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1 no

���� (�
�)������� ��� ��!�"#$���%&�'(�) (�

� [13]), �� �*����: � (Ω,F , P ) �+�����, Y1, Y2, . . . , Yn � Y ������

���,�:

Y = X + ε, (1.1)

�- X ������� f (�.) ��)��� , ε �/ X ������ �������
fε. !"�#0 Y1, Y2, . . . , Yn �&����� f̂n(· ;Y1, Y2, . . . , Yn), !��$1%&� %2
������ f .

03!"� Y ����� fY �3 f / fε �
�,

fY (y) = f ∗ fε(y) :=
∫

R

f(x)fε(y − x)dx.

4#"��*$��
������*. #%&, � fε $Æ� Dirac '� δ %, fY = f ∗ δ = f ,

(%�* (1.1) $Æ��)�&�������*.

��&'(-, ''*+5���� f �$�,�- x0 �)���. (#, ).3 Lp /*

���Æ(01 [9, 10, 12, 14–17, 26],-+/*��,-�Æ().. �+�����* Ψ",��

 f̂n � x0 ∈ R 2�-++3/*�6
Rp,n(f̂n,Ψ, x0) := sup

f∈Ψ

[
E|f̂n(x0) − f(x0)|p

] 1
p , p ∈ [1,∞),

�- f̂n(x) := f̂n(x;Y1, Y2, . . . , Yn) � EX ����� X �� /0. ,+4, 1

Rp,n(f̂∗n,Ψ, x0) � inf
f̂n

Rp,n(f̂n,Ψ, x0),

7$�� f̂∗n �*- Ψ"56.89.:/0;1,732�� A� B, A � B�� A ≤ CB

(C ���3 A � B �<8�); A � B %6 B � A; A ∼ B �� A � B / A � B �%0�.

=�, Rp,n(f̂∗n,Ψ, x0) ≥ inf f̂n
Rp,n(f̂n,Ψ, x0) >(0�.

9:��2 (MRA) [11] �3;�2�3?�4, 5�6<4����� L2(R) -�+57
@=A�� {Vj}j∈Z �6B;�87:

(i) >?@: Vj ⊂ Vj+1, ∀ j ∈ Z;

(ii) 9@@:
⋃

j∈Z Vj = L2(R),
⋂

j∈Z Vj = {0};
(iii) :;@: f(2 ·) ∈ Vj+1 ��8�7<+ j ∈ Z, " f( · ) ∈ Vj ;

(iv) 9�A�@: A� φ ∈ L2(R), !B {φ(· − k)}k∈Z C0 V0 �DC<:9, �- φ $�

MRA 7'�:���.

;(3;�2-�8(<= fjk( · ) := 2
j
2 f(2j · −k), j, k ∈ Z, 0"��&4.: ,� j ∈ Z,

{φjk( · )}k∈Z ��� Vj �DC<:9. E�:��� φ,

ψ( · ) =
∑
k∈Z

(−1)kh1−kφ1k( · ), �- hk = 〈φ, φ1k〉

� φ 7'�3;��. 7,�� j ∈ Z, {ψjk( · )}k∈Z C0�� Vj � Vj+1 -�<:F��
Wj �DC<:9. :/, Vj+1 = Vj ⊕Wj . ,+4, ,� j0 ∈ Z, {φj0k( · ), ψjk( · )}j≥j0,k∈Z /
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{ψjk( · )}j,k∈Z CC0 L2(R) �DC<:9 (D$3;9). Q#7<%� f ∈ L2(R), ��FB�
L2 %&�0�:

f =
∑
k∈Z

αj0kφj0k +
∑
j≥j0

∑
k∈Z

βjkψjk,

�- αjk := 〈f, φjk〉 � βjk := 〈f, ψjk〉.
+R&, � Pj ��Q L2(R) 6�=A�� Vj �<:CGDA, 77 f ∈ L2(R),

Pjf =
∑
k∈Z

αjkφjk.

1 φ 6B (θ) 87, E ∑
k∈Z

|φ(x− k)| ∈ L∞(R),

FG7<%� f ∈ Lp(R), "� Pjf ��&H�"%&�.

+H#$�IA� Meyer :����3;��, �S/I�J�KJ&ET4F�, E

suppφft ⊆
[
− 4π

3
,

4π
3

]
� suppψft ⊆

[
− 8π

3
, −2π

3

]
∪

[
2π
3
,

8π
3

]
.

��-, �� f ∈ L1(R) �S/I�J fft �&�
fft(t) :=

∫
R

f(x)e−itxdx.

8U�<�4L"��&GV6 L2(R) ��.

�M7��� ε K+H9�N�. � α > 0, c0 > 0 � β ∈ R, 1����� fε 6B:

(C1) |fft
ε (t)| � (1 + |t|2)−β

2 e−c0|t|α ;

(C2) |(fft
ε )′(t)| � (1 + |t|2)−β

2 e−c0|t|α ;

(C3) |fft
ε (t)| � (1 + |t|2)−β

2 e−c0|t|α ,

7$:H���WOXP� (super-smooth noises). Gaussian � Cauchy ����#I. � c0 =

0 � β ≥ 0 %, YH��$L�I�XP�� (ordinary-smooth noises).

Q&M,, Gaussian ������'(-�"#%�#$@ [5, 6, 8, 22]. < Cm(R) ��N7
R " m TRO4F���*. Carroll � Hall [1] PS.7 Cm(R) -����� Gaussian ��
87��
�-+���JTUZV93 (lnn)−

m
2 . ,+4, Stefanski � Carroll [21] CQ3�

� f̂K
n , [PS�-+/*56(JTU, E3�� f̂K

n � Cm(R)��-�89�. 1991 K,

Fan [9] ��)� Hölder L Hs(L) -, E\WOXP��87��893��, E

(lnn)−
2s
α � sup

f∈Hs(L)

E|f̂K
n (x) − f(x)| � (lnn)−

2s
α .

M(, Fan �]R�� [1, 21] �GV. 2013 K, Comte � Lacour [2] ;(3<�L:+]RGV
6^NS@�_O Hölder ��-.

