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1 r�
1859 �, �	 (Bernhard Riemann) � Monatsberichte der Berliner Akademie 
����

���� “
�	����	��
�” [8] 	
�,������	���Æ� ζ(s) =
∑∞
n=1

1
ns


�
���, ��	���	Æ���

π− s
2 Γ

(
s

2

)
ζ(s) = π− 1−s

2 Γ
(

1 − s

2

)
ζ(1 − s), (1.1)

�� Γ(s) ��
 Γ-Æ� (���� s 	�� Re(s) > 0 �, Γ(s) =
∫ ∞
0

e−xxs−1dx). 
�	

�� (1.1) �	��� Re(s) = 1
2 ���	, ����	���, 
�� ζ(s) ��
����,

s = 0 � 1 � Γ( s2 )ζ(s) ��	�� (�� “�”) ��. �	 Γ-Æ���������, ����

� −2,−4, . . . �� ζ(s) 	��, ���������. ��
����
∞∑
n=1

1
ns

=
∏
p

(
1 − 1

ps

)−1


�, � Re(s) > 1 �, ζ(s) �= 0, �� ζ(s) ��	 “ �!��” " �Æ�!� {s : 0 ≤
Re(s) ≤ 1} �, ���	��� Re(s) = 1

2 �����, � ρ � �!���"�� 1 − ρ,

ρ � 1−ρ �� �!��, ��	 ρ �Æ�� ρ 	���. ���Æ�	�#�$, �	 #
� ζ-Æ�	���%, � s 	 � t &$'�, �!!� [t, t + 1] �"	!��	��
� (�

�#$�) �� 1
2π log t

2π . �	��	��, �	�$��
 �!��, '(!�%�)*:

"# (�	 &) Æ� ζ(s) 	%� �!��� ����	��� Re(s) = 1
2 
.

�	�	 &	!&'"'
+# [3], �	(�)*	� ζ(s) 	��, �,$��$%�
�	$-, ���	&.
, ζ(s) ��� “Re(s) = 1 ” 
)���'*/
���(	 #, �

��$-	)���: + π(x) =
∑

p≤x 1 (0'	 x 	��
�), (

π(x) ∼ li(x) ∼ x

log x
, (x→ ∞), (1.2)

�� li �,���$ li(x) =
∫ x
2

(1/ log t)dt, �*�) “∼” �Æ+%&Æ�*� 1. 1896 �,

Hadamard [4] � Vallée-Poussin [10] 1	2 #� ζ-Æ�� Re(s) = 1 
� �	, '���	
Æ+	-, .3 #����(. /�
, �	�4
 [8] �,&.
��	�*0� (�1�,

5� #):

() 1 �	 &6	�"���2# ε > 0, � π(x) = li(x) + O(x
1
2+ε).

�	���
�Æ� ζ(s) 	��$-, -72, ���	!*, -���$%+���8.
/ (���$-), . ζ-Æ���	/00345���$-, 9 160 �-, 1���	 &	�

�1263,6,�4%Æ�7�%	)5�68/
 #. 82����	 &6		�7�,

/
��9
�(	 #, �"�8��	 &�*	0�:8��9	;$-�.

,
�&,	)3
��, 1�::4.8<�9%
;�	�8, -$;=���	 ζ-Æ

�, �1����$-	("75<<-. .=, 1����+���>	�8./	("��
,, ��� ζ-Æ�	6), /
��.�8 Fourier �7, �� KS-�7, �
8! Mellin �7

	�.9>, 9:�� Mellin �7?�0��	�$. �,, �� KS-�71��:�+���
8./	�. “��” [2], ����$-=�	 &�@�'+�/;�$0	= (<��) 	@

�, �?����Æ�
$0	
��� “�0;” 	��. /�
, 1��		$0(

�"
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.
�B	 L-Æ�
, L-Æ�	��@��
/;�$0	=	@�. KS-�7�1���	@

�, ��8<$;��
��	AA, ��	6)1�B�,B
��BB2C.

C
� 6 D, D 2 D1�EF�+��	G8�,�HE Fourier $;	�), �	��8

�,� ζ(s) 	�). D 3 D�$� KS-�7��C�7, �
8!���8FD [1,∞) ��F

�� {σ + it : σ ≥ 1
2} &�	���), �CG�+Æ�I�
	�J$0. D 4 D1� #�

KS-�7HI�D�Æ�I�
<�./, � [1,∞) 
Æ�	�8K�� KS-�7��"��F

��
Æ�	��. D 5D�1����HEJLMN L-Æ�� KS-(C)�7��"	Æ�, �

�:��E?.	O0. 2,�D�1�.$0	ÆK�:� L-Æ� �!��	�*$%, �

L-Æ���F�� �&$LF��"	K�$0ÆK��, "��
��	$0ÆK (	P�

�). ��GMN-I�	QE; (���K34RS�	$"), 1�/
�$0	T5$"�
�, �	 &�0���D"	�*�O, D��(	 #B�,B
���:.


��.
	HE$;�$0(
	FG (O% Poisson H����) 
+# [5, 9] <?.

K3UP.

