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Abstract In this paper, the authors investigate some properties of the normal weight
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where ν(r) = (1 − r2)β+1μ−1(r) (0 ≤ r < 1) and β > max{0, b − 1}. Finally, as
an application of the integral representation and the dual, the authors give an atomic
decomposition for every function in Zμ(B).
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1 `abcdefg
� n ≥ 2, Cn � n �
��� B = {z ∈ Cn : |z| < 1}. � H(B) �� B ���
���

�. � dv ����� B ���� Lebesgue ��, �� v(B) = 1. � α > −1, �� B ����

�� dvα(z) = cα(1 − |z|2)αdv(z), ���� cα �� vα(B) = 1.

����, � z = (z1, . . . , zn) � w = (w1, . . . , wn), �

〈z, w〉 = z1w1 + · · · + znwn.

H(B) �
� f ��� ∇f ����� Rf �����

∇f(z) =
(

∂f

∂z1
(z), . . . ,

∂f

∂zn
(z)

)
, Rf(z) =

n∑
j=1

zj
∂f

∂zj
(z) = 〈�f(z), z̄〉.

������ c�c′�c′′�c′′′ ��� � � z � w �!���, !�"� #"�$#,

�%�$%�"&��%��. �� “E ≈ F” ���&!'#(, '(��� A1 � A2, ")

A1E ≤ F ≤ A2E. � m = (m1, . . . ,mn) ��*)*+, #� mk (k ∈ {1, . . . , n}) $,-+�.

�%"� α � γ, �� n + α � n + α + γ .�$,-+�. H(B) �
� f #,&'��

f(z) =
∑

|m|≥0

amzm (z ∈ B),

�� |m| = m1 + · · · + mn "/ zm = zm1
1 · · · zmn

n . (�-./0 Rα,γ � Rα,γ ����)1:

Rα,γf(z) =
∑

|m|≥0

Γ(n + 1 + α) Γ(n + 1 + |m| + α + γ)
Γ(n + 1 + α + γ) Γ(n + 1 + |m| + α)

amzm,

Rα,γf(z) =
∑

|m|≥0

Γ(n + 1 + α + γ) Γ(n + 1 + |m| + α)
Γ(n + 1 + α) Γ(n + 1 + |m| + α + γ)

amzm.

0 [0, 1) ���!�*2
� μ 1�!�
�$*: (��� 0 < a < b � r0 ∈ [0, 1), ")

(i) μ(r)
(1−r2)a � [r0, 1) �2+;

(ii) μ(r)
(1−r2)b � [r0, 1) �23.

,) μ(r) = (1 − r)α logβ e
1−r (α > 0), μ(r) =

( ∑∞
k=1

kr2k−2

log3(k+1)

)−1,

μ(r) =

⎧⎪⎪⎨
⎪⎪⎩

(2n − 2)!!
(2n − 1)!!

(1 − r)1/2, 1 − 1
n
≤ r < 1 − 1

2

(
1
n

+
1

n + 1

)
,

(2n)!!(n + 1)
(2n + 1)!!

(1 − r)3/2, 1 − 1
2

(
1
n

+
1

n + 1

)
≤ r < 1 − 1

n + 1
,

(n = 1, 2, . . .), .$�-!�
�.
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�5�:., ��� r0 = 0. 1��� a � b 8$��9 μ ;<�(�"�.

� D $ C ����:6. )= f ∈ H(D) �

sup
z∈D

(1 − |z|2)|f ′′(z)| < ∞,

1
� f ;< Zygmund ��. %>�, 1 − |z|2 $�&7
�, ?8, 7
�@=A� (1 −
|z|2)α (α > 0). ���9�B=A7
� (1 − |z|2)α C!�7 μ(|z|), D���
 �=AC*

 �.

>:?E Lipschitz �� Λα (0 < α < 1) $F)1%'��: f ∈ H(B) �

sup
{ |f(z) − f(w)|

|z − w|α : z, w ∈ B � z 
= w

}
< ∞.

;<, G α → 1− =)H���@��>? �� [1] �, hA$?� Zygmund ��&BIJ

C��. ���� Zygmund ��=AC@!�7 Zygmund ��. A!�7 Zygmund ��K

D, �� [2] �, G n > 1 =, ;<@*&����, D�E:F�$LB�.

C18D�;<!�7 Zygmund ��/��E/��##G�����.

ij 1.1 � μ $ [0, 1) ��!�
�. ��� B ����
� f ;<!�7 Zygmund

�� Zμ(B), )= f ��

‖f‖μ = sup
z∈B

μ(|z|)
n∑

k=1

n∑
j=1

∣∣∣∣ ∂2f

∂zj∂zk
(z)

∣∣∣∣ < ∞.

;<, Zμ(B)  ��

‖f‖Zμ(B) = |f(0)| +
n∑

k=1

∣∣∣∣ ∂f

∂zk
(0)

∣∣∣∣ + ‖f‖μ

MN�� Banach ��. OH, >:�

‖f‖Zμ,1 = |f(0)| + sup
z∈B

μ(|z|)|R(2)f(z)|, ‖f‖Zμ,2 = |f(0)| + sup
z∈B

μ(|z|)|∇(Rf)(z)|.

