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1 XYZ[\]^

���� Nevanlinna _����`��
������, �� N(r, f),m(r, f), T (r, f),

S(r, f), �`, � r → ∞ �, S(r, f) = o(T (r, f)), ���������Æ�� !��"_ ,

#!�$ [7, 15].

% f &"'( C )�*#$�, %+

ρ(f) = sup
r→∞

log T (r, f)
log r

,

,& ρ(f) �$� f �-'(, �) ρ(f) < ∞, ,&$� f & .(*#$�.

% f / g &"'( C )�*�*#$�, a &��"�. �) f − a / g − a + 01�,

-, .2,-a(3�4, ,& f / g CM �/ a; �) f − a / g − a + 01�,-, 015

,-a(, ,& f / g IM �/ a.


�`, c 2364, ."�. �7"'( C )�*#$� f(z), %+ f(z) �'8�

fc(z) = f(z + c), �5�5b� Δcf(z) = f(z + c) − f(z). 967, Δf(z) = Δ1f(z) = f(z +

1) − f(z).

1976 :, Rubel 8 Yang [14] ;9:<$�/�;��/*�_�=�>?@, .AB:C

D%�:

cd 1.1 % f(z) &��4<�<$�, a, b &*�Æ6� ."�. �) f(z) / f ′(z)

CM �/ a, b, , f(z) ≡ f ′(z).

=:>, _��0?���5�EF@�GH�;9?@, IAJKBL;9_��0?�
��5�EF?@, .MC:DE�F) [1, 2, 5, 6, 8, 10, 11, 16]. 2009 :, Heittokangas GN [8] ;

9:%� 1.1 �5�EF?@, OPAB:CDF�:

cd 1.2 % f(z)&�� .(*#$�, a1, a2, a3 &0HÆ6�"�. �) f(z)/ f(z+

c) CM �/ a1, a2, .2 IM �/ a3, , f(z) ≡ f(z + c).

2013 :, Chen 8 Yi [2] IJ: f(z) /�5�5b Δcf(z) CM �/Q�_�RS, AB:

�DF�:

cd 1.3 % f(z) &�� .(*#$�, .2 f(z) �-'( ρ(f) 0&<�, a, b &0H

Æ6� ."�. �) Δcf(z) �≡ 0, 2 Δcf(z) / f(z) CM �/ a, b,∞, , f(z) ≡ Δcf(z).

2014 :, Zhang GN [16] 8 Liu GN [10] AB:� ρ(f) &<��, %� 1.3 TU@K, OP

AB�F)�D:

cd 1.4 % f(z)&�� .(LV<$�, a, b&0HÆ6� ."�. �) Δcf(z) �≡ 0,

2 Δcf(z) / f(z) CM �/ a, b, , f(z) ≡ Δcf(z).

M>, Li GN [9], Cui GN [4], C� LüGN [11] ;9:� f(z) &*#$��RS, AB::

cd 1.5 % f(z) &�� .(*#$�, a, b &0HÆ6� ."�. �) Δcf(z) �≡ 0,

2 Δcf(z) / f(z) CM �/ a, b,∞, , f(z) ≡ Δcf(z).

N;��%+�W;�/5� efO�PX. Qi GN [12] ;9: .(*#$� f(z) �

;� f ′(z) /�5� Δf(z) �/Q�_�=�>?@, OPAB::

cd 1.6 % f(z) &�� .(LV*#$�, .2 f(z) �-'( ρ(f) 0&<�, % a, b

&Æ6� ."�. �) Δf(z) �≡ 0, 2 Δf(z) / f ′(z) CM �/ a, b,∞, , f ′(z) ≡ Δf(z).
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h 1.7 � [12] `aZ�D?@: b�[%� 1.6 `�c\ “f(z) �-'( ρ(f) 0&<�”

F�&]T@K?