2 s6789:;<
.8<HI-I, �	�J
+�� n �"<�,
�
�Æ� 1

ns , �� s ����, C

�,	�
-���HI�+��	�8./ (�"	�Æ�	��). �	K�+��	G8
�, n → e2πinθ, J�=LÆ�	 Fourier V�2C�M$	��, �1�K�	 Riemann–

Lebesgue�(
�5�: L2(S1) > l2(Z) t?@ Fourier ABCuDv,"C�7<K$0�
:� S1 
Æ�	��L$
 Z 
	Æ�G8K�L$&�	<�M/. (���	G8�,
�"	����
	�!N= S1, 9� ��� (<+��) 
	*E, �Æ�	WQ8, S1 


	Æ� e2πinθ (n ≥ 0) 
��
N=F (��O�Æ� zn �N=
	*E), %� ����"

��!NN�NNF	";Æ�, �����WQ8+��� Fourier �7��"	��!N

N D = {z ∈ C : |z| ≤ 1}, �RX�!N=����$6�+Y, N=P	";Æ�
����
��"	-F�:, ���!N=�����$�S, �:����4�&�	�7. �.��
Z ��!N= S1 &�	����
���O��4%�9����9$-	TP, C
1�Z

0>GQ
����8Q�, U&'	R

+# [2].

1�[+��\ N = {1, 2, . . .}, N0 = {0, 1, 2, . . .}, & n → Ln � N 	�
�,RH
LnLm = Lnm. �?2, Ln ��<��	S�<��I�
	TS, 9�
�<��<�./

(Æ% Ln = Mn(C), LnLm = Mn(C)⊗Mm(C)). U�B2, 1�0V� Ln 8!RH�8L$	
�
W], G
�)�
/6�
��6TV�<� A = {∑n∈N

anLn : an ∈ C}, ��	 (�8)

�!S� L1, �!S L1 	)� �	V�"
C. 1����	�
-US� ∑
n∈N

Ln [�

R, �	C R−1 =
∑

n∈N
μ(n)Ln, ��	 μ � Möbius Æ�. �+��	�8./0V8:, C

<�?���!S L1 � Lp (p ��) P6.

�	UW	+��	�8�,� Ln = n−s, �� R =
∑

n∈N
n−s = ζ(s), !��Æ� ζ(s)

� s 	�� Re(s) > 1 	VF����$"";, s = 1 � ζ(s) �E. ^Æ	��	G8�,,

1�+�F@: D�	 N 	�8, n−s � S1 
	Æ� e2πinθ (D�	 Z 	G8./) ��IF
X? <U�B2, +���"
�8./	-F�YE? �EXC@��, 1�88+��	Z
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P�. ($0	) �8�,.

��
_�`	R7D-I, -F�0
W�,�:, 2a (�*X	<
W;)�,"
�

$"60
W�,	��. �B-I, (�*) D	4(�,!0
W$"�
/
YZ	0
W
�,	/0, �[�
D	4(�,)�0
W$"�, 4(�,\����D<D
$;	I
Fb:. +����8�I�/6FD, ��P6	D�4�(��>, ��
�?#$� _

�`	D, �	?[; (&�) �4���>, [� R+. %�+��'�+
2+�	 (4() �

,, �
�
+]	, Z�
�
 R+ 
. ��
�,�)�^�G_	`��, %CG	Æ�I

�
	$0
*a\c	�$.& n→ Ln � N	4(�,, [ δn � N
 n�W�� 1, �J2

�W 0 	-FÆ�, bc Rδ1 =
∑
n∈N

Lnδ1 =
∑
n∈N

δn '��
 N 
��� 1 	?�Æ�, �

��)�2a�dÆd�CÆ��0�68�(, 9+��
%aG_[/?�Æ�6� “c”

Æ� (Æ%��
�) '0��
�+�	@�, /�
, N 
	QE�*Q (�J
+���	
*Q"� 1) �0�:��8�Y0�	*Q, �����8L$�, 1�ZF� N 
:���

8L$��6	 (�Y0�	) *Q, �Me[R&�, 1�=8�8 N � R+
	�8�,.

�D R7�, 4(�,
$�JV+
, ��DL$�.ef	FH, WV4(�,�1
�FHV��=WS�	C,O% Ln : x→ xn−1;�R7D�I,.S�<�C!�8"��,.

E
�8FD N, 1�W� N � R+ 
	!. Ln(x) = x
n , �� Ln CG	 R+ 
	Æ�I�


	$0� (Lnf)(x) = f(nx), �!.
���
�
4�(�=6,�4��/6	D
, %�

	
�"�R7./�fg,%�0
W�,$"�	$�"��X	.& g(x)���X0�0
I��	 �Æ�, (]� N <4�(�D
	Æ� α(n), [/ (Lng)(x) = g(nx) = α(n)g(x)

�%� x ∈ R+ 6	. %g� g 4h;��, & g(1) = 1, (
/ α(n) = g(n). \� n �86�


���, '/
 g � R+ 
	�8-F, � x, y ∈ R+ �, g(xy) = g(x)g(y), ��]��� s,

[/ g(x) = xs. ��-FCG	 “�8 Fourier �7” '�K�	 Mellin �7: & f � R+ 


	Æ�, [�	 Mellin �7� f̃ , (

f̃(s) =
∫ ∞

0

f(x)xsd∗x,

�� d∗x � R+ 
	�80�	 Lebesgue *Q: d∗x = dx
x = d log x. ��, �
	R
���


	, 0�1$ “]^” 	, ��1�)�33245 R+ 
	 “Æ�^” , �)��$�,%a

! “��” $", !]^	R

+# [2].