TPU., `��3<��2�ab�����,--�Q�"R�, c�SA�V+HW
E. I�, ����.)TE; W79d@����, 
XXYZeYZ�. Z[��, 033;
9�%UWf@, 9:�#@;0[\�����gV, 3;<�4h]"�ZB[WX.ab
����Æ(�!. �%, 3;�"^XD�, :�'("\�#$.
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1999 K, Pensky � Vidakovic [20] W72H8���� (WOXP���I�XP��), ;

( Meyer 3;CQ�
��� [� Sobolev L- W s
2 (L) -Y�� L2 /*��. ZK1, Fan

� Koo [10] L"�_�GV]*+R���H BesovL Bs
r,q(L) (1 ≤ r ≤ 2)-. 2011K, Lounici

� Nickl [18] !". Besov L Bs
∞,∞(L)-�3;89 L∞ /*��. 2014 K, Li � Liu [14] ;(

3;<�B6 Besov L Bs
r,q(L) (s > 1/r, r, q ∈ [1,∞]) -�89 Lp /*��, �- p ∈ [1,∞).

�
��*-����-+/*�3;��Æ()7)., [�Æ(014^\6 1999 K

Walter ��_ [24]. `+<M, "�P"��iN�.j������`]XP@. ^�", ��

��,�- x0 ���) f(x0), *�>(��!"���� f �Y-$a!b�XP@.

,� x0 ∈ R, 1 s ∈ (0, 1] ��� f 6B7<%� x, y ∈ Ωx0 (Ωx0 � x0 �a!), A�8�
C > 0, !B

|f(y) − f(x)| ≤ C|y − x|s, (1.2)

7$�� f �" s UWf Hölder XP@.

87 (1.2) cÆ387
|f(x) − f(x0)| ≤ C|x− x0|s. (1.3)

I�, f(x) = |x|sIQ(x), �- IQ ��"��* Q"�#a��. _ x0 = 0, 56B87 (1.3),`

Z6B87 (1.2), :�4�"��� f � x �= 0 2ZRO. M(, 1�� f a3�)� Hölder

�� Hs(R) (0 < s < 1), 7 f �<%,� x0 ∈ R �a!bi6BWf Hölder 87. �LZ(.

< Hs(Ωx0) �6B87 (1.2) ���*, :/� C > 0 �,�8�. :�+b�8� C L

�1M�Y�-b#$R(. 7 s = N + δ, �- N �ak`�� δ ∈ (0, 1], FG f ∈ Hs(Ωx0)

%cV f (N) ∈ Hδ(Ωx0).

�&
Hs(Ωx0 ,M) := {f ∈ Hs(Ωx0), f ������ ‖f‖∞ ≤M}.

d=d\, Hs(Ωx0 ,M) ⊆ L2(R), :�4�∫
R

|f(x)|2dx ≤ ‖f‖∞‖f‖1 ≤M‖f‖1 < +∞.

��l 2eE\WOXP��87� Hs(Ωx0 ,M) ��-����-+/*��f��. �

]&, � f̂n � Hs(Ωx0 ,M) -���� f �<+�� (0,� Y1, Y2, . . . , Yn CQ) � 1 ≤ p <

∞, 7
inf
f̂n

sup
f∈Hs(Ωx0 ,M)

[
E|f̂n(x0) − f(x0)|p

] 1
p � (lnn)−

s
α . (1.4)

l 3 eL;( Meyer 3;CQ+H�
����� , [PS�� Hs(Ωx0 ,M) ��-568
9JTU (lnn)−

s
α , �Y3;�� �>I'�. ��81Æ(.�* (1.1) �WOXP��8

7�-+/*�ÆJT@, [B6/6C��+b�JTU.

2 pcde
�.E\ Hs(Ωx0 ,M) ��-�
�������f, ef�[PS�M�g-.
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qÆ 2.1 � Ψ �+�����*� “d” �� Ψ ×Ψ "�$1� . 1A� f0, fn ∈ Ψ (n

�,�d ) 6B:

(i) f0 ∗ fε(x) > 0;

(ii) d(fn, f0) ≥ an > 0;

(iii)
∫

R
(f0 ∗ fε)−1(x)(fn ∗ fε)2(x)dx ≤ n

√
λ, �- λ ∈ (1, 5),

77 f ∈ Ψ �<%�� f̂n(x;Y1, . . . , Yn) 0 1 ≤ p <∞,

inf
f̂n

sup
f∈Ψ

EfY d
p(f̂n, f) � ap

n.

rs 0 Jensen Z�B� 1 ≤ p <∞, d=d\
Ef0∗fεd

p(f̂n, f0) + Efn∗fεd
p(f̂n, fn) ≥ [Ef0∗fεd(f̂n, f0)]p + [Efn∗fεd(f̂n, fn)]p.

,+4, mh f0, fn ∈ Ψ,

2 sup
f∈Ψ

EfY d
p(f̂n, f) = 2 sup

f∈Ψ
Ef∗fεd

p(f̂n, f) ≥ [Ef0∗fεd(f̂n, f0)]p + [Efn∗fεd(f̂n, fn)]p. (2.1)

4� p ≥ 1, P; (|a| + |b|)p ≤ 2p−1(|a|p + |b|p). Q# (2.1) �gn"�f
21−p[Ef0∗fεd(f̂n, f0)+Efn∗fεd(f̂n, fn)]p �

[
Ef0∗fε |d(f̂n, fn)−d(fn, f0)|+Efn∗fεd(f̂n, fn)

]p
.

_-"B�87 (ii), (2.1) 4Æ�

sup
f∈Ψ

EfY d
p(f̂n, f) � dp(fn, f0)

[
Ef0∗fε |d−1(fn, f0)d(f̂n, fn)−1|+Efn∗fε [d

−1(fn, f0)d(f̂n, fn)]
]p

≥ ap
n

[
Ef0∗fε |d−1(fn, f0)d(f̂n, fn) − 1| + Efn∗fε [d

−1(fn, f0)d(f̂n, fn)]
]p
.