"1���#��. � [2, �F 3.1] �G ‖f‖Zμ ≈ ‖f‖Zμ,1 ≈ ‖f‖Zμ,2 .

ij 1.2 � p > 0, μ $ [0, 1) ��!�
�. 1 f ;< Lp
μ(B) ��, )= f $ B ��

Lebesgue ��
��

‖f‖Lp
μ(B) =

(∫
B

|f(z)|p μp(|z|)
1 − |z|2 dv(z)

) 1
p

< ∞.

Ap
μ(B) = Lp

μ(B) ∩ H(B) 1� μ-Bergman ��. I�$, G μ(r) = (1 − r2)
1
p =, Ap

μ(B) A

$ Bergman �� Ap(B). G μ(r) = (1 − r2)
α+1

p (α > −1) =, Ap
μ(B) A$H7 Bergman ��

Ap
α; G p ≥ 1 =, Ap

μ(B)  �� ‖ · ‖Lp
μ(B) MN�� Banach ��; G 0 < p < 1 =, Ap

μ(B) FI

J ‖ · ‖p
Lp

μ(B)
MN��JP�IJ��.

ij 1.3 � t $%"�, � μ $ [0, 1) ��!�
�. 1 f ;<!�7 Bers �� Xt, )

= f ∈ H(B), ")

‖f‖Xt = sup
z∈B

μ(|z|)(1 − |z|2)t−2|f(z)| < ∞.

KK, Xt  ‖ · ‖Xt MN�� Banach ��.
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ij 1.4 LL�� l∞ ��)1:

l∞ =
{
{ck} : ‖{ck}‖∞ = sup

k∈{1,2,...}
|ck| < ∞, #�M$ ck $
�

}
.

� α �%"�, 1 f ;< L∞(B, dvα), )= f $ B � Lebesgue ���
��

‖f‖∞ = inf
vα(E)=0

sup
z∈B−E

|f(z)| < ∞.

%>�, Lebesgue ���
� f ∈ L∞(B, dvα) G�MG(� Ef ⊂ B, ") v(Ef ) = 0 �

‖f‖∞ = sup
z∈B−Ef

|f(z)| < ∞.

��� H∞(B) = L∞(B, dvα) ∩ H(B).

Zygmund ��$�-NQ�
���, �N@�O�ORhAMPP, )� [1–12]. !�7

Zygmund ��$ Zygmund ���=A, ��PP!�7 Zygmund �� Zμ(B) �S�.Q:

QR, RS Zμ(B) ���
��)1T���:

f(z) =
∫

B

h(w)dvt(w)
μ(|w|)(1 − 〈z, w〉)n+t−1

(h ∈ L∞(B), z ∈ B).

#U, SG Zμ(B) ��L%<!�7 Bergman �� A1
ν(B) �VT��, VT#()1:

〈f, g〉 = lim
ρ→1−

∫
B

f(ρz)(Rβ−2,1g)(ρz)dvβ−1(z) (f ∈ A1
ν(B), g ∈ Zμ(B)),

#�
ν(r) = (1 − r2)β+1μ−1(r) (0 ≤ r < 1), � β > max{0, b − 1}.

k?, h�T����VT���T�, >:;<@ Zμ(B) ���U�
��U0�V. K

U0�V�VT���N@�O�ORhAMPP, )� [13–23]. �� [13] �, Coifman �

Rochberg �H7 Bergman �� Ap
α �@VW�#WÆ. �� [1] �, Zhu ;<@)1�F:

il A � γ > 0, t > max{n, n + γ − 1}, X(�LL {ak} ⊂ B, ") γ-Bloch ���


�XW�"��N

f(z) =
∞∑

k=1

ck
(1 − |ak|2)t+1−γ

(1 − 〈z, ak〉)t
, #� {ck} ∈ l∞.

�� [23] �, ��F A =AC@ μ-Bloch ��. �� [1] �, Zhu Y;<@ Zygmund ��


��U0�V:

il B � t > 0, X(�LL {ak} ⊂ B, ") Zygmund ���
�XW�"��N

f(z) =
∞∑

k=1

ck
(1 − |ak|2)t+n

(1 − 〈z, ak〉)t+n−1
, #� {ck} ∈ l∞.