���� Mellin �7-8+
O0.

K 2 .=�� ρN(x) � N(� R+ �) 	_hQÆ�, � ρN 	-`\� N, "�J
+�
���:	*Q� 1; �ZP�.WQ8, 
+ S(x) =

∑
n≤x 1 = [x] ��
�$� R+ 
	$

aiB	Æ�, ( ρN(x)dx = dS(x). � ρN ! Mellin �7

ρ̃N(s) =
∫ ∞

0

ρN(x)xsd∗x =
∞∑
n=1

ns−1 = ζ(1 − s),

��
��	 ζ-Æ��+��\
	-FÆ�! “�8 Fourier �7” ,/
	Æ�.

K 3 �
O0�, 1�88+���8!.� R+ 
� ζ-Æ�	�), ���$0 R =∑
n∈N

Ln 	�$. [ S(R+) � R+ 
	 Schwartz Æ��>, 0V^ , � f ∈ S(R+) �,

(Rf)(x) =
∑

n∈N
f(nx) ����$, "iB
3, � x → ∞ �, Rf � Schwartz ^. �/
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 Rf �����jibk�$, 1�ZF &
∫ ∞
0
f(x)dx = 0, ��1�� f l&6 R 
	�

Æ�, �+ f(−x) = f(x). [ f̂ � f � R 
	 Fourier �7, � f̂(x) =
∫ ∞
−∞ f(t)e−2πitxdt, bc

f̂ ∈ S(R),�� R
	 SchwartzÆ�," f̂(0) =
∫ ∞
−∞ f(x)dx = 0. � x �= 0�,+ F (y) = f(yx),

bc F iB"j	 L1(R). �� Poisson H���, 1�
/

Rf(x) =
∑
n∈N

f(nx) =
1
2

∑
n∈Z

f(nx) =
1
2

∑
n∈Z

F (n) =
1
2

∑
n∈Z

F̂ (n)

=
1
2

∑
n∈Z

∫ ∞

−∞
F (y)e2πinydy =

1
2

∑
n∈Z

∫ ∞

−∞
f(yx)e2πinydy =

1
2

∑
n∈Z

∫ ∞

−∞
f(t)e2πin t

x
dt

x

=
1
2x

∑
n∈Z

f̂

(
n

x

)
=

1
x

∑
n∈N

f̂

(
n

x

)
.

�� f̂ ∈ S(R), %�� y → ∞ �,
∑
n∈N

f̂(ny) jibk, ��"	�, � x → 0 �, Rf(x) j

ibk. ��1�/
: L f ∈ S(R+) M ∫∫∫ ∞
0

f(x)dx = 0 N, Rf ∈ S(R+). 1�. S0(R+)

-[RH ∫ ∞
0
f(x)dx = 0 	 Schwartz Æ� f 	�>.

0V^ ,� g ∈S(R+)�, g	Mellin�7 g̃(s)����
����$	";Æ�, %��

f ∈S0(R+)" ��, 1�� f̃(s)� R̃f(s)"�����
��$	";Æ�, � Re(s) > 1�,

R̃f(s) =
∫ ∞

0

( ∑
n∈N

f(nx)
)
xsd∗x =

∑
n∈N

∫ ∞

0

f(nx)xsd∗x

=
∑
n∈N

∫ ∞

0

f(y)
(
y

n

)s
d∗y =

∑
n∈N

n−s
∫ ∞

0

f(x)xsd∗x = ζ(s)f̃(s).

��
�, � Mellin �7�, ζ(s)�$0 R	 “-FÆ�”, " R̃f(s)

f̃(s)
�0_m	 f 	�����

$	`cÆ�, �� Re(s) > 1 �� ζ(s) �O, %�, 1�
�� R̃f(s)

f̃(s)
8! ζ(s) �����	

�$ (<�����
	+���).

�
�+
O01�8
�	 ζ-Æ��+���8!.	`h6), Mellin �7(��1

�?.	 Fourier �7��8L$�	
�, 9�0:�HE Fourier �7	4%a�, O%, �

J�=HL$�. ��1�B^Æ��G8D Z ��!N= S1 	���) [2] -�� N � R+

&�����
*	��I�, ���	�
HI<�./	�8 Fourier �7.

3 PQRSTUV KS-WX
� Z� S1 (< N� D)	���)�, 2IF	b:���Æ�I�
	 Fourier �7��

CG:	 l2(Z)� L2(S1)&�	�JM/�), �'� Riemann–Lebesgue �(. (�1�?�

Mellin �7�! “�8 Fourier �7” , ��:	� R+ 
	Æ�
�Æ�&�	�"�), 9�

68�:Æ�I�&�	 (�"	�GMN-I�./	) �J�7. �D�1�B� Mellin �

7YEb4, +e KS-�7, ��7B�8FD R≥1 
	Æ�I����� C ���'	 1
2 	

F��
	";Æ��", ��"0��D"GMN-I�
	K$0, �"nHI	Æ�&�
	<�L$. ��, 1�=+e[]: �2#�� a, [ Ωa = {s ∈ C : Re(s) ≥ a}; -72 Ω =

Ω 1
2

= {s ∈ C : Re(s) ≥ 1
2}.