4(, �B6Yg-�_�hiPS
In := Ef0∗fε |d−1(fn, f0)d(f̂n, fn) − 1| + Efn∗fε [d

−1(fn, f0)d(f̂n, fn)] � 1. (2.2)

7 x = (x1, . . . , xn) ∈ Rn, <

F0(x) :=
n∏

l=1

f0 ∗ fε(xl), Fn(x) :=
n∏

l=1

fn ∗ fε(xl) 0 Gn(x) :=
n∏

l=1

(f0 ∗ fε)−1(xl)fn ∗ fε(xl).

087 (i) 4. Gn ��&�"%&�. 3�
Efn∗fε [d

−1(fn, f0)d(f̂n, fn)] =
∫

Rn

d−1(fn, f0)d(f̂n, fn)Fn(x)dx

=
∫

Rn

d−1(fn, f0)d(f̂n, fn)Gn(x)F0(x)dx. (2.3)

`+<M,

Ef0∗fε |d−1(fn, f0)d(f̂n, fn) − 1| =
∫

Rn

|d−1(fn, f0)d(f̂n, fn) − 1|F0(x)dx. (2.4)

_- (2.3), (2.4) / |x− 1| + |x| ≥ 1, Æ"
In ≥

∫
Rn

[|d−1(fn, f0)d(f̂n, fn) − 1| + d−1(fn, f0)d(f̂n, fn)
]
min{1, Gn(x)}F0(x)dx

≥
∫

Rn

min{1, Gn(x)}F0(x)dx.
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4� min{x, y} = 1
2 [(x+ y) − |x− y|], P;

In ≥ 1
2

∫
Rn

[1 +Gn(x) − |1 −Gn(x)|]F0(x)dx.

03 ∫
R
f0 ∗ fε(x)dx =

∫
R
fn ∗ fε(x)dx = 1, =� ∫

Rn F0(x)dx =
∫

Rn Gn(x)F0(x)dx = 1 �

In ≥ 1 − 1
2

∫
Rn

|1 −Gn(x)|F0(x)dx := 1 − bn
2
. (2.5)

;( Jensen Z�B, f'"
b2n ≤

∫
Rn

[1 −Gn(x)]2F0(x)dx =
∫

Rn

[
1 − 2Gn(x) +G2

n(x)
]
F0(x)dx

= −1 +
∫

Rn

G2
n(x)F0(x)dx.

,+4, mh F0 � Gn ��&087 (iii),

b2n ≤
[∫

R

(f0 ∗ fε)−1(x)(fn ∗ fε)2(x)dx
]n

− 1 ≤ λ− 1.

YB/ (2.5) � λ ∈ (1, 5) �S

In ≥ 1 − 1
2

√
λ− 1 > 0,

:%cV (2.2) 0�. og-BP. Pp.

t 2.2 Fano j���)��f��,- [7, 14, 18] -qi#$R(. ��!" Hs(Ωx0 ,M)

����f��, L;(g- 2.1 rgL. �.)21<�, ejh Fano j�.

� P , Q �2���"��������%� p, q. 1 P +3 Q k7RO, 7 P � Q �

Kullback–Leilber (K–L) i��&�
K(P,Q) :=

∫
p·q>0

p(x) ln
p(x)
q(x)

dx.

Fano uv [22] � (Ω,F , Pk) ���"���� Ak ∈ F , k = 0, 1, . . . ,m. 17 k �= v, "
Ak ∩Av = ∅, 7

sup
0≤k≤m

Pk(Ac
k) ≥ min

{
1
2
,
√
m exp(−3e−1 − Km)

}
,

�- Ac �� A �F*�

Km := inf
0≤v≤m

1
m

∑
k �=v

K(Pk, Pv).

Fano j�j0+�)7sk�<=: 2���"�L�� K–L i�. g- 2.1 dbl*9

t, 4�5�Z�87i�N������"�. `+<M, g- 2.1 �PS. Fano j� [3, 22]

*�D>. ^�", `��� [7, 14, 18] -;( Fano j�Æ(/*��f%i$lP Km � 1, k

8lm�:�PS)7no.

�M;(g- 2.1 E\� Hs(Ωx0 ,M) ��-�
������f�PS.

mv 2.3 � fε 6B (C1), (C2) � f̂n ����� f ∈ Hs(Ωx0 ,M) �<+�� , FG7

1 ≤ p <∞, ����0�:

inf
f̂n

sup
f∈Hs(Ωx0 ,M)

E|f̂n(x0) − f(x0)|p � (lnn)−
ps
α .
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rs � f0 � Cauchy �������, E f0(x) := 1
π(1+|x−x0|2) . d=lP

(f0 ∗ fε)(x) � 1
1 + |x− x0|2 . (2.6)

^�", Fatou j�nu
lim inf
x→∞ (1 + |x− x0|2)(f0 ∗ fε)(x) =

1
π

lim inf
x→∞

∫
R

fε(t)
1 + |x− x0|2

1 + |x− x0 − t|2 dt

≥ 1
π

∫
R

fε(t) lim inf
x→∞

1 + |x− x0|2
1 + |x− x0 − t|2 dt =

1
π
.

:�SA�8� A > 0, !B� |x− x0| ≥ A %,

(f0 ∗ fε)(x) ≥ 1
π(1 + |x− x0|2) ; (2.7)

`+<M,X_v�3� B > 0,!B
∫
|t−x0|≤B−A

fε(t)dt ≥ 1
2 . � |x−x0| ≤ A� |t−x0| ≤ B−A

%, |x− t− x0| ≤ |x− x0 + x0 − t| + |x0| ≤ |x− x0| + |t− x0| + |x0| ≤ B + |x0|. 3�
(f0 ∗ fε)(x) ≥

∫
|t−x0|≤B−A

f0(x− t)fε(t)dt =
∫
|t−x0|≤B−A

1
π(1 + |x− t− x0|2)fε(t)dt

� 1
1 + (B + |x0|)2

∫
|t−x0|≤B−A

fε(t)dt � 1 � 1
1 + |x− x0|2 .

_-"B� (2.7), EP (2.6).

