ∈ C(mσ(�)−η�)×(n�−ζ�), (3.3)

��
Γ� = ΨYσ(�),1F

�
11Φ

∗
X�,1 + (Imσ(�) − Y †

σ(�)Yσ(�))Bσ(�)X
†
� + Y †

σ(�)D�(In�
− X�X

†
� )

�

F �
11 = Ω� ∗ (Ψ∗

Yσ(�),1
Bσ(�)ΨX�,1ΣX�

+ ΣYσ(�)Φ
∗
Yσ(�),1

D�ΦX�,1),

Ω� =
(

1
σ2

i (Yσ(�)) + σ2
j (X�)

)
η�×ζ�

.

T.

ρ(X,Y,B,D) =
k−1∑
�=0

(‖Θ� ∗ (ΣYσ(�)Ψ
∗
Yσ(�),1

Bσ(�)ΨX�,1 − Φ∗
Yσ(�),1

D�ΦX�,1ΣX�
)‖2

+ ‖Bσ(�)(Iv − X†
� X�)‖2 + ‖(Iw − Yσ(�)Y

†
σ(�))D�‖2),

��
Θ� =

(
1√

σ2
i (Yσ(�)) + σ2

j (X�)

)
η�×ζ�

. (3.4)

wx >� P � Q �!��, Pσ(�) � Q L�!��, � P̂σ(�) = P ∗
σ(�) � Q̂ = Q−1 = Q∗,

*WU 2.2, (3.2) � F - !��!�q-, �-

‖AX − B‖2 + ‖Y A − D‖2

=
∥∥∥∥Pσ

( k−1⊕
�=0

F�

)
Q−1X − B

∥∥∥∥2

+
∥∥∥∥Y Pσ

( k−1⊕
�=0

F�

)
Q−1 − D

∥∥∥∥2

=
∥∥∥∥( k−1⊕

�=0

F�

)
Q−1X − P ∗

σB

∥∥∥∥2

+
∥∥∥∥Y Pσ

( k−1⊕
�=0

F�

)
− DQ

∥∥∥∥2

=
k−1∑
�=0

(‖F�X� − Bσ(�)‖2 + ‖Yσ(�)F� − D�‖2)

=
k−1∑
�=0

(‖(F�−Bσ(�)X
†
� )X�−Bσ(�)(Iv − X†

� X�)‖2+‖Yσ(�)(F�−Y †
σ(�)D�)−(Iw−Yσ(�)Y

†
σ(�))D�‖2)

=
k−1∑
�=0

(‖(F� − Bσ(�)X
†
� )X�‖2 + ‖Yσ(�)(F� − Y †

σ(�)D�)‖2)

+
k−1∑
�=0

(‖Bσ(�)(Iv − X†
� X�)‖2 + ‖(Iw − Yσ(�)Y

†
σ(�))D�‖2). (3.5)
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*T�+, C= minA∈ϕ(‖AX − B‖2 + ‖Y A − D‖2) �fD
min

F�∈C
mσ(�)×n�

(‖(F� − Bσ(�)X
†
� )X�‖2 + ‖Yσ(�)(F� − Y †

σ(�)D�)‖2), 0 ≤ � ≤ k − 1.

: Ψ∗
Yσ(�)

� ΦX�
<Ur)(

Ψ∗
Yσ(�)

F�ΦX�
=
(

F �
11 F �

12

F �
21 F �

22

)
. (3.6)

t# (3.2), (3.6) � F - !��!�q-, ,
‖(F� − Bσ(�)X

†
� )X�‖2 + ‖Yσ(�)(F� − Y †

σ(�)D�)‖2

= ‖Ψ∗
Yσ(�)

F�ΦX�
DX�

−Ψ∗
Yσ(�)

Bσ(�)ΨX�
D†

X�
DX�

‖2+‖DYσ(�)Ψ
∗
Yσ(�)

F�ΦX�
−DYσ(�)D

†
Yσ(�)

Φ∗
Yσ(�)

D�ΦX�
‖2

= ‖F �
11ΣX�

− Ψ∗
Yσ(�),1

Bσ(�)ΨX�,1‖2 + ‖ΣYσ(�)F
�
11 − Φ∗

Yσ(�),1
D�ΦX�,1‖2

+ ‖F �
21ΣX�

− Ψ∗
Yσ(�),2

Bσ(�)ΨX�,1‖2 + ‖ΣYσ(�)F
�
12 − Φ∗

Yσ(�),1
D�ΦX�,2‖2.

