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*+G!H", �,I μ ∈ M (Δ), #J-6� Δ �K μ .��<����L7� fμ, �

�$ 1,−1, i /%&'.

M (Δ) ��0�M1 μ, ν ()N Teichmüller *+, ,N μ ∼ ν, 2-#J fμ(Δ) . fν(Δ)

����7� ψ, 3 (fν)−1 ◦ψ ◦ fμ �4Æ/�7� (Mod ∂Δ). Teichmüller �� T (Δ) O0P
� M (Δ)/ ∼, 1 T (Δ) := {[μ] : μ ∈ M (Δ)}, �; [μ] � μ � Teichmüller *+5 [1,10,11].

)6����7� f �23���, 2-�,I ε > 0, #J Δ �6�4Q5 E, 36 f �

678J Δ − E �9Æ 1 + ε. 7 Teichmüller *+0P;���7� ψ 8��23���, 9

�23 Teichmüller *+�0P. : M (Δ) ��0�M1 μ, ν �23 Teichmüller *+�, O,
. μ ≈ ν, Æ2 [[f ]] : [[μ]] �����7� fμ �23 Teichmüller *+5. 23 Teichmüller

�� AT (Δ) 0P. M (Δ)/ ≈, 1 AT (Δ) := {[[μ]] : μ ∈ M (Δ)}. R Gardiner ; Sullivan �

;< AT (Δ) �=< [12]. 4=23 Teichmüller ���6>?-	@>? [3, 4, 7,11]. 4=23
Teichmüller ���3@?-, 	@? [9, 10, 19, 20, 21, 28].

�,I p ∈ ∂Δ, [[μ]] J p A�B�678 hp([[μ]]) 0P. [3, 4, 13]

hp([[μ]]) = inf{h∗p(ν) : ν ∈ [[μ]]},
�;

h∗(μ) = inf
F
{‖μ|Δ−F ‖∞, F � Δ �4Q5}.

ζ ∈ Δ ()N [[μ]] �CSB�%, 2- hζ([[μ]]) = h([[μ]]).

, A1(Δ) = {ϕ : ϕ JΔ�DA�
∫
Δ
|ϕ|dxdy = 1}. BC {ϕn} ⊂ A1(Δ) ()NDE�, 2

- ϕn J Δ �,I4Q5�6TEFÆ 0, Æ,N {ϕn} ⊂ Ad
1(Δ).

M (Δ)��0�M1 μ; ν ()N�GH9 Teichmüller *+�,2-
∫
Δ

(μ−ν)φdxdy = 0

�,F φ ∈ A1(Δ) �I. �,F μ ∈ M (Δ), 2 [μ]B �� μ �GH9 Teichmüller *+5, OG
H9 Teichmüller ��0P.

B(Δ) := {[μ]B : μ ∈ M (Δ)}.
UI B(Δ) � T (Δ) JG% [[0]] A�J��.

M (Δ) ��0�M1 μ ; ν )N�23GH9 Teichmüller *+�, 2- limn→∞
∫
Δ

(μ −
ν)φndxdy = 0, �; φn �DE� Hamilton BC�,F μ ∈ M (Δ), 2 [[μ]]B :V [[fμ]]B ��

μ �23GH9 Teichmüller *+5, O23GH9 Teichmüller ��0P.
AB(Δ) := {[[μ]]B : μ ∈ M (Δ)}.

UI AB(Δ) � AT (Δ) JG% [[0]] A�J��.

[[μ]]B �B�6780P.
h([[μ]]B) = inf{h∗(ν) : ν ∈ [[μ]]B}.

) μ : fμ HI� AT (Δ) : AB(Δ) ��23JW�, 2- h∗(μ) = h([[μ]]) (: h∗(μ) =

h([[μ]]B). G4?-�K μ : fμ � AT (Δ) ��23JW�K�LK μ : fμ � AB(Δ) ��

23JW�.

M0 M (Δ) ��0���< μ ; ν, 23 Teichmüller NL dAT 0P.
dAT ([[μ]], [[ν]]) =

1
2

inf
{

log
1 + h∗( μ−ν

1−μν )

1 − h∗( μ−ν
1−μν )

: μ ∈ [[μ]], ν ∈ [[ν]]
}
.
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6>V, PWQ3
8���PWQNL��	3
, �PWQNL.

ρ(z, ζ) :=
1
2

log
1 +

∣∣ z−ζ

1−zζ

∣∣
1 − ∣∣ z−ζ

1−zζ

∣∣ , ∀ z ∈ Δ, ζ ∈ Δ.

)X [a, b] ⊂ [0, 1) . AT (Δ) �7� t 
→ [[μt]] �=ÆPWQNL9 AT (Δ) �NL��Y

RS, 2- dAT ([[μt1 ]], [[μt2 ]]) = ρ(t1, t2), ∀ t1, t2 ∈ [a, b].