�;9:^?@, ._�`;9:� f(z) & �$��RS, AB:�DF).

cd 1.8 % f(z) &�� .(4<�*#$�, % a, b &Æ6� ."�. �) Δcf(z)

/ f ′(z) CM �/ a, b,∞, , f ′(z) ≡ Δcf(z) aK f(z) = Az + B, �` A,B &di A �= a, b,

Ac �= a, b �<�.

b�c(, 2012 :, Chen GN [1] AB:CDF�:

cd 1.9 % f(z) &�� .(LV<$�, a &��4, ."�. �) f(z),Δcf(z) /

Δ2
cf(z) CM �/ a, , Δcf(z) ≡ Δ2

cf(z).

ePIJ: f(z), f ′(z) / Δcf(z) �/��4,_�=�>?@, AB:�D%�.

cd 1.10 % f(z) &�� .(LV<$�, a &��4, ."�. �) f(z), f ′(z) /

Δcf(z) CM �/ a, , f ′(z) ≡ Δcf(z).

j 1.11 d f(z) = eAz+a(A−1)
A , �` A &��di eAc − 1 = A �<�. efg15�C

f ′(z) = Δcf(z) = eAz.

fU, f(z), f ′(z)/ Δcf(z) CM�/ a, h�b3B%� 1.10 `�F�0�i@ f(z) ≡ Δcf(z),

aK f(z) ≡ f ′(z).

2 klXm
nd 2.1 [3, 5] % f(z) &�� .(*#$�, c &��4, ."�, , 

T (r, f(z + c)) = T (r, f) + S(r, f).

nd 2.2 [3, 5] % f(z)&�� .(*#$�, c&��4, ."�, k&��g<�, , 

m

(
r,

Δk
cf(z)
f(z)

)
= S(r, f).

nd 2.3 [13, 15] % fi(z) (i = 1, 2, . . . , n), gi(z) (i = 1, 2, . . . , n), n ≥ 2 2&<$�, .di
(1)

∑n
i=1 fi(z)egi(z) ≡ 0;

(2) �7hi� 1 ≤ i ≤ n, 1 ≤ k < l ≤ n, fi �-'(2j7 egk−gl �-'(,

, fi(z) ≡ 0 (i = 1, 2, . . . , n).

3 om 1.8 pqr
�)Δcf(z) ≡ a (aKΔcf(z) ≡ b),,k f ′(z)/Δcf(z) CM�/ a, b,∞,fU f ′(z) ≡ a

(aK Δcf(z) ≡ b), %� 1.8 �F�fU@K. CDl� Δcf(z) �≡ a, b �RS.

m� f(z)&�� .(*#$�,kn� 2.1W ρ(Δcf(z)) ≤ ρ(f(z)),Fj f ′(z)/ Δcf(z)

CM �/ a, b,∞, mh 

f ′(z) − a

Δcf(z) − a
= eα(z),

f ′(z) − b

Δcf(z) − b
= eβ(z), (3.1)

�` α(z) / β(z) &*�Aop.
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N (3.1) p�C

(eα(z) − eβ(z))Δcf(z) = aeα(z) − beβ(z) − a + b. (3.2)

�) eα(z) ≡ eβ(z), ,k (3.2) p�C

(a − b)(eβ(z) − 1) = 0.

k7 a �= b, qC eβ(z) ≡ 1, mh f ′(z) ≡ Δcf(z).

CDIJ eα(z) �≡ eβ(z) �RS.

N (3.2) pC� (3.1) �k��cl, �C

Δcf(z) =
aeα(z) − beβ(z) − a + b

eα(z) − eβ(z)
, (3.3)

f ′(z) =
eα(z)[aeα(z) − beβ(z) − a + b]

eα(z) − eβ(z)
− aeα(z) + a. (3.4)

� (3.3) p*m1�r�n;�, �C

(Δcf(z))′ =
[(a−b)β′(z) − (a−b)α′(z)]eα(z)+β(z) + (a−b)α′(z)eα(z) − (a−b)β′(z)eβ(z)

(eα(z) − eβ(z))2
. (3.5)

b"�c(, k (3.4) p�C

Δcf
′(z)=

eα(z+c)[aeα(z+c)−beβ(z+c)−a+b]
eα(z+c) − eβ(z+c)

−eα(z)[aeα(z)−beβ(z)−a+b]
eα(z)−eβ(z)

−aeα(z+c)+aeα(z). (3.6)

fU, (Δcf(z))′ = Δcf
′(z), Fj (3.5) p/ (3.6) p, ess15.of�C

[β′(z)−α′(z) − 1]eα(z)+α(z+c)+β(z) + α′(z)eα(z)+α(z+c) − [β′(z)−α′(z) + 1]eα(z)+β(z)+β(z+c)