>T, t#WU 3.1,

min
F�∈C

mσ(�)×n�

(‖(F� − Bσ(�)X
†
� )X�‖2 + ‖Yσ(�)(F� − Y †

σ(�)D�)‖2)

= min
F �

11∈Cη�×ζ�

(‖F �
11ΣX�

− Ψ∗
Yσ(�),1

Bσ(�)ΨX�,1‖2 + ‖ΣYσ(�)F
�
11 − Φ∗

Yσ(�),1
D�ΦX�,1‖2)

= ‖Θ� ∗ (ΣYσ(�)Ψ
∗
Yσ(�),1

Bσ(�)ΨX�,1 − Φ∗
Yσ(�),1

D�ΦX�,1ΣX�
)‖2, (3.7)

�� Θ� ' (3.4) ;�. T., F �
11 ��^B' (3.3) ;., !

F �
12 = Σ−1

Yσ(�)
Φ∗

Yσ(�),1
D�ΦX�,2, F �

21 = Ψ∗
Yσ(�),2

Bσ(�)ΨX�,1Σ−1
X�

.

* (3.7) �-

ρ(X,Y,B,D) = min
A∈ϕ

(‖AX − B‖2 + ‖Y A − D‖2)

=
k−1∑
�=0

(‖Θ� ∗ (ΣYσ(�)Ψ
∗
Yσ(�),1

Bσ(�)ΨX�,1 − Φ∗
Yσ(�),1

D�ΦX�,1ΣX�
)‖2.

+ ‖Bσ(�)(Iv − X†
� X�)‖2 + ‖(Iw − Yσ(�)Y

†
σ(�))D�‖2).

as.

)e 3.4 �� G ∈ Cm×n. da P � Q�!��,� A ∈ ϕ(X,Y,B,D) Is. <'()(

P ∗
σGQ =

⎛⎜⎜⎜⎝
G00 G01 · · · G0,k−1

G10 G11 · · · G1,k−1

...
...

. . .
...

Gk−1,0 Gk−1,1 . . . Gk−1,k−1

⎞⎟⎟⎟⎠, (3.8)

�� Gt� = P ∗
σ(�)GQ�, 0 ≤ t, � ≤ k − 1. �C= 1.3 `'E D, !oE D�S���

Â = Pσ(�)

( k−1∑
�=0

[T�+(Imσ(�)−Y †
σ(�)Yσ(�))(G��−T�)(In�

−X�X
†
� )]
)

Q∗, (3.9)

E!

ρ(X,Y,B,D,G)2 =
k−1∑
�=0

‖G��−T�−(Imσ(�)−Y †
σ(�)Yσ(�))(G��−T�)(In�

−X�X
†
� )‖2+

k−1∑
t,�=0, t�=�

‖Gt�‖2,
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�� T� *�U 3.3 ;�.

wx *�U 3.3 �+, C= 1.2 �D�< ϕ(X,Y,B,D) �Is?-lst. k"��

G ∈ Cm×n, �"MD�< ϕ(X,Y,B,D) �ACD>��`'!E . " P � Q %�!��,

�,

‖A − G‖2 =
∥∥∥∥( k−1⊕

�=0

F�

)
− P ∗

σGQ

∥∥∥∥2

=
k−1∑
�=0

‖F� − G��‖2 +
k−1∑

t,�=0,t�=�

‖Gt�‖2

=
k−1∑
�=0

‖ΨYσ(�),2F
�
22Φ

∗
X�,2 − (G�� − T�)‖2 +

k−1∑
t,�=0,t�=�

‖Gt�‖2

=
k−1∑
�=0

‖F �
22 − Ψ∗

Yσ(�),2
(G�� − T�)Φ∗

X�,2‖2

+
k−1∑
�=0

‖(G��−T�)−ΨYσ(�),2Ψ
∗
Yσ(�),2

(G��−T�)ΦX�,2Φ∗
X�,2‖2+

k−1∑
t,�=0, t�=�

‖Gt�‖2, (3.10)