X
�Æ�3YY�Z, �%>T��ZZC[&Æ, [OVW\\�7
�Z$][^�

]�. )=>:�D��7
� (1 − |z|2)α =AC\\� μ(|z|), ;<�SGU0�V�_`�
^"��%a�\b.^)_9`]^. �@)C!�7 Zygmund ��
��U0�V, >:

QR^RS Zμ(B) 
��T���. Ca, ;<!�7 Bergman �� A1
ν(B) � �VTV1

�VT��XW$!�7 Zygmund �� Zμ(B), ��

ν(ρ) = (1 − ρ2)β+1μ−1(ρ) (0 ≤ ρ < 1) � β > max{0, b − 1}.
k?, >:c;< Zμ(B) 
��U0�V. '"$�
 �, �Y$_�.
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2 mncoepq
� z ∈ B � ρ > 0, � D(z, ρ) = {w : w ∈ B � β(w, z) < ρ} $" z ��b" ρ �d��

Bergman �, �� β(·, ·) $ Bergman �� [1]. V 0 < r ≤ 1, � η ��e r c)*�!d�. f

� D(0, r) ��$CLL {z1, . . . , zJ}, ") {D(zj , η)} gh D(0, r), D��# {D(zj ,
η
4 )} i�

d_. U�jk D(zj ,
η
4 ) ∩ D(0, r) `lN�� Borel j Ej , ")

Ej ⊂ D(zj , η) � D(0, r) =
J⋃

j=1

Ej

$i�d_�D. V< j ∈ {1, . . . , J}� k ∈ {1, 2, . . .},� akj = ϕak
(zj)� Dkj = Dk∩ϕak

(Ej).

;<, VM$� j ∈ {1, . . . , J} � k ∈ {1, 2, . . .}, $ akj ∈ D(ak, r). 9<VM$� k, Dk =⋃J
k=1 Dkj $i�d_�D, [K)Ci�d_��V

B =
∞⋃

k=1

J⋃
k=1

Dkj .

�#?a�k?VWU0�V=^�C. �@SGe^�b=, R;<�#fF.

rl 2.1 [1] V<c]� 0 < r ≤ 1, (�!+� N �LL {ak} ⊂ B "/VU� k ∈
{1, 2, . . .} (� Lebesgue ��j Dk ��1Lgd:

(1) B =
⋃∞

k=1 D(ak, r) =
⋃∞

k=1 Dk.

(2) G k 
= j =, Dk

⋂
Dj = ∅ (j, k ∈ {1, 2, . . .}).

(3) VU� k ∈ {1, 2, . . .} .$ D(ak, r
4 ) ⊂ Dk ⊂ D(ak, r).

(4) B ��U�m z h*;< N � D(ak, 4r).

st e� [1, �F 2.23 �fF 2.28].

rl 2.2 [17] � μ $ [0, 1) ��!�
�, 0 < r ≤ 1 � w ∈ B, X$)1bW:

(1) G z ∈ D(w, r) =, D(z, r) ⊂ D(w, 2r);

(2) G z ∈ B =, μ(|z|)
μ(|w|) ≤ ( 1−|z|2

1−|w|2
)a +

( 1−|z|2
1−|w|2

)b;

(3) G z ∈ D(w, r) =, (�i r j#��� c > 0, ")

1
c
μ(|w|) ≤ μ(|z|) ≤ cμ(|w|) for any z ∈ D(w, r).

st �#b=�9� [17, fF 2.2] )C.

rl 2.3 � t > 2− a, μ $ [0, 1) ��!�
�. G γ > t + b− 3 =, )= f ∈ Xt, X(�

i r � η j#��� c > 0, ") ‖f − Sf‖Xt ≤ cσ‖f‖Xt , ��

σ = η +
tanh η

tanh r
, Sf(z) =

∞∑
k=0

J∑
j=0

vγ(Dkj)f(akj)
(1 − 〈z, akj〉)n+γ+1

(z ∈ B).

st G γ > t + b− 3 =, �� [1, fF 2.29] �f α = 0 � p = 1, X(�i r � η j#�

�� c′ > 0, ")

|f(z) − Sf(z)| ≤ c′σ
∞∑

k=0

(1 − |ak|2)γ

|1 − 〈z, ak〉|n+γ+1

∫
D(ak,2r)

|f(w)|dv(w) (2.1)
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V�g� 0 < r ≤ 1� z ∈ B .NS. 9� [24, (2.2)'] /� [17, fF 2.3] ?, G w ∈ D(ak, 2r)

� z ∈ B =,

1 − tanh 2
1 + tanh 2

≤ 1 − |w|2
1 − |ak|2 ≤ 1 + tanh 2

1 − tanh 2
� A−1 ≤ |1 − 〈z, ak〉|

|1 − 〈z, w〉| ≤ A. (2.2)

knh (2.1), (2.2) '�fF 2.1, (�i r � η j#��� c′′ > 0, ")

|f(z) − Sf(z)| ≤ c′′σ
∞∑

k=0

∫
D(ak,2r)

(1 − |w|2)γ |f(w)|
|1 − 〈z, w〉|n+γ+1

dv(w)

≤ c′′σN

∫
B

(1 − |w|2)γ |f(w)|
|1 − 〈z, w〉|n+γ+1

dv(w) (2.3)

V�g z ∈ B .NS. bk (2.3) '�fF 2.2, "/� [22, iÆ 1.4.10], �)

μ (|z|)(1 − |z|2)t−2|f(z)−Sf(z)|

≤ c′′σNμ(|z|)(1 − |z|2)t−2

∫
B

(1 − |w|2)γ |f(w)|
|1 − 〈z, w〉|n+γ+1

dv(w)