−β′(z)eα(z+c)+β(z) − α′(z)eα(z)+β(z+c) + β′(z)eβ(z)+β(z+c) − e2α(z)+α(z+c)+β(z+c)

+2eα(z)+α(z+c)+β(z)+β(z+c) − eα(z+c)+2β(z)+β(z+c) + eα(z+c)+2β(z) + e2α(z)+α(z+c)+β(z)

−e2α(z)+β(z)+β(z+c) + e2α(z)+β(z+c) − eα(z)+α(z+c)+2β(z) + eα(z)+2β(z)+β(z+c)

≡ 0. (3.7)

CD�QtRSl�:

uv 1 deg α(z) > deg β(z), ,� (3.7) pit��DSp:

F3(z)e3α(z) + F2(z)e2α(z) + F1(z)eα(z) + F0(z) ≡ 0, (3.8)

�`
F3(z) = (eβ(z) − eβ(z+c))eΔcα(z),

F2(z) = [β′(z) − α′(z) − 1]eΔcα(z)+β(z) + α′(z)eΔcα(z) + 2eΔcα(z)+β(z)+β(z+c)

−eβ(z)+β(z+c) + eβ(z+c) − eΔcα(z)+2β(z),

F1(z) = −β′(z)eΔcα(z)+β(z) − [β′(z) − α′(z) + 1]eβ(z)+β(z+c) − α′(z)eβ(z+c)

−eΔcα(z)+2β(z)+β(z+c) + eΔcα(z)+2β(z) + e2β(z)+β(z+c),

F0(z) = β′(z)eβ(z)+β(z+c). (3.9)

fU, �hi� i = 1, 2, 3, 4, 2 

ρ(Fi(z)) < deg α = ρ(eα(z)).
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mh, kn� 2.3 �C

F0(z) ≡ F1(z) ≡ F2(z) ≡ F3(z) ≡ 0.

k F0(z) ≡ 0 �C β′(z) ≡ 0, Np β(z) ≡ β &��<�, eβ(z) ≡ eβ(z+c) = eβ . mh

F1(z), F2(z) �of��DSp:

F2(z) = [e2β − eβ − α′(z)(eβ − 1)]eΔcα(z) + eβ(1 − eβ) ≡ 0, (3.10)

F1(z) = e2β(1 − eβ)eΔcα(z) + eβ [e2β − eβ + α′(z)(eβ − 1)] ≡ 0. (3.11)

�) eβ �= 1, k (3.10) p� (3.11) p, �C

eΔcα(z) =
e2β − eβ − α′(z)(eβ − 1)

eβ(eβ − 1)
=

eβ(eβ − 1)
e2β − eβ + α′(z)(eβ − 1)

.

qC)cl�C eβ = 1, ur.

mh eβ = 1, s f ′(z) ≡ Δcf(z).

uv 2 deg α(z) < deg β(z), , (3.7) p�it@CDSp

G3(z)e3β(z) + G2(z)e2β(z) + G1(z)eβ(z) + G0(z) ≡ 0, (3.12)

�`
G3(z) = (eα(z) − eα(z+c))eΔcβ(z),

G2(z) = −[β′(z) − α′(z) + 1]eα(z)+Δcβ(z) + β′(z)eΔcβ(z) + 2eα(z)+α(z+c)+Δcβ(z)

+eα(z+c) − eα(z)+α(z+c) − e2α(z)+Δcβ(z),

G1(z) = [β′(z) − α′(z) − 1]eα(z)+α(z+c) − β′(z)eα(z+c) − α′(z)eα(z)+Δcβ(z)

−e2α(z)+α(z+c)+Δcβ(z) + e2α(z)+α(z+c) + e2α(z)+Δcβ(z),

G0(z) = α′(z)eα(z)+α(z+c). (3.13)

fU, �hi� i = 0, 1, 2, 3, 2 

ρ(Gi(z)) < deg β = ρ(eβ(z)).

mh, kn� 2.3 �C

G0(z) ≡ G1(z) ≡ G2(z) ≡ G3(z) ≡ 0.

k G0(z) ≡ 0 �C α′(z) ≡ 0, Np α(z) ≡ α &��<�, eα(z) ≡ eα(z+c) = eα. mh

G2(z) = [e2α − eα − β′(z)(eα − 1)]eΔcβ(z) + eα − e2α ≡ 0,

G1(z) = e2α(1 − eα)eΔcβ(z) + eα[e2α − eα + β′(z)(eα − 1)] ≡ 0.