� ‖A − G‖2 = min, ∀A ∈ ϕ(X,Y,B,D) Y!]Y

F �
22 = Ψ∗

Yσ(�),2
(G�� − T�)ΦX�,2, 0 ≤ � ≤ k − 1. (3.11)

>T
ρ(X,Y,B,D,G)2 = min

A∈ϕ(X,Y,B,D)
‖A − G‖2

=
k−1∑
�=0

‖(G�� − T�) − ΨYσ(�),2Ψ
∗
Yσ(�),2

(G�� − T�)ΦX�,2Φ∗
X�,2‖2 +

k−1∑
t,�=0, t�=�

‖Gt�‖2

=
k−1∑
�=0

‖G�� − T� − (Imσ(�) − Y †
σ(�)Yσ(�))(G�� − T�)(In�

− X�X
†
� )‖2

+
k−1∑

t,�=0, t�=�

‖Gt�‖2. (3.12)

as.

fg 3.5 " P � Q %�!��, �`' (R,Sσ)- %&��, @-��8?@ AX = B,

Y A = D ;CY!]Y

Yσ(�)Bσ(�) = D�X�, Bσ(�)(Iv − X†
� X�) = 0, (Iw − Yσ(�)Y

†
σ(�))D� = 0, 0 ≤ � ≤ k − 1,

!� ,D����
A = Pσ

( k−1⊕
�=0

F�

)
Q∗,

��
F� = Bσ(�)X

†
� + Y †

σ(�)D�(In�
− X�X

†
� ) + ΨYσ(�),2F

�
22Φ

∗
X�,2, ∀F �

22 ∈ C(mσ(�)−η�)×(n�−ζ�).
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Y Y = 0 ∈ Cw×m ! D = 0 ∈ Cw×n ., �?-��8?@ AX = B, Y A = D #��?
-��8? AX = B. *�U 3.3 � 3.4, �-?-��8? AX = B �AB@A (R,Sσ)- %&

DB�"M�ACD> (R,Sσ)- %&D. �.'8?ÆYQu(, �-� (R,Sσ)- %&D`'�
aTZ_B� ,D�^B.

fg 3.6 �� X ∈ Cn×v, B ∈ Cm×v. da X�, Bσ(�) (0 ≤ � ≤ k − 1) ' (3.3) ;�, X� �

roF)D' (3.4) ;�. " P � Q %�!��, � ϕ(X,B) ∈ ϕ IsE! A P���

A =
k−1∑
�=0

Pσ(�)F�Q̂� = Pσ

( k−1⊕
�=0

F�

)
Q∗,

��" 0 ≤ � ≤ k − 1,

F� = Bσ(�)X
†
� + K�(In�

− X�X
†
� ), K� ∈ Cmσ(�)×n� , (3.13)

E!

ρ(X,B)2 =
k−1∑
�=0

t‖Bσ(�)(Iv − X†
� X�)‖2. (3.14)

fg 3.7 �� X ∈ Cn×v, B ∈ Cm×v. " P � Q %�!��, �`' (R,Sσ)- %&��
@- AX = B ;CY!]Y

k−1∑
�=0

‖Bσ(�)(Iv − X†
� X�)‖2 = 0,

Lv�8 Bσ(�)(Iv − X†
� X�) = 0. T., A ��^B�

A = Pσ

( k−1⊕
�=0

Bσ(�)X
†
� + K�(In�

− X�X
†
� )
)

Q∗, ∀K� ∈ Cmσ(�)×n� (0 ≤ � ≤ k − 1).