2- Γ : t 
→ [[μt]] � [a, b] ⊂ [0, 1) . AT (Δ) ��YRS, O Γ([a, b]) �T)N AT (Δ) �

�Z [[μa]] 9 [[μb]] �
V�. *+G!H", 2- μ �23JW�, h∗(μ) = k0 �= 0, O7�
Γμ : [0, k0] → AT (Δ), t 
→ [[tμ/k0]]

��YRS� Γμ([0, k0]) � AT (Δ) ��Z [[μ]] 9 [[0]] �
V�.

[\]N9 Teichmüller ���-6JWUVW=. LXV*+M^ AT (Δ)��2Y0P:

2- h∗(μf◦g−1(g(z))) = 0 �,I23JW� g ∈ [[f ]] (: g ∈ [[f ]]B) �I, ) f (: μ) �

AT (Δ) (: AB(Δ)) �-6JW. *+_[KJ AT (Δ) ; AB(Δ) �Z4-6JW�.

\] 1.1 �,IM0� AT (Δ) �JW� fμ, � h∗(μ) > 0 #J gν ∈ [[fμ]], 36

h∗(μf◦g−1(g(z))) �= 0.

\] 1.2 �,IM0� AB(Δ) �JW� fμ, � h∗(μ) > 0 #J gν ∈ [[fμ]]B, 36

h∗(μf◦g−1(g(z))) �= 0.

^ 1.3 L∞(Δ) ���[ M (Δ) &�����, _`Z4\Ra]2- μ, ν ∈ M (Δ), O
μ− ν ^_Æ M (Δ). b� μ−ν

1−νμ `a_Æ M (Δ). `�_.

h∗
(
μ− ν

1 − νμ

)
= h∗

(
μ− ν

1 − νμ

∂g/∂z

(∂g/∂z)

)
� μf◦g−1(g(z)) =

μ− ν

1 − νμ

∂g/∂z

(∂g/∂z)
.

_`bc h∗(μf◦g−1(g(z))) �= 0 �LX�, �; f , g ���<HI� μ, ν.

a�bH, � T (Δ) ��,I0%cc#J6b�Zd+�
V�. RÆ Teichmüller ��

T (Δ) �GHe�, d
V��-6�UVe6fg�d. GHe Teichmüller ��;
V�&-
6�h6�fQR Li [13] M^, ? [2, 5, 6, 15–18, 21–25] �
V�-6�UVig<hS=<.

eN [11, h 15 f] [K<�Z AT (Δ) �M00%�
V��#J�. ZYi, Fan [8] =<

<
V��-6�UV, [K<J AT (Δ) �cc#J0�%, 4GH\b
V��Zd+, ��

Z T (Δ) �M00% [μ] 9 [ν] �
V��-6�^&j�[J AT (Δ) ��Z [[μ]] 9 [[ν]] �


V��-6�.

? [28] [K<2- μ � AT (Δ) �23JW�, � hp([[μ]]) < h([[μ]]) � Δ �k�B�% p

�I, OJ AT (Δ) �4GH\b
V��Z [[0]] 9 [[μ]].

*+l^2YcjmDk�UV.

g+ 1.4 �,IM0AT (Δ)�fÆJW�μ, AT (Δ)�4GH\b
V��Z [[0]]9 [[μ]].

2 hijkl
JClHnmm\[K0\ 1.1 ; 1.2.

n] 2.1 [27] ] f � Δ .Lo����7�, � Beltrami p� μ(z) ∈M(Δ). ] z0 � Δ
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�,IM0�%, O�,IM0� ε > 0, #J δ > 0 9 Δ �����7� g qoYCbc:

μg(z) = μ(z), |z − z0| ≤ δ2; (2.1)

|μg(z)| < ε, δ2 < |z − z0| < δ; (2.2)

g(z) = z, |z − z0| ≥ δ, (2.3)

�; {z : δ2 < |z − z0| < δ} ⊂ Δ.

Rm\ 2.1 6.2Yr>.

pq 2.2 ] f � Δ .Lo����7�, � Beltrami p� μ(z) ∈M(Δ). ] z0 � Δ �

,IM0�%, O�,IM0� ε > 0, #J δ > 0 9 Δ �����7� F qoYCbc:

μF (z) = 0, |z − z0| ≤ δ2; (2.4)

|μF (z)| < k0 + ε, δ2 < |z − z0| < δ; (2.5)

F (z) = f(z), |z − z0| ≥ δ, (2.6)

�; k0 = ‖μ‖∞, {z : δ2 < |z − z0| < δ} ⊂ Δ.

rs Rm\ 2.1, �Æ,I� ε > 0, #J δ > 0 ; Δ �����7� g qoYCbc:

μg(z) = μ, |z − z0| ≤ δ2;

|μg(z)| < ε/3, δ2 < |z − z0| < δ;

g(z) = z, |z − z0| ≥ δ.

s F (z) = f ◦ g−1(g(z)). R��<�t8nt, 4
μF =

μf − μg

1 − μfμg

· ∂g/∂z

(∂g/∂z)
.

&u[K F qobc (2.4)–(2.6). r>[o. [o.