≤ c′′σN‖f‖Xt(1 − |z|2)t−2

∫
B

μ(|z|)(1 − |w|2)γdv(w)
μ(|w|)(1 − |w|2)t−2|1 − 〈z, w〉|n+γ+1

≤ c′′σN‖f‖Xt(1 − |z|2)t−2+a

∫
B

(1 − |w|2)γ−t+2−adv(w)
|1 − 〈z, w〉|n+γ+1

+ c′′σN‖f‖Xt(1 − |z|2)t−2+b

∫
B

(1 − |w|2)γ−t+2−bdv(w)
|1 − 〈z, w〉|n+γ+1

≤ cσ‖f‖Xt ⇒ ‖f − Sf‖Xt ≤ cσ‖f‖Xt .

fF)S.

rl 2.4 [1] � r > 0, p > 0 � α > −1, X(��� c > 0, ")

|f(z)|p ≤ c

(1 − |z|2)n+1+α

∫
D(z,r)

|f(w)|pdvα(w)

V�g f ∈ H(B) ��g z ∈ B NS.

st e� [1, fF 2.24].

rl 2.5 � p > 0, μ � [0, 1) ��!�
�, X H∞(B) � Ap
μ(B) �oj.

st k%�, Ap
μ(B) $Il�pkl��. 9� [18, iÆ 2.3] ? H∞(B) �pkl��

�oj. <$fF)S.

3 uvwxypq
QR, >:;<!�7 Zygmund ��
���&T���. %=, Y;<�� Zμ(B) �&

_�LBmq (=W 3.3).

il 3.1 � μ � [0, 1) ��!�
�, t > max{b − 1, 0}, X f ∈ Zμ(B) G�MG(�

h ∈ L∞(B), ")

f(z) =
∫

B

h(w)dvt(w))
μ(|w|)(1 − 〈z, w〉)n+t−1

(z ∈ B). (3.1)

9�B, �")C ‖f‖Zμ(B) ≈ inf{‖h‖∞ : h �� (3.1)}, D�!'��i f j#.
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st V�g z ∈ B, 9� [2, �F 3.1] �?, )= f ∈ Zμ(B), X

μ(|z|)|R(2)f(z)| ≤ c‖f‖Zμ(B). (3.2)

9�B, >:$

μ(|z|)|Rf(z)| = μ(|z|)
∣∣∣∣
∫ 1

0

R(2)f(ρz)
ρ

dρ

∣∣∣∣ = μ(|z|)
∣∣∣∣
∫ 1

0

〈∇(Rf)(ρz), z〉dρ

∣∣∣∣
≤ c′|z|

{∫ 1

0

μ(|z|)
μ(ρ|z|)dρ

}
‖f‖Zμ(B) ≤ c′|z| · ‖f‖Zμ(B), (3.3)

�]ma

μ(|z|)|f(z)| = μ(|z|)
∣∣∣∣f(0) +

∫ 1

0

Rf(ρz)
ρ

dρ

∣∣∣∣
≤ μ(0)‖f‖Zμ(B) + c′|z| · ‖f‖Zμ(B)

∫ 1

0

μ(|z|)
μ(ρ|z|)dρ

≤ c′′‖f‖Zμ(B). (3.4)

>:f
�

h(z) = μ(|z|)
{

f(z) +
(

1
n + t

+
1

n + t − 1

)
Rf(z) +

R(2)f(z)
(n + t)(n + t − 1)

}
.

9 (3.2)–(3.4) ', �) h ∈ L∞(B) � ‖h‖∞ ≤ c‖f‖Zμ(B).

)= t > max{b − 1, 0} =, X h/μ ∈ L1(B, dvt). �

f(z) =
∑

|m|≥0

amzm.

9� [1, (1.21) � (1.23) '], �)∫
B

h(w)dvt(w)
μ(|w|)(1−〈z, w〉)n+t−1

=
∫

B

{ ∑
|l|≥0

Γ(n + t − 1 + |l|)
Γ(n + t − 1)l!

zlwl

}

×
{ ∑

|m|≥0

[
1+

(
1

n+t
+

1
n+t−1

)
|m|+ |m|2

(n+t)(n+t−1)

]
amwm

}
dvt(w)

=
∑

|m|≥0

{
Γ(n + t + 1 + |m|)

Γ(n + t + 1)m!

∫
B

|wm|2dvt(w)
}

amzm

=
∑

|m|≥0

amzm = f(z).

r_8, )=(� h ∈ L∞(B), ")

f(z) =
∫

B

h(w)dvt(w)
μ(|w|)(1 − 〈z, w〉)n+t−1

(z ∈ B),

[K f ∈ H(B). kn_ h/μ ∈ L1(B, dvt) �)

Rf(z) =
∫

B

(n + t − 1)〈z, w〉h(w)dvt(w)
μ(|w|)(1 − 〈z, w〉)n+t

.
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G t > b − 1 =, 9� [22, iÆ 1.4.10 �fF 2.2], $