�
D1�,8
, S1 ����$6�+
6�!�: �!NF�NP, NF�"	�4�
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�, NP�"	����, ��4�� n �"	�Æ� zn �NF";, 0 ��W 0, ���� −n
�"� 1

zn �6Tc�� 0, 0 �����, �!N=� 0 �6Tc�	 “���” . ��&�-

8�8D R+, R+ 	�d�� 1, x ∈ R+ 	���� 1
x , 1�=.+
O0-I# R+ �	 (0, 1]

� [1,∞) +
!�	d7.

[ χS � R+ 	0\ S 
	-FÆ�, O%, χ(0,1] � (0, 1] !�
W 1, �J2�� 0 	Æ

�, ��! Mellin �7, � Re(s) > 0 �,

χ̃(0,1](s) =
∫ 1

0

xs
dx

x
=

1
s
xs

∣∣∣∣1
0

=
1
s

����
�	 Re(s) > 0 	VF��
��$	";Æ� (e( Re(s) ≤ 0 �, x = 0 ZGO
��). D�"2, � χ[1,∞) ! Mellin �7, � Re(s) < 0 �,

χ̃[1,∞)(s) =
∫ ∞

1

xs
dx

x
=

1
s
xs

∣∣∣∣∞
1

= −1
s

����
�	 Re(s) < 0 	JF��
��$	";Æ�. Ge�8, (0,∞) 
	?�Æ� 1,

< χ(0,1] + χ[1,∞) 	 Mellin �7�0]�	.

�D 2D	O 2�
�8
, ζ(1−s) = ρ̃N(s),��	 ρN �-`� [1,∞)
	 (�$)Æ�,

��1�ZF!$ (0, 1] � [1,∞) 
	Æ�. /�
, �!^�	��f7,, Æ% s → 1 − s,

�� [1,∞) 
	Æ� f(x) ! Mellin �7/
	Æ� f̃(s), H��7f7, f̃(1− s) � (0, 1] 


	Æ�

g(x) =
1
x
f

(
1
x

)
�"	 Mellin �7 g̃(s) D�, � f̃(1 − s) = g̃(s). 1�f2, 1�n� f(x) → g(x) = 1

xf( 1
x)

�:� L2([1,∞)) 
 L2((0, 1]) 
	�JM/TS. g&, � (0, 1] !�
	Æ� g(x) :�,

�$ [1,∞) 
	Æ� f(x) = 1
xg(

1
x ), ( f̃(s) �����
JF��
	";Æ�, !��f

7 s → 1 − s ,5Z6�VF��
	";Æ�. O%, W g(x) = χ(0,1](x), � x ≥ 1 �, +

f(x) = 1
xg(

1
x ) 
/: � x ≥ 1 �, f(x) = 1

x , � 0 < x < 1 �, � f(x) = 0, %� Re(s) < 1 �,

f̃(s) =
∫ ∞

0

f(x)xsd∗x =
∫ ∞

1

1
x
xs−1dx = − 1

s− 1
,

s = 1 6�CÆ�	g�	����, ! s→ 1− s �7,, hE
� g̃(s) = 1
s . ��, R+ 
Æ�

	�7 f(x) → 1
xf( 1

x) �"� Mellin �7,�Æ�&�	TS f̃(s) → f̃(1 − s).

��1�)�ki2/
 C 
 0 �∞ �	 Z 	��%/
	���, 9 s 
 1− s &�	
�"	0h�� 1

2 , � �!0�0\4c����
 Re(s) = 1
2 ����, �"C� “Mellin

�7” �:	���. 0�%�, %gfgVF���	 1 � (Z 	G8���"	) 0 �Æ, J
F���	 0 � (Z G8�,�	) ∞ �"	o, ��p�	$����7� s→ 1−s

s (= z), �

��7�, �!N= |z| = 1 �"	4c'��� Re(s) = 1
2 . ��1�8
, � R+ 	�8./

�I, �F�� Re(s) ≥ 1
2 
�^Æ	+��G8�"	�!NN D, +�� N !��8FD�

��8FD R≥1 = [1,∞) 	0FD. 1��$ KS-AB%�:

L f @wZ[x (0, 1] nN, (Kf)(s) =
∫ 1

0

f(x)xsd∗x;

L f @wZ[x [1,∞) nN, (y (Kf)(s) =
∫ ∞

1

f(x)x1−sd∗x.
(3.1)



5� @=>: >? ζ-?�1A: KS-A@ 679

0V^ , � f ∈ L2([1,∞)), Re(s) = σ > 1
2 �, (Kf)(s) ��$"";, n
/��q�:

|(Kf)(s)| =
∣∣∣∣
∫ ∞

1

f(x)x1−sd∗x
∣∣∣∣ ≤ ‖f‖L2([1.∞))‖x−σ‖L2([1.∞));

^l2, f ∈ L2((0, 1]) �, (Kf)(s) �� Re(s) > 1
2 	F��F	";Æ�.