\] 1.1 urs �Æ,I p ∈ ∂Δ, 2- h∗p(μ) < h∗(μ), OR? [27] �?-, #JJW�
ν ∈ [[μ]], 36 h∗(μ− ν) �= 0. RÆ

μ(f ◦ g−1(g(z))) =
μf − μg

1 − μfμg

· ∂g/∂z

(∂g/∂z)
,

�; f ; g ���<HI. μf ; μg, Xp4 h∗(μf◦g−1(g(z))) �= 0. 0\ 1.1 6.[K.

Æ�&qa]�,IM0� p ∈ ∂Δ, h∗p(μ) = h∗(μ).

s {En}∞n=1 �qoYCbc��5BC:

En ⊂
{
z : z ∈ Δ, |z − p| < 1

n

}
; (2.7)

|μ|En | ≥ h∗p(μ) − 1
n
. (2.8)

�v� En w zn ∈ En,s Dn = {z : |z−zn| < δn}, 36 Dm∩Dn = ∅ (m �= n). Rr> 2.2,

�M0� εn = 1
n (n = 2, 3, . . .), #J ηn > 0 (ηn < δn) ; Δ �����7� gnqoYCbc:

μgn(z) = 0, |z − zn| ≤ η2
n; (2.9)

|μgn(z)| < k0 +
1
n
, η2

n < |z − zn| < ηn; (2.10)

gn(z) = f(z), |z − z0| ≥ ηn, (2.11)

�; k0 = ‖μ‖∞.
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s

g(z) :=

⎧⎪⎨
⎪⎩
gn(z), z ∈ Dn;

f(z), z ∈ Δ −
{ ∞⋃

n=1

Dn

}
.

(2.12)

�,IM0� δ > 0, #J� N , ��4 n > N, zn ∈ {z : |z − p| < δ} ∩ Δ. RÆ
μgn(z) = 0, |z − zn| ≤ η2

n, (2.13)

�K4
μg(z) = 0, |z − zn| ≤ η2

n. (2.14)

?r (2.8) . (2.14), 4 h∗(μ− μg) �= 0. vRÆ
μ(f ◦ g−1(g(z))) =

μf − μg

1 − μfμg

· ∂g/∂z

(∂g/∂z)
,

^4 h∗(μf◦g−1(g(z))) �= 0. UI. g ∈ [[μ]] �JW�, x�[K.

Y�, Δr = {z : |z| < r}. .[K0\ 1.2, 7? [27, m\ 2.1] yz�KYm\.

n] 2.3 [27] ] ν ∈ M (Δ). �,IM0� ε > 0, #Jk� r ∈ (0, 1) ; μ ∈ [[0]]B , 36

μ(z) = ν(z), z ∈ Δr ; ‖μ|Δ\Δr
‖ < ε

�I.

\] 1.2 urs �M0�JW� μ ∈ AB(Δ), s h0 = h∗(μ). Y�_�w6�JW�
ν ∈ [[μ]]B , 36 h∗(μ− ν) > 0 �I.

s D(z0, r) = {z : |z − z0| < r}. �Æ%C {zn}∞n=1 ⊂ Δ, |zn| → 1 (n → ∞), *+�w3

C {D(zn, rn)}∞n=1, 36�v� n, D(zn, rn) ⊂ Δ � D(zn, rn)∩D(zm, rm) = ∅ �Æ,I m �= n

�I.

�v�3
 D(zn, rn), s{ [[μ|D(zn,rn)]]B . Rm\ 2.3 4 ηn(z) ∈ [[0|D(zn,rn)]]B t r′n ∈
(0, rn], 36 ηn(z) = −μ(z), z ∈ D(zn, r

′
n) t ‖ηn|D(zn,rn)\D(zn,r′

n)‖ < 1
n . Xus

μ̃(z) :=

{
μ(z) + ηn(z), z ∈ D(zn, rn), n = 1, 2, . . . ;

μ(z), �d.

R ηn(z) ��wH μ̃(z) ∈ [[μ]]B � μ̃ � AB(Δ) ��JW�. : h∗(μ− μ̃) > 0, O0\[o.

: h∗(μ − μ̃) = 0, UI., K z ∈ ⋃∞
n=1D(zn, r

′
n) |, μ̃(z) = 0 t��4 n, (z − zn) ∈

[[0|D(zn,rn)]]B , s

ν(z) :=

{
αn(z − zn), z ∈ D(zn, r

′
n), n = 1, 2, . . . ;

μ̃(z), �d,

�; αn �qo 0 < ε0 < αnr
′
n < h0 �xg�. J h∗(μ−μ̃) = 0�a]Y,vw�w4 ν ∈ [[μ]]B

t h∗(ν − μ) = h∗(ν − μ̃) > ε0 > 0.

RÆ
μ(g ◦ f−1(f(z))) =

μg − μf

1 − μgμf

· ∂f/∂z

(∂f/∂z)
,

�; f , g ���<HI� μ, ν, 6. h∗(g ◦ f−1(f(z))) �= 0, ^4 h∗(μf◦g−1(g(z))) �= 0. [o.

yz x}yz~{�t
|}{��8~9�{.
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