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U (Xt)t≥0 �WHV> (E,E ) ,��� W3�> Markov 
�, 8 (�� ) Z[��2
{Ps,t(x,A), x ∈ E, A ∈ E , 0 ≤ s ≤ t}. Æ

Ps,tf(x) =
∫

E

f(y)Ps,t(x, dy), f ∈ bE

2�N��� Z[XX (bE 2MYWH�9Z), YH Ps,rPr,t = Ps,t, 0 ≤ s ≤ r ≤ t, Z

Pt,t = I ([
[`), Ps,t1 = 1, ∀ 0 < s ≤ t.

P.H3 μ0, \ μt = μ0P0,t. \<, μt = μsPs,t, 0 ≤ s ≤ t. ] Lt 2Z[XX Ps,t �H a,

=^�YH�� � Kolmogorov /�: ∀ 0 ≤ s < t,

∂Ps,tf

∂s
= −LsPs,tf,

∂Ps,tf

∂t
= Ps,tLtf, f ∈ D(Lt),

8D D(Lt) := {f ∈ L2(μt) : Ltf < ∞},
/]O(B�B7C���^, �F�� 
����D�G�H�C�IJ [1].

bc 1.1

Γt(f, g) :=
1
2
[Lt(fg) − fLtg − gLtf ], f, g ∈ D(Lt). (1.1)
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# Γt(f, f) e\2 Γt(f), %Z._
D(Γt) :=

{
f ∈ D(Lt) :

∫
Γt(f)dμt < ∞

}
.

ef,, F,]�'��dgDWe8D, (f._� ∫
Γt(f)dμt ef,1�� ��g"

? D(f) = D(f, f) F�� -@/��N._. 8F�� ��D�IJ*)Æg"?F� 
��IJ�hi�. W,, ._ T = [a, b] 2B�W3�>F>, 8D 0 ≤ a ≤ b ≤ ∞.

F� �!"
�D, hU 1 < p, q < ∞ �B6if9, jYH 1
p + 1

q = 1. 0jM�9
V : L2(π) → [0,∞] YH V (cf + d) = c2V (f), 8D c, d �k^�f29 (= Var �9
). lm

]=/@
�	

2 Liggett–Stroock 	

:

‖f − π(f)‖2
L2(π) ≤ CD(f)

1
p V (f)

1
q , f ∈ D(D), (1.2)

8D D(D) := {f ∈ L2(π) :
∫

D(f)dπ < ∞}, π 2nO7k.

g+ [3] Wh, 6VWo�� !"
�, Liggett–Stroock 	

�Æ/R	


l�:

‖Ptf − π(f)‖2
L2(π) ≤

C′V (f)
tq−1

, t > 0, (1.3)

8D29 C,C′ > 0, %Z�9 V 6Vk^� t > 0 YH V (Ptf) ≤ V (f).

V�hi Nash 	

��)�-@ [6], %&'W#,R'�)�$�� !"
�D.

bi 1.2 Æ 1 < p, q < ∞, 1
p + 1

q = 1. 6V�� !"
� (Ps,t)0≤s≤t, =^EFB�2
9 C > 0, p&6VqM� t ∈ T , e/	



Varμt(f) ≤ C

( ∫
Γt(f)dμt

) 1
p

V (f)
1
q , f ∈ D(Γt) (1.4)

m r, 8D Varμt(f) = ‖f − μtf‖2
L2(μt)

, jEF29 C′ > 0, p&6VqM� s, t ∈ T, s ≤ t,

mM
‖Ps,tf − μtf‖2

L2(μs) ≤ C′
(

1∫ t

s
V (Pu,tf)−

p
q du

) 1
p−1

≤ C′ supu∈[s,t] V (Pu,tf)
(t − s)q−1

.

��", =^6VqM� s, t ∈ T, s ≤ t, nM V (Ps,tf) ≤ V (f)  r, lm,R'�Wee@2
‖Ps,tf − μtf‖2

L2(μs) ≤
C′V (f)

(t − s)q−1
.

hiV� ��-@, 'W&$os�'�.

bi 1.3 tEF29 C > 0, p&6qM� s, t ∈ T, s ≤ t, 	



‖Ps,tf − μtf‖2
L2(μs) ≤

[
1

‖f − μtf‖−2(p−1)
L2(μt)

+ C
∫ t

s
V (fu)−

p
q du

] 1
p−1

, f ∈ D(Γt) (1.5)

m r, jEF29 C′ > 0, p&/
 r:

Varμt(f) ≤ C′
( ∫

Γt(f)dμt

) 1
p

V (f)
1
q , t ∈ T. (1.6)

e,�k6Vhi� �2p-@/�'^, 6V�2p�-., 'Mhi�'�:
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bi 1.4 6V�� !"
� (Ps,t)0≤s≤t 1L, =^EFB�l29 C > 0, p&6Vq
M� t ∈ T , 	



‖f‖2
L2(μt)

≤ C

( ∫
Γt(f)dμt

) 1
p

V (f)
1
q , f ∈ D(Γt)

m r, jEF29 C′ > 0, p&6VqM� s, t ∈ T, s ≤ t, mM
‖Ps,tf‖2

L2(μs) ≤ C′
(

1∫ t

s
V (Pu,tf)−

p
q du

) 1
p−1

≤ C′ supu∈[s,t] V (Pu,tf)
(t − s)q−1

.

�N"M:

bi 1.5 tEF29 C > 0, p&6qM� s, t ∈ T, s ≤ t, 	



‖Ps,tf‖2
L2(μs) ≤

[
1

‖f‖−2(p−1)
L2(μt)

+ C
∫ t

s
V (fu)−

p
q du

] 1
p−1

, f ∈ D(Γt)

m r, jEF29 C′ > 0, p&/
 r:

‖f‖2
L2(μt)

≤ C′
( ∫

Γt(f)dμt

) 1
p

V (f)
1
q , t ∈ T.

2 >?@Amno
bi 1.2 pqr ku f ∈ D(Γt) ⊂ L2(μt), Æ fs = Ps,tf, jM fs ∈ L2(μs).

(a) ._ ϕ(s) = Varμs(fs) = ‖fs − μsfs‖2
L2(μs) = ‖fs − μtf‖2

L2(μs) = μs(fs − μtf)2. 6 ϕ(s)

vqW&

ϕ′(s) =
d

ds

∫
(fs − μtf)2 dμs =

d

ds

∫
P0,s (fs − μtf)2 dμ0

=
∫ [

P0,sLs (fs − μtf)2 + P0,s

(
2 (fs − μtf)

d

ds
(fs − μtf)

)]
dμ0.

gV d
ds (fs − μtf) = dfs

ds = dPs,tf
ds = −LsPs,tf = −Lsfs = −Ls (fs − μtf), jM

ϕ′(s) =
∫

P0,s[Ls(fs − μtf)2 − 2(fs − μtf)Ls(fs − μtf)]dμ0

=
∫

[Ls(fs − μtf)2 − 2(fs − μtf)Ls(fs − μtf)]dμs.

Yg (1.1) 
, j& ϕ′(s) = 2
∫

Γs(fs − μtf)dμs = 2
∫

Γs(fs)dμs.

(b) LM.4wr, M
ϕ(s) = Varμs(fs) ≤ C

(∫
Γs(fs)dμs

) 1
p

V (fs)
1
q = C

(
ϕ′(s)

2

) 1
p

V (fs)
1
q ,

j ϕ′(s)
ϕ(s)p ≥ 2

CpV (fs)
p
q
. ef,LMx7�._, Wh

d
(
ϕ(s)−(p−1)

)
ds

= −(p − 1)
ϕ′(s)
ϕ(s)p

.

V�s,W&
d

(
ϕ(s)−(p−1)

)
ds

≤ −2(p − 1)

CpV (fs)
p
q

. (2.1)
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(c) 6,
O s $ t s7, &$

ϕ(t)−(p−1) − ϕ(s)−(p−1) ≤
∫ t

s

−2(p − 1)

CpV (fu)
p
q

du =
−2(p − 1)

Cp

∫ t

s

V (fu)−
p
q du,

j ϕ(s)−(p−1) ≥ ϕ(t)−(p−1) + 2(p−1)
Cp

∫ t

s
V (fu)−

p
q du. �
et�t4,1We&T

ϕ(s) ≤
[

1

ϕ(t)−(p−1) + 2(p−1)
Cp

∫ t

s
V (fu)−

p
q du

] 1
p−1

. (2.2)

LM ϕ(s) �._M
ϕ(s) = ‖fs − μtf‖2

L2(μs) = ‖Ps,tf − μtf‖2
L2(μs),

e�
ϕ(t) = ‖Pt,tf − μtf‖2

L2(μt)
= ‖f − μtf‖2

L2(μt)
≥ 0,

V�1W&$
‖Ps,tf − μtf‖2

L2(μs) ≤ C′
(

1∫ t

s V (fu)−
p
q du

) 1
p−1

,

8D C′ = ( Cp

2(p−1))
1

p−1 = Cq

[2(p−1)]
1

p−1
.