tvRS 1 �l�, �wZ eα = 1, mh f ′(z) ≡ Δcf(z).

uv 3 deg α(z) = deg β(z). CDx�*tbRSl�.

uv 3.1 deg α(z) = deg β(z) = 0. k (3.4)p�C f ′(z)&��<�, Np f(z) = Az +B,

h� f ′(z) = A, Δcf(z) = Ac. �) A = a, ,k f ′(z) / Δcf(z) CM �/ a qC Ac = a, s 

f ′(z) ≡ Δcf(z). 1�, �) A = b �C Ac = b, s f ′(z) ≡ Δcf(z). �) A �= a, b, ,k f ′(z) /

Δcf(z) CM �/ a, b, �C Ac �= a, b.
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uv 3.2 deg α(z) = deg β(z) ≥ 1. k (3.7) p�C

[(β′(z) − α′(z) − 1)eΔcα(z) + eΔcβ(z)]e2α(z)+β(z) + α′(z)eΔcα(z)e2α(z)

−(β′(z)eΔcα(z)+α′(z)eΔcβ(z))eα(z)+β(z)−[(β′(z)−α′(z)+1)eΔcβ(z)−eΔcα(z)]eα(z)+2β(z)

+β′(z)eΔcβ(z)e2β(z) − eΔcα(z)(eΔcβ(z) − 1)e3α(z)+β(z) − eΔcβ(z)(eΔcα(z) − 1)eα+3β(z)

+(2eΔcα(z)+Δcβ(z) − eΔcα(z) − eΔcβ(z))e2α(z)+2β(z)

≡ 0. (3.14)

(3.14) �it@CDSp:
8∑

i=1

Li(z)egi(z) ≡ 0, (3.15)

�`
L1(z) = (β′(z) − α′(z) − 1)eΔcα(z) + eΔcβ(z),

L2(z) = α′(z)eΔcα(z),

L3(z) = −(β′(z)eΔcα(z) + α′(z)eΔcβ(z)),

L4(z) = −[(β′(z) − α′(z) + 1)eΔcβ(z) − eΔcα(z)],

L5(z) = β′(z)eΔcβ(z),

L6(z) = −eΔcα(z)(eΔcβ(z) − 1),

L7(z) = −eΔcβ(z)(eΔcα(z) − 1),

L8(z) = 2eΔcα(z)+Δcβ(z) − eΔcα(z) − eΔcβ(z);

g1(z) = 2α(z) + β(z),

g2(z) = 2α(z),

g3(z) = α(z) + β(z),

g4(z) = α(z) + 2β(z),

g5(z) = 2β(z),

g6(z) = 3α(z) + β(z),

g7(z) = α(z) + 3β(z),

g8(z) = 2α(z) + 2β(z).

�)

deg(2α(z) − β(z)) = deg(α(z) + β(z)) = deg(3α(z) − β(z)) = deg(α(z) − β(z))

= deg(α(z) − 2β(z)) = deg(3β(z) − α(z)) = deg α(z),

,�hi� 1 ≤ i < j ≤ 8, 1 ≤ n ≤ 8, 2 

ρ(Ln(z)) < ρ(egi(z)−gj(z)) = deg α(z).

kn� 2.3 �C Ln(z) ≡ 0 (n = 1, 2, . . . , 8), N L2(z) ≡ 0 �C α′(z)eΔcα(z) ≡ 0, Np�wZ

α(z) &<�, uy/ deg α(z) = deg β(z) ≥ 1 ur.

mh, ePw�IJ
deg(2α(z) − β(z)), deg(α(z) + β(z)), deg(3α(z) − β(z)),

deg(α(z) − β(z)), deg(α(z) − 2β(z)), deg(3β(z) − α(z))

x`vz{|j7 deg α(z) �RS.

uv 3.2.1 deg(2α(z)−β(z)) < deg α(z). d 2α(z)−β(z) = p1(z),, β(z) = 2α(z)−p1(z).