μ(|z|)|∇(Rf)(z)| = μ(|z|)
∣∣∣∣
∫

B

(n+t−1)h(w)w
μ(|w|)(1−〈z, w〉)n+t

dvt(w)+
∫

B

(n+t−1)(n+t)h(w)w
μ(|w|)(1−〈z, w〉)n+t+1

dvt(w)
∣∣∣∣

≤ c‖h‖∞
∫

B

(1 − |z|2)a(1 − |w|2)t−a

|1 − 〈z, w〉|n+t+1
dv(w)

+ c‖h‖∞
∫

B

(1 − |z|2)b(1 − |w|2)t−b

|1 − 〈z, w〉|n+t+1
dv(w)

≤ c′‖h‖∞.

n�%o,

|f(0)| =
∣∣∣∣
∫

B

h(w)dvt(w)
μ(|w|)

∣∣∣∣ ≤ ct‖h‖∞
μ(0)

∫
B

(1 − |w|2)t−bdv(w) ≤ c′′‖h‖∞.

bk� [2, �F 3.1], X f ∈ Zμ(B) � ‖f‖Zμ(B) ≤ c′′′‖h‖∞.

��FSs.

z{ 3.2 U�*o'.$ Zμ(B) ���mt0.

st �5�:., >:pq^SG zm $ Zμ(B) �mt0, #� m = (m1, . . . ,mn).

Vc]� f ∈ Zμ(B), � G(z) = zmf(z). n_p��u/, >:)C

R(2)G(z) = |m|2zmf(z) + 2|m|zmRf(z) + zmR(2)f(z).

bk� [2, �F 3.1 � (3.2)–(3.4) '], X G ∈ Zμ(B).

z{ 3.3 � t > 2− a. )=%"� s �� n + s � n + s + t .�$-+�, X f ∈ Zμ(B)

G�MG ϕ(z) = μ(|z|)(1 − |z|2)t−2Rs,tf(z) � B �$q. 9�Bv$ ‖f‖Zμ(B) ≈ ‖ϕ‖∞.

st )= f ∈ Zμ(B), 9�F 3.1 �?, (� g ∈ L∞(B), ")

f(z) =
∫

B

g(w)
μ(|w|)(1− 〈z, w〉)n+β−1

dvβ(w) (z ∈ B),

�� β > max{0, b − 1}.
f N �l�w�!+�, �� β = s + N + 2. bk� [1, fF 2.18], X(�� �*o'

h, ")

Rs,tf(z) =
∫

B

g(w)h(〈z, w〉)
μ(|w|)(1 − 〈z, w〉)n+β+t−1

dvβ(w).

<$, 9fF 2.2 /� [22, iÆ 1.4.10 ��F 3.1], >:$

μ (|z|)(1 − |z|2)t−2|Rs,tf(z)|

≤ c‖g‖∞(1 − |z|2)t−2

∫
B

μ(|z|)
μ(|w|)|1 − 〈z, w〉|n+β+t−1

dvβ(w)

≤ ccβ‖g‖∞(1 − |z|2)t−2

∫
B

{(
1 − |z|2
1 − |w|2

)a

+
(

1 − |z|2
1 − |w|2

)b
}

(1 − |w|2)βdv(w)
|1 − 〈z, w〉|n+β+t−1

≤ c′‖g‖∞ ≤ c′′‖f‖Zμ(B)

⇒ ‖ϕ‖∞ ≤ c′′‖f‖Zμ(B).
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n�%o, )= ϕ(z) = μ(|z|)(1 − |z|2)t−2Rs,tf(z) � B �$q, X�rrS Rs,tf ∈
A1

β+t−2(B). s9� [1, �F 2.2], >:$

Rs,tf(z) =
∫

B

Rs,tf(w)
(1 − 〈z, w〉)n+β+t−1

dvβ+t−2(w)

=
cβ+t−2

cβ

∫
B

ϕ(w)
μ(|w|)(1 − 〈z, w〉)n+β+t−1

dvβ(w).

9 Rs,t � Rs,t ��s., kbk� [1, fF 2.18], )C

f(z) =
∑
m

pm(z)
∫

B

ϕ(w)wm

μ(|w|)(1 − 〈z, w〉)n+β−1
dvβ(w) (z ∈ B),

��$$Cot�� pm(z) $*o'. 9�F 3.1 �=W 3.2 ?, �@t��U�o�T���

.$ Zμ(B) ��
�. <$ ‖f‖Zμ(B) ≤ c‖ϕ‖∞.