�Bu, tYM V (Ps,tf) ≤ V (f) 6qM� s, t ∈ T, s ≤ t m r, lm

‖Ps,tf−μtf‖2
L2(μs) ≤ C′

(
1∫ t

s
V (fu)−

p
q du

) 1
p−1

≤ C′
(

1∫ t

s
V (f)−

p
q du

) 1
p−1

= C′
(

V (f)
p
q

t−s

) 1
p−1

.

dv.

uv 2.1 t(�M μt = μ0P0,t = μ0, ∀ t > 0,jw$� �-@, μ0 2nO7k, .4 1.2

�'�j2� ��'^.

w 2.2 ef,, tM ‖Ps,tf − μtf‖2
L2(μs) ≤ C′V (f)

(t−s)q−1 , j6Vk^� r > 0, mM

‖Ps,t−μt‖Lr(μt)→L2(μs) = sup
‖f‖Lr(µt)=1

‖Ps,tf − μtf‖L2(μs) ≤ sup
‖f‖Lr(µt)=1

[
C′V (f)

(t − s)q−1

] 1
2

= sup
f∈L2(μt)

[C′V ( f
‖f‖Lr(µt)

)

(t − s)q−1

] 1
2

= sup
f∈L2(μt)

{
1

‖f‖Lr(μt)
·
[

C′V (f)
(t−s)q−1

] 1
2
}

.

w 2.3 .4 1.2 D (1.4) 
�29 C 8fWe)�2x���@
 Ct, jÆ�>M��
29. (�dgD (2.1) 
B2=/jW:

d
(
ϕ(s)−(p−1)

)
ds

≤ −2(p − 1)

Cp
s V (fs)

p
q

.

7y", 6,
O s $ t s7, jW&$

ϕ(t)−(p−1) − ϕ(s)−(p−1) ≤
∫ t

s

−2(p − 1)

Cp
uV (fu)

p
q

du = −2(p − 1)
∫ t

s

C−p
u V (fu)−

p
q du.

LM.4 1.2 D�dg/y, (2.2) 
jWB2

ϕ(s) ≤
[

1

ϕ(t)−(p−1) + 2(p − 1)
∫ t

s
C−p

u V (fu)−
p
q du

] 1
p−1

.
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V�
‖Ps,tf − μtf‖2

L2(μs) ≤
(

1
2(p − 1)

) 1
p−1

(
1∫ t

s
C−p

u V (fu)−
p
q du

) 1
p−1

.

(�, t Ct M,Y C, jWw$.4 1.2 �'�.

bi 1.3 pqr Æ.4 1.2 dgD�._�7, ku f ∈ L2(μt), Æ fs = Ps,tf, jM
fs ∈ L2(μs). ._ ϕ(s) = Varμs(fs) = ‖fs − μsfs‖2

L2(μs) = ‖fs − μtf‖2
L2(μs) = μs(fs − μtf)2. x

^$, (1.5) 
8fj2

ϕ(s) ≤
[

1

ϕ(t)−(p−1) + C
∫ t

s
V (fu)−

p
q du

] 1
p−1

. (2.3)

�
t4,&$, 6VqM� s, t ∈ T, s ≤ t, M
ϕ(t)−(p−1) − ϕ(s)−(p−1) ≤ −C

∫ t

s

V (fu)−
p
q du =

∫ t

s

− C

V (fu)
p
q

du,

V�
ϕ(t)−(p−1) − ϕ(s)−(p−1)

t − s
≤ 1

t − s

∫ t

s

− C

V (fu)
p
q

du.

Æ s ↑ t, jW&$
d

(
ϕ(t)−(p−1)

)
dt

≤ − C

V (ft)
p
q

.

x^$ d(ϕ(t)−(p−1))
dt = −(p − 1) ϕ′(t)

ϕ(t)p , V�yM
−(p − 1)

ϕ′(t)
ϕ(t)p

≤ − C

V (ft)
p
q

,

j ϕ′(t) ≥ C
p−1( ϕ(t)

V (ft)
1
q
)p. Yg.4 1.2 �dg
�Wh ϕ′(t) = 2

∫
Γt(f)dμt. W,, 'z ϕ(s) �

._t4,jW&$ (1.6) 
, 8D C′ = ( 2(p−1)
C )

1
p . dv.

ef,, .4 1.4 Æ 1.2, e�.4 1.5 Æ 1.3 �dgm�hi�. Q(, (fdgOz.

z{ {{||}~T�}~�B^�.
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