� ψ � Meyer 3;��, < ψj( · ) := 2
j
2ψ(2j ·). ,� x0 ∈ R, �� gn (n = 1, 2, . . .) �&�

gn( · ) := 2−j(s+ 1
2 )ψj(· − x0), (2.8)

�- 3
2π ( ln n

2c0
)

1
α < 2j ≤ 3

π ( ln n
2c0

)
1
α . 0 Meyer 3;�@o |ψ(x)| � (1 + |x|2)−1 .

|gn(x)| = 2−j(s+ 1
2 )|2 j

2ψ(2jx− 2jx0)| = 2−js|ψ(2jx− 2jx0)| � 2−js

1 + 22j |x− x0|2

≤ 2−js

1 + |x− x0|2 � 2−jsf0(x). (2.9)

�&
fn := f0 + c∗gn, (2.10)

�- c∗ �33 1 �v�3�<8�. mh f0(x) > 0, (2.9) � limn→∞ 2−js = 0 ., 7<%�
x ∈ R �v�3� n, fn(x) ≥ 0. 4� ∫

R
ψ(x)dx = 0, P; ∫

R
gn(x)dx = 0 �

∫
R
fn(x)dx =∫

R
f0(x)dx = 1. Q#� n v�3%, fn �+�����.

� s ∈ (0, 1] %, =�7 |x− y| ≥ 1,

|f0(x) − f0(y)| ≤ |f0(x)| + |f0(y)| � 1 � |x− y|s;
`+<M, 7 |x− y| ≤ 1,

|f0(x) − f0(y)| �
∣∣∣∣ 1
1 + |x− x0|2 − 1

1 + |y − x0|2
∣∣∣∣ =

∣∣∣∣ |x− x0|2 − |y − x0|2
(1 + |x− x0|2)(1 + |y − x0|2)

∣∣∣∣
=

∣∣∣∣ (x− y)(x− x0 + y − x0)
(1 + |x− x0|2)(1 + |y − x0|2)

∣∣∣∣ ≤ |x− y| ≤ |x− y|s.
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� s = N + δ %, �- δ ∈ (0, 1] � N ≥ 1, f'" f
(N)
0 (x) = PN (x−x0)

(1+|x−x0|2)1+N , :/ PN (x) =∑N+1
k=1 akx

N+1−k � a1, a2, . . . , ak �8�. Hm&, 0 |PN (x−x0)|
(1+|x−x0|2)N � 1 .

|f (N)
0 (x) − f

(N)
0 (y)| �

∣∣∣∣ 1
1 + |x− x0|2 − 1

1 + |y − x0|2
∣∣∣∣ � |x− y|δ.

4(, f0 ∈ Hs(Ωx0).

�P fn ∈ Hs(Ωx0), hiP gn ∈ Hs(Ωx0). � s = N + δ, 77 x, y ∈ Ωx0 , "
|g(N)

n (x) − g(N)
n (y)| = 2−j(s−N)|ψ(N)(2jx− 2jx0) − ψ(N)(2jy − 2jx0)|.

4 ψ ∈ Hα(R) 7<%� α > 0 0�, o"B4Æ�

|g(N)
n (x) − g(N)

n (y)| � 2−j(s−N) · 2jδ|x− y|δ � |x− y|δ,
�- “�” �8�Zpp3 n, x � y. 3� gn ∈ Hs(Ωx0) � fn ∈ Hs(Ωx0). �% ‖f0‖∞ ≤ 1

π 0

‖fn‖∞ ≤ ‖f0‖∞ + c∗‖gn‖∞ � 1 0�. o {f0, fn} ⊆ Hs(Ωx0 ,M), �- M �33q�$�8�.

,+4, (2.6) nS (f0 ∗ fε)(x) � (1 + |x − x0|2)−1 > 0. _- (2.10), (2.8) � ψ(0) �= 0 (�

o [23]), Æ"
|fn(x0) − f0(x0)| = c∗2−js|ψ(0)| � 2−js.

�PS�� 2.3, hi�g- 2.1 -_ d(f, g) = |f(x0) − g(x0)| [�lP87 (iii) 0�E4.

mh (2.10), (fn ∗fε)2(x) = [(f0 +c∗gn)∗fε]2(x) = (f0 ∗fε)2(x)+2(f0 ∗fε)(x)(c∗gn ∗fε)(x)+

(c∗gn ∗ fε)2(x). 3�,
∫

R
(gn ∗ fε)(x)dx = 0 nu∫

R

(f0 ∗ fε)−1(x)(fn ∗ fε)2(x)dx = 1 + c2∗

∫
R

(f0 ∗ fε)−1(x)(gn ∗ fε)2(x)dx; (2.11)

`+<M,∫
R

(f0 ∗ fε)−1(x)(gn ∗ fε)2(x)dx �
∫

R

(1 + |x− x0|2)|2−j(s+ 1
2 )[ψj(· − x0) ∗ fε](x)|2dx

�
∫

R

|2−j(s+ 1
2 )[ψj(· − x0) ∗ fε](x)|2dx+

∫
R

x2|2−j(s+ 1
2 )[ψj(· − x0) ∗ fε](x)|2dx. (2.12)

;( Parseval �B0 suppψft ⊆ [−8π
3 ,−2π

3 ] ∪ [ 2π
3 ,

8π
3 ],∫

R

|2−j(s+ 1
2 )[ψj(·−x0) ∗ fε](x)|2dx

= 2−j(2s+1)(2π)−1

∫
R

|(ψj)ft(t)e−itx0fft
ε (t)|2dt

= 2−j(2s+1)2−j(2π)−1

∫
{t, 2π

3 2j≤|t|≤ 8π
3 2j}

·|ψft(2−jt) · fft
ε (t)|2dt. (2.13)

"B�87 (C1) %cV∫
R

|2−j(s+ 1
2 )[ψj(· − x0) ∗ fε](x)|2dx � 2−j(2s+1)e−2c0| 2π

3 2j |α2−j

∫
R

|ψft(2−jt)|2dt

= 2−j(2s+1)e−2c0| 2π
3 2j |α

∫
R

|ψft(t)|2dt

= 2−j(2s+1)e−2c0| 2π
3 2j |α

∫
R

|ψ(t)|2dt
= 2−j(2s+1)e−2c0| 2π

3 2j |α . (2.14)
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< q = (ψj)ft ·fft
ε ,7 q ∈ L1(R)��<+"Ep�"Wfk7RO,�% q′ = [(ψj)ft]′fft

ε +

(ψj)ft(fft
ε )′ ∈ L1(R). `q, |(q′)ft(x)|2 = |xqft(x)|2. ,+4,∫

R

x2|[ψj(· − x0) ∗ fε](x)|2dx =
∫

R

|(q′)ft(x)|2dx = 2π
∫

R

|q′(t)|2dt

�
∫

R

|[(ψj)ft]′(t)fft
ε (t) + (ψj)ft(t)(fft

ε )′(t)|2dt.