Np (3.14) p�it@CDSp:

H7(z)e7α(z)+H6(z)e6α(z)+H5(z)e5α(z)+H4(z)e4α(z)+H3(z)e3α(z)+H2(z)e2α(z) ≡ 0, (3.16)
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�`
H7(z) = (eΔcβ(z) − eΔcα(z)+Δcβ(z))e−3p1(z),

H6(z) = (2eΔcα(z)+Δcβ(z) − eΔcα(z) − eΔcβ(z))e−2p1(z),

H5(z) = −[(β′(z) − α′(z) + 1)eΔcβ(z) − eΔcα(z)]e−2p1(z) − eΔcα(z)(eΔcβ(z) − 1)e−p1(z),

H4(z) = [(β′(z) − α′(z) − 1)eΔcα(z) + eΔcβ(z)]e−p1(z) + β′(z)eΔcβ(z)e−2p(z),

H3(z) = −(β′(z)eΔcα(z) + α′(z)eΔcβ(z))e−p1(z),

H2(z) = α′(z)eΔcα(z).

fU, �hi� i = 2, 3, . . . , 7, 2 

ρ(Hi(z)) < deg α(z).

mh, kn� 2.3 �C

H2(z) = α′(z)eΔcα(z) ≡ 0,

s α(z) &��<�, ur.

uv 3.2.2 deg(α(z)+β(z)) < deg α(z). d α(z)+β(z) = p2(z), , β(z) = −α(z)+ p2(z).

mh, (3.14) p�it@CDSp:

J2(z)e2α(z) + J1(z)eα(z) + J0(z) + J−1(z)e−α(z) + J−2(z)e−2α(z) ≡ 0,

�`
J2(z) = α′(z)eΔcα(z) − eΔcα(z)(eΔcβ(z) − 1)ep2(z),

J1(z) = [(β′(z) − α′(z) − 1)eΔcα(z) + eΔcβ(z)]ep2(z),

J0(z) = (2eΔcα(z)+Δcβ(z)−eΔcα(z)−eΔcβ(z))e2p2(z)−(β′(z)eΔcα(z) + α′(z)eΔcβ(z))ep2(z),

J−1(z) = −[(β′(z) − α′(z) + 1)eΔcβ(z) − eΔcα(z)]e2p2(z),

J−2(z) = β′(z)eΔcβ(z)e2p2(z) − eΔcβ(z)(eΔcα(z) − 1)e3p2(z).

fU, �hi� i = −2,−1, . . . , 2, 2 ρ(Ji(z)) < deg α(z). mh, kn� 2.3 �C

J−2(z) ≡ J−1(z) ≡ J0(z) ≡ J1(z) ≡ J2(z) ≡ 0.

k J2(z) ≡ 0 C� J−2(z) ≡ 0, �C

(1 − eΔcβ(z))ep2(z) + α′(z) ≡ 0, (1 − eΔcα(z))ep2(z) + β′(z) ≡ 0. (3.17)

fU, α(z) + β(z) = p2(z) C� deg(2α(z) − β(z)) < deg α(z) = deg β(z), �W

deg p2(z) ≤ deg Δcβ(z) = deg β(z) − 1.

�) deg p2(z) < deg Δcβ(z) = deg β(z) − 1, ,k (3.17) pC� Nevanlinna k��
%�,

�C

T (r, eΔcβ(z)) = T

(
r,

ep2(z) + α′(z)
ep2(z)

)
≤ S(r, eΔcβ(z)),

s eΔcβ(z) &<�, y/ 0 ≤ deg p2(z) < deg Δcβ(z) ur.

mh deg p2(z) = deg Δcβ(z).
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�) deg p2(z) = deg Δcβ(z) ≥ 1,,fU deg α(z) = deg β(z) ≥ 2,h� α′(z) �≡ 0. k (3.17)

p�C

ep2(z) + α′(z) ≡ ep2(z)+Δcβ(z). (3.18)

k Nevanlinna kw�
%�C� (3.18) p,  

T (r, ep2(z)) ≤ N(r, ep2(z)) + N

(
r,

1
ep2(z)

)
+ N

(
r,

1
ep2(z) + α′(z)

)
+ S(r, ep2(z))

≤ N

(
r,

1
ep2(z)+Δcβ(z)

)
+ S(r, ep2(z))

≤ S(r, ep2(z)),

s ep2(z) &��<�, y/ deg p2(z) ≥ 1 ur.

�) deg p2(z) = deg Δcβ(z) = 0, , α(z) / β(z) &*��xAop. 0y%

α(z) = a1z + a0, β(z) = −a1z + b0, (3.19)

�` a1 �= 0, a0, b0 &<�.