��1�0�r�2�-`�4�� (0,∞) 
	Æ�$a, IF	�� (0, 1] � [1,∞) $

78!i�!S 1 	�8FD, ��-`� 1 �	 δ-Æ�s
�8! (0, 1] 
	Æ�, M���

[1,∞) 
	Æ�, �TS f(x) → 1
xf( 1

x ) �:�+
Æ�I� L2([1,∞)) � L2((0, 1]) &�	�
J�7, %���1�B\FR
�8FD [1,∞) 	`�. ����Æ� log, [1,∞) 	�8./


/;� [0,∞) 
	G8./, ��
��HE	 Fourier $;6)@-.

�	 R
	HE Fourier�7	��,�6K,  & f � R
	 SchwartzÆ�, f 	 Fourier

�7[� f̂ , �� R 
	Æ�, ������:

f̂(y) =
∫ ∞

−∞
f(x)e−2πixydx,

( f̂ �� Schwartz ^Æ�, TS F : f → f̂ 
�l&6 L2(R) 
	K$0, �C$0���	
Fourier C�7�:

f(x) = ˘̂
f(x) =

∫ ∞

−∞
f̂(y)e2πixydy.

� y ���, x→ e−2πixy 
8! R 	-F, %� Fourier C�7 F−1 �	 e2πixy (x ���) �

� R 	G8-F. Paley–Wiener �(	:��'��-F�	?� x 
�
��, 1�. z �

,, � R 
	 Schwartz Æ� f �$

(F−1f)(z) =
∫ ∞

−∞
f(x)e2πixzdx.

0V8:, ^l	1�� R+ 
	 Mellin �7	R
, F−1f ����
	";��_m	 f 	

-`\, � f -`� [0,∞) �, F−1f(z) 
��
F����$, � f 	-`\� (−∞, 0] ��,

F−1f �:	��F��
	";Æ�. + H2(C+) �!� C+ = {z : Im(z) ≥ 0} 
	t<I
�, ( Paley–Wiener �(�:	�: F−1 � L2([0,∞)) 
 H2(C+) 
	K$0 [9].

Æ� log x 	gÆ��TS x → ex, ��:� [0,∞) (D�	G8) 
 [1,∞) (D�	�8)

	<�Mm, CG�GMN-I� L2([0,∞)) 
 L2([1,∞)) 
	K$0, C$0�TS f(x) →
g(x) = f(log x)√

x
�:. \& x = log y, s = 1

2 − 2πiz, 1��

(F−1f)(z) =
∫ ∞

0

f(x)e2πixzdx =
∫ ∞

1

f(log y)e2πi(log y)zd(log y) =
∫ ∞

1

g(y)y2πiz− 1
2 dy

= g̃(1 − s).

�� z → s = 1
2 − 2πiz 	�7, C+ 	j\'6� Ω = {s ∈ C : Re(s) ≥ 1

2}. ��t<I�
H2(Ω) �	Æ� g(s) 	j��$

‖g‖2 = sup
σ> 1

2

1
2π

∫ ∞

−∞
|g(σ + it)|2dt

�	�$����
	 (��X	), 1�
�� Paley–Wiener �(��/
��	�"�8.
/	 Riemann–Lebesgue �(:
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() 4 �� (3.1) ��$	 KS-�7 K � L2([1,∞)) 
 H2(Ω) 
	K$0, �C�7�

�����:: � ϕ ∈ H2(Ω), a > 1
2 ,

(K−1ϕ)(x) =
1
2π

∫ ∞

−∞
ϕ(a+ it)xa+it−1dt. (3.2)

� f ∈ L2([1,∞)) �, Kf � f � 1 �	W�)��), �1�� KS-�7
�
U�$	

Æ�^�, O% f � 1 �	 δ-Æ��, 1��$

(Kf)(s) = lim
ε→0+

∫ ∞

1−ε
f(x)x1−sd∗x. (3.3)

]F� Re(s) &$'�, 
�	�$��$, 1�"
��$ f 	 KS-�7, D"	C�7�	
�$����VY
^�	��&$'	2�. �D�, 1�R
 KS-�7	<��$.

4 9:^_V`aTU H2(Ω) b8cz
� Z � S1 	���, S1 
	Æ�	�8� Fourier �7,�"	� Z 
	Æ�	 (G8)

K�, �G8D Z 	D<��S�	��. �*E� ����, �!NN D 
	";Æ�	�

���"� (G8FD) N0 
	Æ�	K�, ^l	�"� R ����D
�6	. 
�D�1
�8
� Paley–Wiener �(
/ KS-�7� L2([1,∞))
 H2(Ω)
	K$0, bc��e��

:��8FD [1,∞) � Ω &�	���), � [1,∞) 
Æ�	�8K��e�"
 Ω 
Æ�

	�?��? �D1�B�4�EXC@�.

1�=�:�E[]. � α =
∑
n∈Z

anLn, β =
∑
n∈Z

bnLn �D<� CZ �	+
S��,

[ αβ =
∑
n∈Z

cnLn �, ( cn =
∑

k+l=n akbl =
∑
k∈Z

akbn−k '� an � bn (!�$nÆ�)

	K�. �1��G8�Y�7[� Ak(bn) = bn−k �, cn =
∑
k∈Z

akAk(bn). ^l2, ���

8 (R7) FD./	!� [1,∞) �I, �2#Æ� g(x), �$�8�Y�7 (Utg)(x) = g(xt ).