:/ (C1)–(C2) 0 suppψft ⊆ [−8π
3 , −2π

3 ] ∪ [ 2π
3 ,

8π
3 ], G\∫

R

x2|[ψj(· − x0) ∗ fε](x)|2dx � e−2c0| 2π
3 2j |α

∫
R

|[(ψj)ft]′(t) + (ψj)ft(t)|2dt.

r-"B� [(ψj)ft]′(t) = 2−
3j
2 (ψft)′(2−jt), f'"∫

R

x2|[ψj(· − x0) ∗ fε](x)|2dx � e−2c0| 2π
3 2j |α

∫
R

|2− 3j
2 (ψft)′(2−jx) + 2−

j
2 (ψft)(2−jx)|2dx

� e−2c0| 2π
3 2j |α

[
2−j

∫
R

|x|2|ψ(x)|2dx+ 1
]

� e−2c0| 2π
3 2j |α , (2.15)

�-�lw�Z�B�PS-(6 Parseval �B.

4(, 0 (2.12)–(2.15) � 2j > 3
2π ( ln n

2c0
)

1
α , 4B

n

∫
R

(f0 ∗ fε)−1(x)|fn ∗ fε(x) − f0 ∗ fε(x)|2dx � ne−2c0| 2π
3 2j |α ≤ 1.

"B/ (2.11) nu(∫
R

(f0 ∗ fε)−1(x)(fn ∗ fε)2(x)dx
)n

=
(

1 + c2∗

∫
R

(f0 ∗ fε)−1(x)(gn ∗ fε)2(x)dx
)n

≤ exp
{
nc2∗

∫
R

(f0 ∗ fε)−1(x)(gn ∗ fε)2(x)dx
}

≤ λ,

�- λ ∈ (1, 5) (4� c∗v�3), :,g- 2.1 -�87 (iii) 0�.

81, mhg- 2.1, an = 2−js ;0 2j ≤ 3
π ( ln n

2c0
)

1
α , ÆB6�� 2.3 �_�. Pp.

t 2.4 ^�", 4�
inf
f̂n

sup
x∈Ωx0

sup
f∈Hs(Ωx0 ,M)

E|f̂n(x) − f(x)|p ≥ inf
f̂n

sup
f∈Hs(Ωx0 ,M)

E|f̂n(x0) − f(x0)|p,

P;�� 2.3 �_�7 x ∈ Ωx0 +b0�.

3 wcde
�eÆ( Hs(Ωx0 ,M) -����-+/*�3;89��, ECQ3;�
��� [P

S�JTU/�� 2.3 -�_�)r-. �(, ejh2�#$�j�.

uv 3.1 [11] � g � Meyer :���s3;��, 7A�+�aq�� F ∈ L1(R) ∩
L∞(R), !B7<%� s ≥ 0,

∑
k∈Z

|g(x− k)g(y − k)| ≤ F (|y − x|) �
∫

R

|x|sF (|x|)dx < +∞.
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uv 3.2 [19] ��)�� f : R → R 6BWf Hölder 87 Hs(Ωx0) (s = N + δ) ��p
� [x0 − ε, x0 + ε] "" |f(x)| ≤M , FG7P"� x ∈ [x0 − ε, x0 + ε] � k = 0, 1, . . . , N ,

|f (k)(x)| ≤ Ck,

�- Ck > 0 pp3 M,C, ε � k.

�M�g-�PS�e�r$_�-Lqi#$R(.

qÆ 3.3 � φ � ψ �%� Meyer :����3;��. 1 f ∈ Hs(Ωx0 ,M), �- s =

N + δ (0 < δ ≤ 1), 77 x ∈ Ωx0 �v�3� j, ��_�0�:

(i) supf∈Hs(Ωx0 ,M)

∑
k∈Z |βjkψjk(x)| � 2−js;

(ii) f(x) =
∑

k∈Z αj0kφj0k(x) +
∑∞

j=j0

∑
k∈Z βjkψjk(x);

(iii) supf∈Hs(Ωx0 ,M) |f(x) − Pj0f(x)| � 2−j0s.

rs 4� βjk :=
∫

R
f(x)ψjk(x)dx, P;

∑
k∈Z

|βjkψjk(x)| =
∑
k∈Z

∣∣∣∣
∫

R

ψjk(y)f(y)dyψjk(x)
∣∣∣∣

=
∑
k∈Z

∣∣∣∣
∫
|y−x|≤2− j

2

ψjk(y)f(y)dyψjk(x)+
∫
|y−x|>2− j

2

ψjk(y)f(y)dyψjk(x)
∣∣∣∣

≤ I1(j) + I2(j), (3.1)

�-
I1(j) :=

∑
k∈Z

∣∣∣∣
∫
|y−x|<2− j

2

ψjk(y)f(y)dyψjk(x)
∣∣∣∣

�

I2(j) :=
∑
k∈Z

∣∣∣∣
∫
|y−x|≥2− j

2

ψjk(y)f(y)dyψjk(x)
∣∣∣∣.

5%673v�3� j, tL B(x, 2−
j
2 ) ⊆ Ωx0 � f ∈ Hs(Ωx0), �- s = N + δ. 3�,

Taylor xBnuV7 y ∈ B(x, 2−
j
2 ),

f(y) =
N∑

m=0

f (m)(x)
m!

(y − x)m +
f (N)(ξ) − f (N)(x)

N !
(y − x)N

0�, �- ξ = x+ θ(y − x) � θ �33q33 1 �8�. 4(

I1(j) =
∑
k∈Z

∣∣∣∣
∫
|y−x|<2− j

2

ψjk(y)ψjk(x)
[ N∑

m=0

f (m)(x)
m!