3.2 σ p Zk → Zk jyssuv
" σ � Zk → Zk �I  � , *O7 2.3, F P = (Pu0 Pu1 · · ·Puq−1). �678u, :

U = {u0, u1, . . . , uq−1}, F Ū � U '�< Zk ��Æ�, � Ū ∪ U = Zk ! Ū ∩ U = ∅. $ �
F Ū = {uq, uq+1, . . . , uk−1} � P1 = (Puq Puq+1 · · ·Puk−1), � (P P1) � P �/(� �i
w. :

P̂ =

⎛⎜⎜⎜⎜⎝
P̂u0

P̂u1

...
P̂uq−1

⎞⎟⎟⎟⎟⎠, P̂1 =

⎛⎜⎜⎜⎜⎝
P̂uq

P̂uq+1

...
P̂uk−1

⎞⎟⎟⎟⎟⎠,

� (P P1)−1 =
(

P̂

P̂1

)
. " P,Q %�!��, �$ �, (P P1)−1 =

(
P
∗

P∗
1

)
.

>� (P P1) �/(� Cm ��]pi, �^K Y ∈ Cw×m � B ∈ Cm×v �E ���
Y = S1P̂ + S2P̂1 � B = PZ1 + P1Z2, (3.15)

�� S1 = Y P ∈ Cw×(
∑q−1

�=0 mu�
), S2 = Y P1 ∈ Cw×(m−∑q−1

�=0 mu�
), Z1 = P̂B ∈ C(

∑ q−1
�=0 mu�

)×v,
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Z2 = P̂1B ∈ C(m−∑q−1
�=0 mu�

)×v. <'()(

S1 = (Yu0 Yu1 · · ·Yuq−1) � Z1 =

⎛⎜⎜⎜⎜⎝
B̂u0

B̂u1

...
B̂uq−1

⎞⎟⎟⎟⎟⎠,

��
Yu�

= Y Pu�
∈ Cw×mu� , Bu�

= P̂u�B ∈ Cmu�
×v, 0 ≤ � ≤ q − 1, (3.16)

� (3.15) � Y ∈ Cw×m � B ∈ Cm×v �S$ �q;

Y =
q−1∑
�=0

Yu�
P̂u�

+ S2P̂1 � B =
q−1∑
�=0

Pu�
Bu�

+ P1Z2.

�U, >� Q �/(� Cn ��]pi, ^K X ∈ Cn×v � D ∈ Cw×n �E ���

X =
q−1∑
�=0

Q�X� � D =
q−1∑
�=0

D�Q̂�,

��
X� = Q̂�X ∈ Ct�nu�

×v, D� = DQ� ∈ Cw×t�nu� , 0 ≤ � ≤ q − 1. (3.17)

da rank(X�) = α� � rank(Yu�
) = β�, 0 ≤ � ≤ q − 1. : X� � Yu�

�roF)D)M�
X� = ΦX�

DX�
Ψ∗

X�
, Yu�

= ΦYu�
DYu�

Ψ∗
Yu�

, (3.18)

��
ΦX�

= (ΦX�,1 ΦX�,2), ΨX�
= (ΨX�,1 ΨX�,2),

ΦYu�
= (ΦYu�

,1 ΦYu�
,2), ΨYu�

= (ΨYu�
,1 ΨYu�

,2),

ΦX�,1 ∈ Ct�nu�
×α� , ΨX�,1 ∈ Cv×α� , ΦYu�

,1 ∈ Cw×β� , ΨYu�
,1 ∈ Cmu�

×β� ,

DX�
=
(

ΣX�
0

0 0

)
, ΣX�

= diag(σ1(X�), σ2(X�), . . . , σα�
(X�)),

DYu�
=

(
ΣYu�

0
0 0

)
, ΣYu�

= diag(σ1(Yu�
), σ2(Yu�

), . . . , σβ�
(Yu�

)).