N (3.17) p/ (3.19) p, �C

(1 − e−a1c)ep2(z) + a1 ≡ 0, (1 − ea1c)ep2(z) − a1 ≡ 0. (3.20)

qC)cly�C a1 = 0, ur.

uv 3.2.3 deg(α(z) − β(z)) < deg α(z). d p3(z) = β(z) − α(z), , β(z) = α(z) + p3(z).

mh, (3.14) p�it@CDSp:

W4(z)e4α(z) + W3(z)e3α(z) + W2(z)e2α(z) ≡ 0,

�`
W4(z) = −eΔcα(z)(eΔcβ(z) − 1)ep3(z) + (2eΔcα(z)+Δcβ(z) − eΔcα(z) − eΔcβ(z))e2p3(z)

− eΔcβ(z)(eΔcα(z) − 1)e3p3(z),

W3(z) = [(β′(z) − α′(z) − 1)eΔcα(z) + eΔcβ(z)]ep3(z)

− [(β′(z) − α′(z) + 1)eΔcβ(z) − eΔcα(z)]e2p3(z),

W2(z) = α′(z)eΔcα(z) − (β′(z)eΔcα(z) + α′(z)eΔcβ(z))ep3(z) + β′(z)eΔcβ(z)e2p3(z).

fU, �hi� i = 2, 3, 4, 2 

ρ(Wi(z)) < deg α(z).

mh, kn� 2.3 �C

W2 = W3 = W4 ≡ 0.

k β(z) = α(z) + p3(z), qC Δcβ(z) = Δcα(z) + Δp3(z). mh, W2 �it@CDSp:

W2(z) = eΔcα(z)[α′(z) − (β′(z) + α′(z)eΔp3(z))ep3(z) + β′(z)eΔp3(z)e2p3(z)]. (3.21)

Fj W2(z) ≡ 0 / (3.21) p, �C

α′(z) − (β′(z) + α′(z)eΔp3(z))ep3(z) + β′(z)eΔp3(z)e2p3(z) ≡ 0. (3.22)

�) deg p3(z) ≥ 1, ,kn� 2.3, �C β′(z) ≡ 0, uy/ deg β(z) ≥ 1 ur.
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mh deg p3(z) = 0, Np p3(z) &��<�, s 

Δp3(z) = 0 2 α′(z) = β′(z). (3.23)

k (3.22) pC� (3.24) p, �C

e2p3(z) − 2ep3(z) + 1 = 0. (3.24)

q (3.24) p�C ep3(z) = 1, Np eα(z) = eβ(z), y/z% eα(z) �≡ eβ(z) ur.

uv 3.2.4 deg(3α(z)−β(z)) < deg α(z). d 3α(z)−β(z) = p4(z),, β(z) = 3α(z)−p4(z).

mh, (3.14) p�it@CDSp:

N7(z)e10α(z)+ N6(z)e8α(z)+ N5(z)e7α(z)+ N4(z)e6α(z)+ N3(z)e5α(z)+ N2(z)e4α(z)+ N1(z)e2α(z)

≡ 0,

�`
N7(z) = −eΔcβ(z)(eΔcα(z) − 1)e−3p4(z),

N6(z) = (2eΔcα(z)+Δcβ(z) − eΔcα(z) − eΔcβ(z))e−2p4(z),

N5(z) = −[(β′(z) − α′(z) + 1)eΔcβ(z) − eΔcα(z)]e−2p4(z),

N4(z) = β′(z)eΔcβ(z)e−2p4(z) − eΔcα(z)(eΔcβ(z) − 1)e−p4(z),

N3(z) = [(β′(z) − α′(z) − 1)eΔcα(z) + eΔcβ(z)]e−p4(z),

N2(z) = −(β′(z)eΔcα(z) + α′(z)eΔcβ(z))e−p4(z),

N1(z) = α′(z)eΔcα(z).

fU, �hi� i = 1, 2, . . . , 7, 2 ρ(Ni(z)) < deg α(z). mh, kn� 2.3 �C N1 ≡ 0, s

α(z) &<�, y/ deg α(z) ≥ 1 ur.

uv 3.2.5 deg(3β(z)−α(z)) < deg α(z). d 3β(z)−α(z) = p5(z),, α(z) = 3β(z)−p5(z).