(y − x)m +
f (N)(ξ)−f (N)(x)

N !
(y − x)N

]
dy

∣∣∣∣

=
∑
k∈Z

∣∣∣∣
[ ∫

R

−
∫
|y−x|≥2− j

2

]
ψjk(y)ψjk(x)

N∑
m=0

f (m)(x)
m!

(y − x)mdy

+
∫
|y−x|<2− j

2

ψjk(y)ψjk(x)
f (N)(ξ) − f (N)(x)

N !
(y − x)Ndy

∣∣∣∣.
0 Meyer 3;�� ψ �stu#@4.7<% m = 0, 1, 2, . . .,∫

R

ψjk(y)ymdy = 0.
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5/j� 3.2 G\

I1(j) �
∫

Ωx0

∑
k∈Z

|ψjk(y)ψjk(x)| |f (N)(ξ) − f (N)(x)| |y − x|Ndy

+
N∑

m=0

∫
|y−x|≥2− j

2

∑
k∈Z

|ψjk(y)ψjk(x)| |y − x|mdy

:= I11(j) + I12(j). (3.2)

M(, mhj� 3.1 � f ∈ Hs(Ωx0),

I11(j) � 2j

∫
Ωx0

F (2j |y − x|)|ξ − x|δ|y − x|Ndy,

�- ξ = x + θ(y − x) � 0 ≤ θ ≤ 1. :/, f'(6 Hs(Ωx0) �&-�+b8� C. Q#7

s = N + δ,

I11(j) � 2j

∫
R

F (2j |y − x|)|y − x|sdy � 2−js. (3.3)

`+<M, s;(j� 3.1,

I12(j) �
N∑

m=0

∫
|y−x|≥2− j

2

2jF (2j |y − x|)|y − x|mdy

≤
N∑

m=0

∫
|y−x|≥2− j

2

2jF (2j |y − x|)(2 j
2 |y − x|)2s−2m|y − x|mdy

=
N∑

m=0

2−js

∫
R

F (2j |y − x|) (
2j |y − x|)2s−m

d2jy � 2−js. (3.4)

��,

I2(j) ≤ ‖f‖∞
∫
|y−x|≥2− j

2

∑
k∈Z

|ψjk(y)ψjk(x)|dy �
∫
|y−x|≥2− j

2

2jF (2j |y − x|)dy

≤
∫
|y−x|≥2− j

2

2jF (2j |y − x|)2js|y − x|2sdy � 2−js. (3.5)

_- (3.1), (3.2) � (3.3)–(3.5), Æ"
sup

f∈Hs(Ωx0 ,M)

∑
k∈Z

|βjkψjk(x)| � 2−js,

E_� (i) BP.

uP_� (ii). 0_� (i) =�O� ∑∞
j=j0

∑
k βjkψjk(x) � Ωx0 "+bJT. ^�", 4

� |αj0kφj0k(x)| ≤ 2j0 |φ(2j0x − k)| � 2j0 1
1+|2j0x−k|2 �O�

∑
k

2j0

1+|2j0x−k|2 +bJT, P;∑
k αj0kφj0k(x) H+bJT. s;( φ � ψ �RO@, ��

∑
k∈Z

αj0kφj0k(x) +
∞∑

j=j0

∑
k∈Z

βjkψjk(x)

� Ωx0 "RO. `+<M, f ∈ Hs(Ωx0 ,M)nu f � Ωx0"RO. 5%6,�B f =
∑

kαj0kφj0k+∑∞
j=j0

∑
k βjkψjk � L2(R) %&�0�%cV

f(x) =
∑
k∈Z

αj0kφj0k(x) +
∞∑

j=j0

∑
k∈Z

βjkψjk(x)
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� R "vw220�, �(� Ωx0 "Hvw220�. 4�2�RO���+�t*"vw2
2)�75't-)�, P;_� (ii) 0�.

mh_� (ii) �PS4.7 x ∈ Ωx0 , " Pjf(x) =
∑

k αjkφjk(x). 5/_� (ii) yb

|f(x) − Pj0f(x)| ≤
∞∑

j=j0

∑
k∈Z

|βjkψjk(x)|

0�. 81, _� (iii) 40_� (i) NxG\. Pp.

t 3.4 g- 3.3 (ii) �S7<%� f ∈ Hs(Ωx0 ,M), XY-I� φ � ψ Æ"
f(x) =

∑
k∈Z

αj0kφj0k(x) +
∞∑

j=j0

∑
k∈Z

βjkψjk(x)

t-0�. `+<M, _� (iii) L�-+/*�vzw��-qi+yR(, ��� 3.6 �PS.

�Æ(WOXP��87��* (1.1) �-+/*"f, [ejh3;�
��� . <

(Kjφ)(y) :=
1
2π

∫
R

eity φft(t)

fft
ε (−2jt)

dt, (3.6)

�- φ � Meyer :���. 087 (C3) 0 suppφft ⊆ [−4π
3 ,

4π
3 ] . Kjφ �"%&�.

�&
α̂jk :=

1
n

n∑
l=1

(Kjφ)jk(Yl) =
2

j
2

n

n∑
l=1

(Kjφ)(2jYl − k), (3.7)

FG�)�7@3;�� 
f̂ lin

n (x) :=
∑
k∈Z

α̂jkφjk(x). (3.8)

^�", (3.7) -� α̂jk �:�x� αjk �+�&v��, E Eα̂jk = αjk (�� [16, 25]).

�.{P�� ��(@, �&"Ey�3;�� 
f̂n,F (x) :=

∑
|k|≤Kn

α̂jkφjk(x), (3.9)

�-<`� Kn L�1ME\.

�Pj� 3.5, f'i$�M:��)�Z�B.