)e 3.8 �� X ∈Cn×v, Y ∈Cw×m, B ∈Cm×v � D ∈ Cw×n. daX�,D�,Yu�
,Bu�

(0 ≤
� ≤ q − 1) ' (3.16) � (3.17) ;�, X�,Yu�

�roF)D' (3.18) ;�. " P � Q %�!�
�, � ϕ(X,Y,B,D) ∈ ϕ IsE! A ����

A = P

( q−1⊕
�=0

F�

)
Q∗,

��
F� = T� + ΨYu�

,2F�
22Φ∗

X�,2, ∀F�
22 ∈ C(mu�

−β�)×(t�nu�
−α�), (3.19)

��
T� = ΨYu�

,1F�
11Φ

∗
X�,1 + (Imu�

− Y †
u�

Yu�
)Bu�

X †
� + Y †

u�
D�(It�nu�

− X�X
†

� ),
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!

F�
11 = Ω� ∗ (Ψ∗

Yu�
,1Bu�

ΨX�,1ΣX�
+ ΣYu�

Φ∗
Yu�

,1D�ΦX�,1), Ω� =
(

1
σ2

i (Yu�
) + σ2

j (X�)

)
β�×α�

.

T.

ρ(X,Y,B,D) =
q−1∑
�=0

(‖Θ� ∗ (ΣYu�
Ψ∗

Yu�
,1Bu�

ΨX�,1−Φ∗
Yu�

,1D�ΦX�,1ΣX�
)‖2+‖Bu�

(Iv−X †
� X�)‖2

+ ‖(Iw − Yu�
Y †

u�
)D�‖2) + ‖B − PP∗B‖2, (3.20)

��
Θ� =

(
1√

σ2
i (Yu�

) + σ2
j (X�)

)
β�×α�

.

wx " P � Q %�!��, P � Q L%�!��, �, P̂ = P∗, P̂1 = P∗
1, P∗P1 = 0,

Q−1 = Q∗, X� = Q∗
�X, Bu�

= P ∗
u�

B. *O7 2.3, (3.16), (3.17) � F - !��!�q-, �-

‖AX−B‖2+‖Y A−D‖2 =
∥∥∥∥( q−1∑

�=0

Pu�
F�Q

∗
�

)( q−1∑
�=0

Q�X�

)
−

q−1∑
�=0

Pu�
Bu�

− P1Z2

∥∥∥∥2

+
∥∥∥∥( q−1∑

�=0

Yu�
P ∗

u�
+ S2P∗

1

)( q−1∑
�=0

Pu�
F�Q

∗
�

)
−

q−1∑
�=0

D�Q
∗
�

∥∥∥∥2

=
∥∥∥∥ q−1∑

�=0

Pu�
(F�X� − Bu�

) − P1Z2

∥∥∥∥2

+
∥∥∥∥ q−1∑

�=0

(Yu�
F� − D�)Q∗

�

∥∥∥∥2

=
q−1∑
�=0

(‖F�X� − Bu�
‖2 + ‖Yu�

F� − D�‖2) + ‖P1Z2‖2

=
q−1∑
�=0

(‖(F� − Bu�
X †

� )X�‖2 + ‖Yu�
(F� − Y †

u�
D�)‖2)

+
q−1∑
�=0

(‖Bu�
(Iv−X †

� X�)‖2+‖(Iw−Yu�
Y †

u�
)D�‖2)+‖B−PP∗B‖2.

vra9-��U 3.3 �a9.

*�U 3.8 �+, Y σ � Zk → Zk �I  � ., C= 1.2 �D�< ϕ(X,Y,B,D) �s
�Is?-lst. k"�� G ∈ Cm×n, "MD�< ϕ(X,Y,B,D) �ACD>���s`'
!E . oE ACD>���*X�^B'(I�U;�, �a9-��U 3.4 �a9, kx.