�r�@#, 1�= & f(x) � [1,∞) 
	`-\Æ�, �$� f(x) CG	K�$0� Cf =∫ ∞
1
f(t)Utd∗t, (1�� Cf (g) � f � g 	 (�8) K�, [� f � g(x), �

(f � g)(x) = Cf (g)(x) =
∫ ∞

1

f(t)(Utg)(x)d∗t =
∫ ∞

1

f(t)g
(
x

t

)
d∗t. (4.1)


�	K��$0��F*E
`-\Æ�^�, ]F��Vk�#$, 1�"
��$ [1,∞)


	+
Æ� (6,��$Æ�) 	�8K�, 1�d� &� x < 1 �%�Æ�W��. �	

[1,∞) !���	�8�R7	, %� f � g = g � f , �K���
R7	L$. ���$

K(f � g)(s) =
∫ ∞

1

( ∫ ∞

1

f(t)g
(
x

t

)
d∗t

)
x1−sd∗x =

∫ ∞

1

( ∫ ∞

1

f(t)g
(
x

t

)
x1−sd∗x

)
d∗t

=
∫ ∞

1

( ∫ ∞

1

f(t)g(u)(ut)1−sd∗u
)
d∗t = K(f)(s)K(g)(s),

1�/


K(f � g)(s) = K(f)(s)K(g)(s). (4.2)

�HE	 Fourier�7��, KS-�70�HI�GMN-I� L2([1,∞))�t<I� H2(Ω)

&�	M/�), �n
���
U�	Æ�^<$-
. �
�	u�� K(f � g) = K(f)K(g)


�8:, KS-�7nHI�Æ�I�	 (�.) <�./. ^l	 Fourier �7!�K$0
�
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��!.
Æ�I� L2(S1) 
	$0
, 1���
�$ KS-�7	��!.. � ψ(s) � Ω F

";, �$� ψ CG	�8$0 Mψ : ϕ(s) → ψ(s)ϕ(s), � ψ � Ω 
�O�X�, Mψ � H2(Ω)


	�X��$0, (1����.g:

() 5 & f(x) � [1,∞) 
	Æ�, [ (Kf)(s) = φ(s) � Ω F��$, 1��$0u��
KCfK

−1 = Mφ, <�*2 K−1MφK = Cf = CK−1φ.

r[ H = L2([1,∞)), B(H) � H 
�X��$0�>/6	<�, ��X<6X$0
�I, $0	lo��IF	mp, ��1��$K�$0 Cf 	lo. � Cf 	�$ Cf =∫ ∞
1
f(t)Utd∗t � Ut 	�$ (Utg)(x) = g(xt ) 
�, C∗

f =
∫ ∞
1
f(t)U∗

t d
∗t, %�]F�$ U∗

t . &

g, h ∈ H � [1,∞) 
	Æ�, (� t ≥ 1,

〈Utg, h〉 =
∫ ∞

1

g

(
x

t

)
h(x)dx =

∫ ∞

t

g

(
x

t

)
h(x)dx =

∫ ∞

1

g(u)h(ut)tdu = 〈g(u), th(ut)〉,

��
/ (U∗
t h)(x) = th(xt), � x < 1 �, �$ (U∗

t h)(x) = 0.

!� L2([1,∞)) 
	$0, Ut � U∗
t "��X��$0, 90�K$0, j�RH ‖Ut‖2 =

‖U∗
t ‖2 = ‖UtU∗

t ‖. � g ∈ H �, �

‖Utg‖2 = 〈Utg, Utg〉 =
∫ ∞

1

g

(
x

t

)
g

(
x

t

)
dx =

∫ ∞

1

g(u)g(u)tdu = t‖g‖2.

��
/ Ut√
t
��J$0 (U

∗
t√
t
(��$�J$0), %�� ‖Ut‖ = ‖U∗

t ‖ =
√
t, ��
/, �2

# 1 ≤ a < b, Cχ[a,b] � H 
	�X��$0 (�
#��D	O 9). $0	loB�D 6 D�
@
IF!., ��D1��: KS-�7	O0.

5 efgh L-i7V KS-WX
�1�� KS-�7".
 ζ-Æ�=<U�B	 L-Æ��, 1�nkq	I�Z��, ���

"
	�� [1,∞) 
	Æ�^�Z��. �D1���JLMN L-Æ�� KS-�7 (< KS-C�

7) �	�$.

& an ∈ C, 1�?� L(s) =
∑∞
n=1

an

ns ��JLMNV�<JLMN L-Æ� (� an = 1 �,

( L(s) = ζ(s)). 1�0VY�E'(:^, + αN �-`� N 
	�� n �	*Q� an 	�

$Æ� (#O 2), bc� (0,∞) 
2#`-`	iBÆ� g(x), 1����
∫ ∞
0
αN(x)g(x)dx =∑

n∈N
ang(n) 6	. � g(x) = χ(0,y](x) �, 1�
�$ f(y) =

∫ ∞
0
αN(x)g(x)dx =

∑
n≤y an, �

� αN(x) 
8!�lÆ� f(x) 	G�, �� L(s) �
�.�$	���:

L(s) =
∞∑
n=1

an
ns

=
∫ ∞

0

αN(x)x−sdx =
∫ ∞

0

x−sdf(x) = x−sf(x)
∣∣∞
0

−
∫ ∞

0

f(x)dx−s,

� Re(s) &$'" f(x) mo0j�, 
& x−sf(x) → 0 (� x → ∞ �), \[ �(x) = 1
xf(x) =

1
x

∑
n≤x an, � x < 1 �
+ �(x) = 0. ��
�	��'�:�
L(s) = s

∫ ∞

0

f(x)x−s−1dx = s

∫ ∞

0

1
x
f(x)x1−sd∗x = s

∫ ∞

1

�(x)x1−sd∗x = s(K�)(s).