Rosenthal uvx [11] ���������� X1, . . . ,Xn 6B EXl = 0 � E|Xl|p <
∞ (l = 1, . . . , n), 7

E

∣∣∣∣
n∑

l=1

Xl

∣∣∣∣
p

�

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

n∑
l=1

E|Xl|p +
( n∑

l=1

EX2
l

) p
2

, p > 2;

( n∑
l=1

EX2
l

) p
2

, 0 < p ≤ 2,

�- “�” -�8�8pp3 p.

uv 3.5 � φ � Meyer :���� fε 6B87 (C3), 77 (3.7) -�&� α̂jk,

E|α̂jk − αjk|p � n−
p
2 2pj(β+ 1

2 )ec0p( 4π
3 2j)α

.
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rs 0 α̂jk � αjk ��&, =�
E|α̂jk − αjk|p =

1
np
E

∣∣∣∣
n∑

l=1

[(Kjφ)jk(Yl) −E(Kjφ)jk(Yl)]
∣∣∣∣
p

:=
1
np
E

∣∣∣∣
n∑

l=1

ξl

∣∣∣∣
p

, (3.10)

�- ξl = (Kjφ)jk(Yl) − E(Kjφ)jk(Yl). M(, 0 (3.6), suppφft ⊂ [−4π
3 ,

4π
3 ] �87 (C3) G\

7<%� l = 1, 2, . . . , n,

|(Kjφ)jk(Yl)| =
∣∣∣∣2

j
2

2π

∫
R

eit(2jYl−k) φft(t)

fft
ε (−2jt)

dt

∣∣∣∣ ≤ 2
j
2

2π

∫ 4π
3

− 4π
3

|φft(t)|
|fft

ε (−2jt)|dt

� 2
j
2

∫ 4π
3

− 4π
3

(1 + |2jt|2) β
2 ec0|2jt|αdt � 2j(β+ 1

2 )ec0(
4π
3 2j)α

. (3.11)

,+4, E|ξl|p � 2pj(β+ 1
2 )ec0p( 4π

3 2j)α

. mh Rosenthal Z�B

E

∣∣∣∣
n∑

i=1

ξl

∣∣∣∣
p

�
n∑

i=1

E|ξl|pI{p>2} +
( n∑

l=1

Eξ2l

) p
2

� n2pj(β+ 1
2 )ec0p( 4π

3 2j)α

I{p>2} + n
p
2 2pj(β+ 1

2 )ec0p( 4π
3 2j)α

.

_-"B� (3.10), Æ"
E|α̂jk − αjk|p � n−

p
2 2pj(β+ 1

2 )ec0p( 4π
3 2j)α

,

EB6/0�_�. Pp.

z�f�[PS�e�r$_�.

mv 3.6 �j� 3.5 �N��, 1 p ∈ [1,∞) � ‖x2f(x)‖∞ � 1, X_ Kn ∼ e(ln n)θ

(0 <

θ < 1) � 3
8π ( ln n

4c0
)

1
α < 2j ≤ 3

4π ( ln n
4c0

)
1
α , 7 (3.9) -�&��(�� f̂n,F 6B7 x ∈ Ωx0 ,

sup
f∈Hs(Ωx0 ,M)

E|f̂n,F (x) − f(x)|p � (lnn)−
ps
α . (3.12)

� 1 < p <∞ %, 87 ‖x2f(x)‖∞ � 1 40 ‖xf(x)‖∞ � 1 rg.

rs 0 Eα̂jk = αjk � Pjf(x) :=
∑

k∈Z αjkφjk(x), B

E|f̂n,F (x) − f(x)|p � E|f̂n,F (x) −Ef̂n,F (x)|p +
∣∣∣∣

∑
|k|>Kn

αjkφjk(x)
∣∣∣∣
p

+ |Pjf(x) − f(x)|p

:= I1(j;n) + I2(j;n) + I3(j;n). (3.13)

73vzw I3(j;n), mhg- 3.3 (iii) � 2j �X_, "
I3(j;n) := |Pjf(x) − f(x)|p � 2−jps � (lnn)−

ps
α . (3.14)

4� |αjk| ≤
∫

R
|φjk(x)|f(x)dx � ‖xφ(x)‖∞ � 1, P;;( ‖x2f(x)‖∞ � 1 .

|k2αjk| �
∫

R

|2jx− k|2|φjk(x)|f(x)dx+
∫

R

|2jx|2|φjk(x)|f(x)dx.

≤ 2
j
2 ‖x2φ(x)‖∞ + 22j‖x2f(x)‖∞

∫
R

|φjk(x)|dx � 2
3
2 j .

,+4, |αjk| � 2
3
2 j |k|−2 �∑

|k|>Kn

|αjk|p �
∑

|k|>Kn

k−2p2
3
2 pj � K1−2p

n 2
3
2 pj .
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:/ φ �"f@G\
I2(j;n) :=

∣∣∣∣
∑

|k|>Kn

αjkφjk(x)
∣∣∣∣
p

� 2
pj
2

∑
|k|>Kn

|αjk|p � 22pjK1−2p
n = o((lnn)−

ps
α ). (3.15)

�%, (3.15) �0�HBw3 Kn ∼ e(ln n)θ

(0 < θ < 1), 3
8π ( ln n

4c0
)

1
α < 2j ≤ 3

4π ( ln n
4c0

)
1
α � p ≥ 1.

{�hi�� I1(j;n) E4. M(

|f̂n,F (x)−Ef̂n,F (x)| =
∣∣∣∣

∑
|k|≤Kn

(α̂jk−αjk)φjk(x)
∣∣∣∣ ≤

∑
|k|≤Kn

|α̂jk−αjk| |φjk(x)| 1p |φjk(x)| 1
p′ ,

�- 1
p + 1

p′ = 1. 3�, ;( Hölder Z�B

I1(j;n) := E|f̂n,F (x) −Ef̂n,F (x)|p ≤ E
∑

|k|≤Kn

|α̂jk − αjk|p|φjk(x)|
( ∑

|k|≤Kn

|φjk(x)|
) p

p′
.

_-"B/j� 3.5 0 φ � (θ) 87, f'"
I1(j;n) � n−

p
2 2pj(β+ 1

2 )ec0p( 4π
3 2j)

α

2
j
2 2

p
2p′ j = n−

p
2 2pj(β+1)ec0p( 4π

3 2j)
α

� n−
p
2 (lnn)

p(β+1)
α n

p
4 = o((lnn)−

ps
α ). (3.16)

"BDÆ%(6. 1 + p
p′ = 1

p � 2j �X_.