)e 3.9 �� G ∈ Cm×n, <'()(

P∗GQ =

⎛⎜⎜⎜⎝
G00 G01 · · · G0,q−1

G10 G11 · · · G1,q−1

...
...

. . .
...

Gq−1,0 Gq−1,1 · · · Gq−1,q−1

⎞⎟⎟⎟⎠, (3.21)

�� G̃t� = P ∗
u�

GQ�, 0 ≤ t, � ≤ q − 1. " P � Q %�!��, �C= 1.3 �E D����

Â = P

( q−1∑
�=0

[T� + (Imu�
− Y †

u�
Yu�

)(G̃�� − T�)(It�nu�
− X�X

†
� )]
)

Q∗, (3.22)
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E!

ρ(X,Y,B,D,G)2 =
q−1∑
�=0

‖G̃�� − T� − (Imu�
− Y †

u�
Yu�

)(G̃�� − T�)(It�nu�
− X�X

†
� )‖2

+
q−1∑

t,�=0,t�=�

‖G̃t�‖2 + ‖G − PP∗G‖2,

�� T� *�U 3.8 ;�.

fg 3.10 " P � Q %�!��, �`' (R,Sσ)- %&��@-��8?@ AX = B,

Y A = D ;CY!]Y

Yu�
Bu�

= D�X�, Bu�
(Iv − X †

� X�) = 0, (Iw − Yu�
Y †

u�
)D� = 0, 0 ≤ � ≤ q − 1

� B = PP∗B. T. ,D����

A = P

( q−1⊕
�=0

F�

)
Q∗,

�� F� = Bu�
X †

� + Y †
u�

D�(It�nu�
− X�X

†
� ) + ΨYu�

,2F�
22Φ

∗
X�,2, F�

22 ∈ C(mu�
−β�)×(t�nu�

−α�).

-fDO7 3.6 � 3.7, �-'()7.

fg 3.11 �� X ∈ Cn×v, B ∈ Cm×v. da X�,Bu�
(0 ≤ � ≤ q − 1) ' (3.3) B;�, X�

�roF)D' (3.4) B;�. " P � Q %�!��, � ϕ(X,B) ∈ ϕ Is, E! A P���

A = P

( q−1⊕
�=0

F�

)
Q∗,

��
F� = Bu�

X †
� + K�(It�nu�

− X�X
†

� ), ∀K� ∈ Cmu�
×t�nu� (0 ≤ � ≤ q − 1), (3.23)

!,
ρ(X,B)2 =

q−1∑
�=0

‖Bu�
(Iv − X †

� X�)‖2. (3.24)

fg 3.12 �� X ∈ Cn×v, B ∈ Cm×v. " P � Q %�!��, �`' (R,Sσ)- %&��
@- AX = B ;CY!]Y

q−1∑
�=0

‖Bu�
(Iv − X †

� X�)‖2 = 0,

Lv�8 Bu�
(Iv − X †

� X�) = 0. T., A ��^B�

A = P

( q−1⊕
�=0

Bu�
X †

� + K�(It�nu�
− X�X

†
� )
)

Q∗, ∀K� ∈ Cmu�
×t�nu� (0 ≤ � ≤ q − 1).

4 _z
]D (R,Sσ)- %&�����B�)()*,  "lh67& (R,Sσ)- %&�� ,-, 8

9tP01)*��%�N� (R,Sσ)- %&��0e. $S= ,-<>�$&?-��8?
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@ AX = B, Y A = D �AB@A (R,Sσ)- %&D�ACD>D�*XDI�^B. E'8?@
ÆYQu(, �$&ÆYD`'�aTZ_B�D�^B.

F-uK��, "D ^�v�?-��8?, '9� Sylvester 8?
∑N

i=1 AiXBi = C H

8?@, (R,Sσ)- %&�AB@ADHÆYQ9(�ÆY (R,Sσ)- %&D, �DI�^B�wm
�$�. ].'U=wxyT�$,x?Dkm, F-$ �y6, ]L�( ��HJb<, ;
5:S"�$.
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