mh, (3.14) p�it@CDSp:

M7(z)e10β(z)+M6(z)e8β(z)+M5(z)e7β(z)+M4(z)e6β(z)+M3(z)e5β(z)+M2(z)e4β(z)+N1(z)e2β(z)

≡ 0,

�`
M7(z) = −eΔcα(z)(eΔcβ(z) − 1)e−3p5(z),

M6(z) = (2eΔcα(z)+Δcβ(z) − eΔcα(z) − eΔcβ(z))e−2p5(z),

M5(z) = [(β′(z) − α′(z) − 1)eΔcα(z) + eΔcβ(z)]e−2p5(z),

M4(z) = α′(z)eΔcα(z)e−2p5(z) − eΔcβ(z)(eΔcα(z) − 1)e−p5(z),

M3(z) = −[(β′(z) − α′(z) + 1)eΔcβ(z) − eΔcα(z)]e−p5(z),

M2(z) = −(β′(z)eΔcα(z) + α′(z)eΔcβ(z))e−p5(z),

M1(z) = β′(z)eΔcβ(z).

fU, �hi� i = 1, 2, . . . , 7, 2 

ρ(Mi(z)) < deg β(z).

mh, kn� 2.3 �C M1 ≡ 0, s β(z) &<�, y/ deg β(z) ≥ 1 ur.
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uv 3.2.6 deg(α(z)−2β(z)) < deg α(z). d α(z)−2β(z) = p6(z),, α(z) = 2β(z)+p6(z).

mh, (3.14) p�it@CDSp:

K7(z)e7β(z) + K6(z)e6β(z) + K5(z)e5β(z) + K4(z)e4β(z) + K3(z)e3β(z) + K2(z)e2β(z) ≡ 0,

�`
K7(z) = −eΔcα(z)(eΔcβ(z) − 1)e3p6(z),

K6(z) = (2eΔcα(z)+Δcβ(z) − eΔcα(z) − eΔcβ(z))e2p6(z),

K5(z) = [(β′(z) − α′(z) − 1)eΔcα(z) + eΔcβ(z)]e2p6(z) − eΔcβ(z)(eΔcα(z) − 1)ep6(z),

K4(z) = α′(z)eΔcα(z)e2p6(z) − [(β′(z) − α′(z) + 1)eΔcβ(z) − eΔcα(z)]ep6(z),

K3(z) = −(β′(z)eΔcα(z) + α′(z)eΔcβ(z))ep6(z),

K2(z) = β′(z)eΔcβ(z).

fU, �hi� i = 2, . . . , 7, 2 

ρ(Ki(z)) < deg β(z).

mh, kn� 2.3 �C K2 ≡ 0, s β(z) &<�, y/ deg β(z) ≥ 1 ur.

zh, %� 1.8 AB}{.

4 om 1.10 pqr
k7 f(z), f ′(z) / Δcf(z) CM �/ a, .2 f(z) &�� .(<$�, mh 

f ′(z) − a

f(z) − a
= eα(z),

Δcf(z) − a

f(z) − a
= eβ(z), (4.1)

�` α(z) / β(z) &*�Aop, .2di deg α(z) ≤ ρ(f), deg β(z) ≤ ρ(f).

�) eα(z) ≡ eβ(z), ,fU f ′(z) ≡ Δcf(z). mh, CD|�l� eα(z) �≡ eβ(z) �RS.

d

ϕ(z) =
f ′(z) − Δcf(z)

f(z) − a
. (4.2)

k (4.1) pC� (4.2) p, �C

ϕ(z) = eα(z) − eβ(z). (4.3)

m� eα(z) �≡ eβ(z), ~C ϕ(z) �≡ 0. k (4.2) pC�n� 2.2, �C

T (r, ϕ) = m(r, ϕ) ≤ m

(
r,

f ′

f − a

)
+ m

(
r,

Δcf

f − a

)
+ log 2 = S(r, f). (4.4)

k (4.3) p�C eα/ϕ − eβ/ϕ ≡ 1. k (4.4) pC� Nevanlinna kw�
%�, �C

T

(
r,

eα

ϕ

)
≤ N

(
r,

eα

ϕ

)
+ N

(
r,

ϕ

eα

)
+ N

(
r,

1
eα/ϕ − 1

)
+ S

(
r,

eα

ϕ

)