C18, VW Zμ(B) ��VTWÆ. tMu?, VT��fu<M��VTV�vw.

il 3.4 � μ$ [0, 1)��!�
�, β > max{b−1, 0}. � ν(ρ) = (1 − ρ2)β+1μ−1(ρ) (0 ≤
ρ < 1), X Zμ(B) $ A1

ν(B) �VT��, #VTVF)1v�:

〈f, g〉 = lim
ρ→1−

∫
B

f(ρz)(Rβ−2,1g)(ρz)dvβ−1(z) (f ∈ A1
ν(B), g ∈ Zμ(B)).

st nh�F 3.1, )= g ∈ Zμ(B), X(� h ∈ L∞(B), ")

g(z) =
∫

B

h(w)dvβ(w)
μ(|w|)(1 − 〈z, w〉)n+β−1

(z ∈ B). (3.5)

V�g� f ∈ A1
ν(B) � 0 ≤ ρ < 1, 9 (3.5) ', Fubini �F/� [1, iÆ 1.14 ��F 2.2],

>:wx)C∫
B

f(ρz)(Rβ−2,1g)(ρz)dvβ−1(z) =
∫

B

f(ρz)
∫

B

h(w)dvβ(w)dvβ−1(z)
μ(|w|)(1 − ρ〈w, z〉)n+β

=
∫

B

h(w)
μ(|w|)

∫
B

f(ρz)dvβ−1(z)
(1 − ρ〈w, z〉)n+β

dvβ(w)

=
∫

B

h(w)f(ρ2w)
μ(|w|) dvβ(w). (3.6)

knh��
� f �T�xyx�23.� (3.6) ', �)∣∣∣∣
∫

B

f(ρz)(Rβ−2,1g)(ρz)dvβ−1(z)
∣∣∣∣ ≤ ‖h‖∞‖f‖L1

ν(B). (3.7)

s9 (3.7) '��F 3.1, >:$∣∣∣∣
∫

B

f(ρz)(Rβ−2,1g)(ρz)dvβ−1(z)
∣∣∣∣ ≤ c‖g‖Zμ(B)‖f‖L1

ν(B).

<$, nh (3.6) '� Lebesgue !'z{UF, �?JC

lim
ρ→1−

∫
B

f(ρz)(Rβ−2,1g)(ρz)dvβ−1(z)

8$(��, �]ma |〈f, g〉| ≤ c‖g‖Zμ(B)‖f‖L1
ν(B). ��GU�� g ∈ Zμ(B) y� A1

ν(B) ��

��$q-.y
 Fg � ‖Fg‖ ≤ c‖g‖Zμ(B).
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rF, Vc] f ∈ A1
ν(B) � 0 ≤ ρ < 1, � fρ(z) = f(ρz), ;< fρ ∈ H∞(B) ⊂ A1

β−1(B). 9

� [1, �F 2.2], >:$

fρ(z) =
∫

B

fρ(w)
(1 − 〈z, w〉)n+β

dvβ−1(w) (z ∈ B).

Vc]� w ∈ B �c]�*)*+ m, �

Kw(z) =
1

(1 − 〈z, w〉)n+β
� Tm(z) = zm.

� F $ A1
ν(B) ��c�$q-.y
. ?�,&'$

fρ(z) =
∑

|m|≥0

{
Γ(n + β + |m|)

m!Γ(n + β)

∫
B

fρ(w)wmdvβ−1(w)
}

zm,

X

F (fρ) =
∑

|m|≥0

{
Γ(n + β + |m|)
m! Γ(n + β)

∫
B

fρ(w)wmdvβ−1(w)
}

F (Tm)

=
∫

B

fρ(w)F (Kw)dvβ−1(w).

� g0(w) = F (Kw) =
∑

|m|≥0
Γ(n+β+|m|)
m!Γ(n+β) F (Tm)wm, X g0 ∈ H(B).

� g = Rβ−2,1g0, X g ∈ H(B) �

F (fρ) = lim
r→1−

∫
B

frρ(w)g0(rw)dvβ−1(w)

= lim
r→1−

∫
B

frρ(w)(Rβ−2,1g)(rw)dvβ−1(w) = 〈fρ, g〉.

<$ F (f) = limρ→1− F (fρ) = 〈f, g〉.
n�%o,

g(w) = Rβ−2,1g0(w) =
∑

|m|≥0

Γ(n + β + |m| − 1)
m!Γ(n + β − 1)

F (Tm)wm

⇒ R(2)g(w) =
∑

|m|≥1

|m|2Γ(n+β+|m|−1)
m!Γ(n + β − 1)

F (Tm)wm =F

[
R(2)

(
1

(1−〈z, w〉)n+β−1

)]
.

[ F $ A1
ν(B) �$q-.y
, k9fF 2.2 /� [22, iÆ 1.4.10], X

μ(|w|)|R(2)g(w)| ≤ μ(|w|)‖F‖
∥∥∥∥R(2)

(
1

(1 − 〈z, w〉)n+β−1

) ∥∥∥∥
L1

ν(B)

≤ c‖F‖
∫

B

μ(|w|) (1 − |z|2)β

μ(|z|)|1 − 〈z, w〉|n+β+1
dv(z)

≤ c‖F‖
∫

B

(1 − |w|2)a(1 − |z|2)β−a

|1 − 〈z, w〉|n+β+1
dv(z)

+ c‖F‖
∫

B

(1 − |w|2)b(1 − |z|2)β−b

|1 − 〈z, w〉|n+β+1
dv(z)

≤ c′‖F‖.
nH, |g(0)| = |F (1)| ≤ ‖F‖ · ‖1‖L1

ν(B) ≤ c‖F‖. knh� [2, �F 3.1], �) ‖g‖Zμ(B) ≤
c′′‖F‖. �FSs.