��1�+e��	�$:

(y 6 & an ∈ C (n ∈ N) ��n3, �$ �(x) = 1
x

∑
n≤x an, 1�� K�(s) �n3 {an}

	 KS-�7, �[ (K{an})(s) = (K�)(s) = 1
s

∑∞
n=1

an

ns .
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0V^ , (K{an})(s) ∈ H2(Ω) �"�� �(x) ∈ L2([1,∞)). O%, & a1 = 1, � n ≥ 2 �,

+ an = 0, 1�'� (K{an})(s) = 1
s , �� �(x) = 1

x (� x < 1 �, + �(x) = 0).

�
�$;
�8:, K{an}(s) 	�$�_m	 {an} 	moiQ. 0V8
, HE “L-Æ

�” 
�� [1,∞) 
	Æ� �(x) �� KS-�7/
, ���HE	 L-Æ��O, 1��

L(�, s) = s(K�)(s) = s

∫ ∞

1

�(x)x1−sd∗x

� �(x) CG	 L-Æ�. ��1��:�E� ζ(s) ��	O0.

K 7 � x ≥ 1 �, & �0(x) = 1, x < 1 �, + �0(x) = 0, ( L(�0, s) = s
∫ ∞
1
x1−sd∗x =

s 1
1−sx

1−s∣∣∞
1

. � Re(s) > 1 �, 
/ L(�0, s) = s
s−1 .

�%� n ∈ N,+ an= 1,� x ∈ [1,∞)�,1��$ �ζ(x) = 1
x

∑
n≤x1 = [x]

x ,( Re(s) > 1�,

L(�ζ , s) = s(K�ζ)(s) = s

∫ ∞

1

[x]
x
x1−sd∗x = s

∫ ∞

1

[x]
x1+s

dx = −
∫ ∞

1

[x]dx−s = ζ(s).


�2,�
��
+j (3.3), .$��$/
. & �1(x) = �0(x) − �ζ(x) (� x < 1 �, +

�1(x) = 0), (0V^ , � x ≥ 1 �, �1(x) = {x}
x , �� �1(x) ∈ L2([1,∞)), ��� KS-�7	�

��
/ (K�1)(s) = 1
s (

s
s−1 − ζ(s)) ∈ H2(Ω).

�
�	O0
�8
, 1
s−1 − 1

sζ(s) ∈ H2(Ω), � Re(s) = 1
2 �, ζ( 1

2 + it) (� t→ ∞ �) 	

mo0*oj, �� KS-�7
�75�� L-Æ�	�
<pv.

K 8 O 7�:� s
s−1 −ζ(s)
 Ω
	";��,ZP�.U��	�8�. (s−1)ζ(s)-

rp ζ(s)� s = 1�	����,9�� ζ(s)� (s−1)ζ(s)� Re(s) = 1
2 �	Æ��ZDd�'.

�Hs ζ( 1
2 + it) 	�;, 1�
�fgÆ� s−1

s ζ(s), � Re(s) = 1
2 �, | s−1

s | = 1, � s−1
s ζ(s) =

ζ(s) − 1
s ζ(s). �O 2 �
�	O0
�8
, � �(x) = ρN(x) − �ζ(x) �, K�(s) = s−1

s ζ(s).

1�f�$
/ (+#,�	O 11): W �(x) = 1
x([x] − [x] log x +

∑
n≤x log n), K�(s) =

s−1
s2 ζ(s) ∈ H2(Ω).

K 9 �2# a > 1, + χa = χ[1,a] � [1, a] 
	-FÆ�, (

L(χa, s) = s(Kχa)(s) = s

∫ ∞

1

χa(x)x1−sd∗x = s

∫ a

1

x−sdx =
s

1−sx
1−s∣∣a

1
=

s

1−s (a1−s−1).

� Re(s) = 1 �, ��6T%
��.

& 1 ≤ a < b, [ χ[a,b] � [a, b] 
	-FÆ�, (

Kχ[a,b](s) =
∫ ∞

1

χ[a,b](x)x1−sd∗x =
∫ b

a

x−sdx =
b1−s − a1−s

1 − s
,

�����
��$	";Æ�, � s = σ + it, �� σ > 0 ���, � 0 < x−σ ≤ 1 
�∣∣∣∣
∫ b

a

x−sdx
∣∣∣∣ ≤

∫ b

a

x−σdx ≤ b− a,

%� Kχ[a,b](s) � Ω 
	�O�X	";Æ�.

ZP�^-FÆ�� χ[a,∞),��/
 L2([1,∞))�	Æ�,1��$ �a(x) = 1
xχ[a,∞)(x),(

L(�a, s) = s(K�a)(s) = s

∫ ∞

a

x1−s

x
d∗x = s

∫ ∞

a

x−s−1dx = −x−s∣∣∞
a

= a−s.