≤ N

(
r,

eα

ϕ

)
+ N

(
r,

ϕ

eα

)
+ N

(
r,

ϕ

eβ

)
+ S

(
r,

eα

ϕ

)

≤ S(r, f) + S

(
r,

eα

ϕ

)
. (4.5)
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xFj (4.4) / (4.5) p, �C T (r, eα) = S(r, f). 1��C

T (r, eβ) = S(r, f).

k (4.1) k��pb, �C

f ′(z) = eα(z)f(z) − aeα(z) + a. (4.6)

�*m1�{'8}~, �C

f ′(z + c) = eα(z+c)f(z + c) − aeα(z+c) + a. (4.7)

b�c(, N (4.1) �kw�pb, �C

f(z + c) = (eβ(z) + 1)f(z) − aeβ(z) + a. (4.8)

� (4.8) *m1�r�n;�, �C

f ′(z + c) = β′(z)eβ(z)f(z) + (1 + eβ(z))f ′(z) − aβ′(z)eβ(z). (4.9)

k (4.6) / (4.9) p, �C

f ′(z + c) = [β′(z)eβ(z) + (1 + eβ(z))eα(z)]f(z) + a(1 + eβ(z))(1 − eα(z)) − aβ′(z)eβ(z). (4.10)

k (4.7) / (4.8) p, �C

f ′(z + c) = eα(z+c)(eβ(z) + 1)f(z) + aeα(z+c)(1 − eβ(z)) + a(1 − eα(z+c)). (4.11)

Fj (4.9) / (4.11) p,  

[β′(z)eβ(z) + (1 + eβ(z))eα(z) − eα(z+c)(eβ(z) + 1)]f(z)

= aeα(z+c)(1 − eβ(z)) + a(1 − eα(z+c)) − a(1 + eβ(z))(1 − eα(z)) + aβ′(z)eβ(z). (4.12)

�) aeα(z+c)(1 − eβ(z)) + a(1 − eα(z+c)) − a(1 + eβ(z))(1 − eα(z)) + aβ′(z)eβ(z) �≡ 0, ,k

(4.12) pC� Nevanlinna k��
%��W

T (r, f) = T

(
r,

aeα(z+c)(1−eβ(z))+a(1−eα(z+c))−a(1+eβ(z))(1−eα(z))+aβ′(z)eβ(z)

β′(z)eβ(z)+(1+eβ(z))eα(z)−eα(z+c)(eβ(z)+1)

)
+S(r, f)

≤ S(r, f),

ur.

mh 

β′(z)eβ(z) + (1 + eβ(z))eα(z) − eα(z+c)(eβ(z) + 1) ≡ 0, (4.13)

aeα(z+c)(1 − eβ(z)) + a(1 − eα(z+c)) − a(1 + eβ(z))(1 − eα(z)) + aβ′(z)eβ(z) ≡ 0. (4.14)

Fj (4.13) / (4.14) p, �qC

eβ(z) ≡ eα(z+c). (4.15)

fU β(z) = α(z + c) + A0, �` A0 &��di eA0 = 1 �<�. mh

β′(z) = α′(z + c).

� β′(z) = α′(z + c) C� (4.15) �� (4.13) p, <��C

eΔcα(z)(1 − eΔcα(z))e2α(z) + [(α′(z + c) − 1)eΔcα(z) + 1]eα(z) ≡ 0. (4.16)
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�) 1 − eΔcα(z) �≡ 0. k (4.16) pC� Nevanlinna k��
%�, �C

2T (r, eα(z)) = T (r, e2α(z)) = T

(
r,

[(α′(z + c) − 1)eΔcα(z) + 1]eα(z)

eΔcα(z)(1 − eΔcα(z))

)

≤ T (r, eα(z)) + S(r, eα(z)), (4.17)

ur.

mh 1 − eΔcα(z) ≡ 0, Np deg α(z) ≤ 1, .2k (4.16) pW

(α′(z + c) − 1)eΔcα(z) + 1 ≡ 0.

Fj 1 − eΔcα(z) ≡ 0 �C α′(z + c) ≡ 0. mh α(z) &��<�, Np

eα(z) = eα(z+c) = eβ(z).

y/z% eα(z) �≡ eβ(z) ur.

%� 1.10 AB}{.
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