5� ./03: 45Æ4561 Zygmund 23478967 805

k?, >:;< Zμ(B) 
��U0�V.

il 3.5 � μ $ [0, 1) ��!�
�, β > max{b − 1, 0}, X(�LL {wk} ⊂ B, ")

Zμ(B) ��
�XW��N

f(z) =
∞∑

k=1

dk(1 − |wk|2)n+β+1

μ(|wk|)(1 − 〈z, wk〉)n+β−1
(z ∈ B),

�� {dk} ∈ l∞, �G Zμ(B) ZN A1
ν(B) �VT��=, z� Zμ(B) z| ∗ }z{, #�

ν(ρ) = (1 − ρ2)β+1μ−1(ρ).

st >:ffF 2.3 ��LL {akj}, f(z) �"{{N)1|'

f(z) =
∞∑

k=1

J∑
j=1

ckj(1 − |akj |2)n+β+1

μ(|akj |)(1 − 〈z, akj〉)n+β−1
, (3.8)

�� J $��f��+�, {ckj} ∈ l∞. %>�, �

w1 = a11, . . . , wJ = a1J , wJ+1 = a21, . . . , wJ+J = a2J , w2J+1 = a31, . . . ;

d1 = c11, . . . , dJ = c1J , dJ+1 = c21, . . . , dJ+J = c2J , d2J+1 = c31, . . .

'�.

QR, ~ f $�|' (3.8), RSG}}z�� B �c]�0j��~z{.

%>�, V�g� k ∈ {1, 2, . . .} � j ∈ {1, 2, . . . , J}, nh� [24, (2.2) '] "/ akj ∈
D(ak, r), M"G z ∈ D(ak, r) =,

1 − |z|2 ≈ 1 − |ak|2 ≈ 1 − |akj |2, μ(|z|) ≈ μ(|ak|) ≈ μ(|akj |).
kbkfF 2.1 "/ {ckj} ∈ l∞, �)

∞∑
k=1

J∑
j=1

|ckj |(1 − |akj |2)n+β+1

μ(|akj |) ≤ cJ

∞∑
k=1

∫
D(ak,r)

(1 − |z|2)β

μ(|z|) dv(z)

≤ cJ

∞∑
k=1

∫
D(ak,4r)

ν(|z|)
1 − |z|2 dv(z)

≤ cJN

∫
B

ν(|z|)
1 − |z|2 dv(z) ≤ c′. (3.9)

�A]ma (3.8) '��
�oz�� B �c]�0j��~z{, XK f ∈ H(B). nh

� [1, iÆ 1.14] "/ (3.8), (3.9) ', �)

Rβ−2,1f(z) =
∞∑

k=1

J∑
j=1

ckj(1 − |akj |2)n+β+1

μ(|akj |)(1 − 〈z, akj〉)n+β
(z ∈ B).

nhfF 2.5?H∞(B)� A1
ν(B)�oj. Vc] P ∈ H∞(B),nhfF 2.1� {ck,j} ∈ l∞,

(2.2) '/� [22, iÆ 1.4.10], A$∫
B

|P (z)Rβ−2,1f(z)|dvβ−1(z) ≤ c

∫
B

|Rβ−2,1f(z)|dvβ−1(z)

≤ c′
∫

B

ν(|w|)
1 − |w|2

{∫
B

dvβ−1(z)
|1 − 〈w, z〉|n+β

}
dv(w)

≤ c′′
∫

B

ν(|w|)
1 − |w|2 log

2
1 − |w|2 dv(w) ≤ c′′′.
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nh Lebesgue !'z{UFA$

〈P, f〉 = lim
ρ→1−

∫
B

P (ρz)Rβ−2,1f(ρz)dvβ−1(z)

8(�. >:�

fM (z) =
M∑

k=1

J∑
j=1

ckj(1 − |akj |2)n+β+1

μ(|akj |)(1 − 〈z, akj〉)n+β−1
.

nh� [22, iÆ 1.4.10] "/��
��T�xyx��~.?

|〈P, fM − f〉| = lim
ρ→1−

∣∣∣∣
∫

B

P (ρz)[Rβ−2,1(fM − f)](ρz)dvβ−1(z)
∣∣∣∣

= lim
ρ→1−

∣∣∣∣
∞∑

k=M+1

J∑
j=1

ckj(1 − |akj |2)n+β+1

μ(|akj |)
∫

B

P (ρz)
(1 − 〈ρz, akj〉)n+β

dvβ−1(z)
∣∣∣∣

≤ c

∞∑
k=M+1

J∑
j=1

(1 − |akj |2)n+β+1

μ(|akj |) log
2

1 − |akj |2 . (3.10)

nH, GK$
∞∑

k=1

J∑
j=1

(1 − |akj |2)n+β+1

μ(|akj |) log
2

1 − |akj |2 ≤ c′N
∫

B

ν(|z|)
1 − |z|2 log

2
1 − |z|2 dv(z) < ∞. (3.11)

n_ (3.10) � (3.11) ', �)

lim
M→∞

〈P, fM 〉 = 〈P, f〉. (3.12)