4(, 0 (3.13)–(3.16) 4G\7<%� x ∈ Ωx0 ,

sup
f∈Hs(Ωx0 ,M)

E|f̂n,F (x) − f(x)|p � (lnn)−
ps
α .

� 1 < p <∞ %, d=lP
∑

|k|≥Kn

|k|−p ∼
∫ +∞

Kn

1
xp
dx =

1
p− 1

K1−p
n .

`+<M, |kαjk| ≤
∫

R
|k| |φjk(x)|f(x)dx ≤ ∫

R
|2jx− k| |φjk(x)|f(x)dx+

∫
R
|2jx| |φjk(x)|f(x)dx.

5/x�N� ‖xf(x)‖∞ � 1 nu
|kαjk| � 2

j
2 ‖xφ(x)‖∞ + 2j‖xf(x)‖∞

∫
R

|φjk(x)|dx � 2
j
2 .

,#, |αjk| � 2
j
2 |k|−1. Hm3 (3.15), � p > 1 %, mh Kn � 2j �X_,

I2(j;n) � 2
pj
2

∑
|k|>Kn

|αjk|p � 2pj
∑

|k|>Kn

|k|−p � 2pjK1−p
n = o((lnn)−

ps
α ).

�,, I1(j;n) � I3(j;n) ���S(0�. o (3.12) 0�. Pp.

t 3.7 7.�� 2.3�_�, �� 3.6�S"Ey�3;�� f̂n,F E\.-+/*�8
9��, E�JTU/�� 2.3 -��f+b. ,+4, Hm35 2.4, f'z4;PSYJTU
+3 Ωx0 �+b@. 4�Wf Hölder 87��&-�"+b8� C, P;YJTU�+b@{
MB>(..

t 3.8 k|*|b�!}, �� 3.6 - j � Kn �X_Zpp3��������.b�
s, :%cV"Ey�3;�� �WOXP��87��">I'@.
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}(ÆJT�6CJT|Znu, ��G�nSf'CQ�"Ey��� �WOXP��
87�21JTU)�. 'Y6\��Y3;�� �ÆJT%&�H�">I'@. �E\�
]PSL~, ef�"fz�Z�B.

yyz�uvx [4, 16] � A ⊆ R ��� g : An → R 6B
sup

x1,...,xn,x′
l∈A

|g(x1, . . . , xn) − g(x1, . . . , xl−1, x
′
l, xl+1, . . . , xn)| ≤ cl,

77<%� ε > 0 0�����,� X1,X2, . . . ,Xn,

P{|g(X1,X2, . . . ,Xn) −Eg(X1,X2, . . . ,Xn)| > ε} ≤ 2 exp
{
− 2ε2∑n

l=1 c
2
l

}
.

z{ 3.9 ��� 3.6 �N��, 7<+ x ∈ Ωx0 � p ∈ [1,∞), 7����0�:∣∣f̂n,F (x) − f(x)
∣∣p = oa.s. ((lnn)−

ps
α ).

rs ,� x ∈ Ωx0 , �& g(Y1, Y2, . . . , Yn) := ε−1
n |f̂n,F (x;Y1, Y2, . . . , Yn) − f(x)|p, �-

εn := (lnn)−
ps
α . 3�

|g(Y1, . . . , Yn) − g(Y1, . . . , Y
′
l , . . . , Yn)|

= ε−1
n | |f̂n,F (x;Y1, . . . , Yn) − f(x)|p − |f̂n,F (x;Y1, . . . , Y

′
l . . . , Yn) − f(x)|p|

� ε−1
n |f̂n,F (x;Y1, . . . , Yn) − f̂n,F (x;Y1, . . . , Y

′
l . . . , Yn)|p.

0 f̂n,F ��& (� (3.9)), "B4DÆ�

|g(Y1, . . . , Yn) − g(Y1, . . . , Y
′
l , . . . , Yn)| � ε−1

n

[ ∑
|k|≤Kn

|α̂jk − α̂′
jk| |φjk(x)|

]p

, (3.17)

:/ α̂′
jk := 1

n

[∑n
m=1,m �=l(Kjφ)jk(Ym) + (Kjφ)jk(Y ′

l )
]
.

mh (3.11), =� |α̂jk − α̂′
jk| = 1

n |(Kjφ)jk(Yl) − (Kjφ)jk(Y ′
l )| � 1

n2j(β+ 1
2 )ec0( 4π

3 2j)α

. _-

5/ (3.17) 0 φ � (θ) 87, Æ"
|g(Y1, . . . , Yn) − g(Y1, . . . , Y

′
l , . . . , Yn)| � ε−1

n n−p2pj(β+ 1
2 )ec0p( 4π

3 2j)α

2
pj
2

= ε−1
n n−p2pj(β+1)ec0p( 4π

3 2j)α

.

Q#�"fz�Z�B_ cl = ε−1
n n−p2pj(β+1)ec0p( 4π

3 2j)α

, [0 2j �X_.7<%� ε > 0,

P{ε−1
n | |f̂n,F (x)−f(x)|p−E|f̂n,F (x)−f(x)|p| > ε} ≤ 2 exp

{
− 2n2p−1ε2nε

2

22pj(β+1)e2c0p( 4π
3 2j)α

}

≤ 2 exp
{ − 2n

3p
2 −1(lnn)δε2

}
, (3.18)

�- δ �$�,�8�.

M(, P{ε−1
n |f̂n,F (x) − f(x)|p > ε} ≤ P{ε−1

n | |f̂n,F (x) − f(x)|p − E|f̂n,F (x) − f(x)|p| +

ε−1
n E|f̂n,F (x) − f(x)|p > ε}. :/ (3.12) (73,�� f) 0 (3.18) G\

P{ε−1
n |f̂n,F (x) − f(x)|p > ε} ≤ P

{
ε−1

n | |f̂n,F (x) − f(x)|p −E|f̂n,F (x) − f(x)|p| > ε

2

}

≤ 2 exp
{
−1

2
n

3p
2 −1(lnn)δε2

}
.
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4(, 0 p ≥ 1 . ∑∞
n=1 P{ε−1

n |f̂n,F (x) − f(x)|p > ε} < +∞. 81, ;( Borel–Cantelli j�E
B/0�_�. Pp.

|} ~{}"S~���|��}.
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