Vc] g ∈ A1
ν(B) � 0 ≤ ρ < 1, nh� [1, iÆ 1.14 ��F 2.2], �)∫

B

g(ρz)(Rβ−2,1fM )(ρz)dvβ−1(z)

=
M∑

k=1

J∑
j=1

ckj (1 − |akj |2)n+β+1

μ(|akj |)
∫

B

g(ρz)
(1 − 〈ρakj , z〉)n+β

dvβ−1(z)

=
M∑

k=1

J∑
j=1

ckj (1 − |akj |2)n+β+1

μ(|akj |) g(ρ2akj). (3.13)

V�g� k ∈ {1, 2, . . .} � j ∈ {1, 2, . . . , J}, nhfF 2.2 �?, G w ∈ D(akj , r) =,

ν(|w|) ≈ ν(|akj |) "/ 1 − |w|2 ≈ 1 − |akj |2. kbkfF 2.4 A$

|g(ρ2akj)| ≤ c

(1 − |akj |2)nν(|akj |)
∫

D(akj ,r)

|g(ρ2w)|ν(|w|)
1 − |w|2 dv(w).

[ akj ∈ D(ak, r), G w ∈ D(akj , r) =,

β(w, ak) ≤ β(akj , w) + β(ak, akj) < 2r.

� D(akj , r) ⊂ D(ak, 2r) ⊂ D(ak, 4r). bk ν(|akj |) = (1 − |akj |2)β+1μ−1(|akj |), $

|g(ρ2akj)| ≤ cμ(|akj |)
(1 − |akj |2)n+β+1

∫
D(ak,4r)

|g(ρ2w)|ν(|w|)
1 − |w|2 dv(w). (3.14)
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k9 (3.13), (3.14) ', fF 2.1 "/��
� g �T�xyx23., �)∣∣∣∣
∫

B

g(ρz)(Rβ−2,1fM )(ρz)dvβ−1(z)
∣∣∣∣ ≤ JNc′‖g‖L1

ν(B),

�A]ma

|〈g, fM 〉| = lim
ρ→1−

∣∣∣∣
∫

B

g(ρz)(Rβ−2,1fM )(ρz)dvβ−1(z)
∣∣∣∣

≤ Jc′N‖g‖L1
ν(B) ⇒ ‖fM‖ ≤ Jc′N. (3.15)

9y
��FWbk (3.12), (3.15) '�? {fM}  Zμ(B) z| ∗ }z{C f. 9�F 3.4

�): f y�@ A1
ν(B) ����$q-.y
 F � ‖F‖ ≤ Jc′N . kbk�F 3.4, <$$

f ∈ Zμ(B) � ‖f‖Zμ(B) ≤ c‖F‖.

rF, V�g f ∈ Zμ(B), >:^SG f XW�"��N (3.8).

� t > 2− a, X β + t > t + b− 1. �fF 2.3 �=W 3.3 ���f γ = β + t− 2, s = β − 2.

<$9=W 3.3 �fF 2.3 �) μ(|z|)(1 − |z|2)t−2Rβ−2,tf(z) � B �$q, �

‖Rβ−2,tf‖Xt ≤ c‖f‖Zμ(B).

� h = Rβ−2,tf , X f = Rβ−2,th. k9fF 2.3 )C ‖I − S‖ ≤ cσ. p^ σ �xcA$

‖I − S‖ < 1. knhy
���?a�?, /0 S � Xt ��s. YA$(� h1 ∈ Xt, ")

h1 = S−1h. [O

h(z) =
∞∑

k=0

J∑
j=0

vγ(Dkj)h1(akj)
(1 − 〈z, akj〉)n+γ+1

⇒ f(z) = Rβ−2,t

{ ∞∑
k=0

J∑
j=0

vβ+t−2(Dkj)h1(akj)
(1−〈z, akj〉)n+β+t−1

}
=

∞∑
k=0

J∑
j=0

dkj(1−|akj |2)n+β+1

μ(|akj |)(1−〈z, akj〉)n+β−1
,

��

dkj =
μ(|akj |)vβ+t−2(Dkj)h1(akj)

(1 − |akj |2)n+β+1
.

nh� [1, fF 1.24] "/ Dkj ⊂ D(akj , η), >:$

vβ+t−2(Dkj) ≤ c(1 − |akj |2)n+β+t−1.

s[� S $ Xt ��$q�s-./0, KK$

|dkj | ≤ cμ(|akj |)(1 − |akj |2)t−2|h1(akj)| ≤ c‖h1‖Xt

≤ c‖S−1‖ · ‖h‖Xt = c‖S−1‖ sup
z∈B

{μ(|z|)(1 − |z|2)t−2Rβ−2,tf(z)}

≤ c′‖f‖Zμ(B).

<$ {dkj} ∈ l∞.

�FSs.
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[6] Li S. X., Stević S., Generalized composition operators on Zygmund spaces and Bloch type spaces, J. Math.

Anal. Appl., 2008, 338: 1282–1295.
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