-72, � a = n �+���, (K�n)(s) = 1
sns ∈ H2(Ω). 0V^ {�a(x) : a ≥ 1} ��P6

L2([1,∞)) 	_0I�, %� { 1
sas : a ≥ 1} 	��ke� H2(Ω) �_h.
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6 cz{lVmnop
$0ÆK2q�.-$%$0�� (-72, Fredholm �$��) 
"�	Æd, ,-�

Atiyah � Singer [1] .-$%t�	�d0��, 6� ?�r	�9b:. �D1�.$0
ÆK	HI-45 L-Æ�	�� (���), 1��_�6X$0�$ÆK:

(y 10 � H2(Ω) (<2#GMN-I�) 
	_�$0 T ,  & T ∗ �_�, " ker(T ) �

ker(T ∗) &�X��*, 1��$ T 	ÆK� Ind(T ) = dimker(T ) − dim ker(T ∗).

��GMN-I�
	 Fredholm $0 F �I, ���d� &�q0I�, �1���	
$0	���B0�q	, 1�4. “ÆK” �
mp-�$ Fredholm $0	ÆK, �$0:
� Fredholm �$�, 1�
�	�$�s-	 Fredholm $0	ÆK��O	.

 & f(x) ∈ L2([1,∞)),[ φ(s) = Kf(s) ∈ H2(Ω). �%� 1 ≤ a < b,Æ� χ[a,b] ��P6	

0I�� L2([1,∞))�_h,� Cχ[a,b] 	�X� (#O 9)
�, Cχ[a,b]f = Cf (χ[a,b]) ∈ L2([1,∞)),

��
�K�$0 Cf �GMN-I� L2([1,∞)) 
	�_h�$�	$0, ����$0 Mφ

� H2(Ω) 
	_�$0. �D 4 DK�$0��lo	$%
�
C∗
fχ[a,b](x) =

∫ ∞

1

f(t)(U∗
t χ[a,b])(x)d∗t =

∫ ∞

1

f(t)χ[a,b](xt)td∗t

=
∫ ∞

x

f

(
u

x

)
χ[a,b](u)

du

x
=

1
x

∫ b

a

f

(
u

x

)
du.

0V8:, � x ≥ b �, 
�	Æ���, %� C∗
fχ[a,b] ∈ H (= L2([1,∞))). ��
/ C∗

f , ��

M∗
φ ��_�	.

& φ(s) � Ω F";, �[ φ /∈ H2(Ω), ]F Mφ � H2(Ω) 
	_�$0�, �2# �"

;Æ� ψ ∈ H2(Ω), 1�"� φ(s)ψ(s) �= 0, �� ker(Mφ) = 0. ��%g M∗
φ ��_��, 0V

/
�	��� H2(Ω) �_h, � Mφ 	��_h(�*	 ker(M∗
φ) = 0, %���^$0

Ind(Mφ) = dimker(Mφ) − dim ker(M∗
φ) = −dim ker(M∗

φ).

��1�B�	 Mφ 	ÆK� φ(s) 	��	�). 1�=��
ÆK��	O0.

K 11 � KS-�7	�$e/ (#�$ 6 �&,	�at5) (K 1
x )(s) = 1

s , %� M 1
s
!.

� H2(Ω) 
	�$?�� C 1
x
� H 
	!.?�p�. & f ∈ H, (

(C 1
x
f)(u) =

∫ ∞

1

1
t
f

(
u

t

)
d∗t =

∫ u

1

1
t2
f

(
u

t

)
dt =

∫ 1

u

x2

u2
f(x)d

u

x
=

1
u

∫ u

1

f(x)dx;

(C∗
1
x
f)(u) =

∫ ∞

1

1
t
f(ut)td∗t =

∫ ∞

1

1
t
f(ut)dt =

∫ ∞

u

u

x
f(x)d

x

u
=

∫ ∞

u

f(x)
x

dx.

Ge^ ker(C∗
1
x

) = 0, �'�*	 ker(M∗
1
s

) = 0. /�
, � 1
s � Ω 
	�O�X�
/, M 1

s

��X��$0, �� M∗
1
s

, C 1
x
� C∗

1
x

�"��X��$0. ^l	�8
�.
�%�J$0

, Æ%� M 1

s2
��	$0 C 1

x �
1
x
. � ker(M∗

1
s

) = 0 
/ ker(M∗
1

s2
) = 0, �(

1
x
�

1
x

)
(u) =

∫ ∞

1

1
x

1
u/x

d∗x =
1
u

∫ u

1

dx

x
=

log u
u

,

%� K log x
x (s) = 1

s2 . �� C log x
x
�"��X��$0, "

C∗
log x

x

f(u) =
∫ ∞

1

log t
t
f(ut)td∗t =

∫ ∞

u

f(x)(log x− log u)
x

dx.
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�	� Ω F���	Æ� φ(s), 1�68�$�
_�$0 Mφ [/�� H2(Ω) 
	!
.����:, 9]F φ� ΩF"; ()���), � Ω
|qqrs}t, uvx nwx φ(s)

sn ∈
H2(Ω), ��'
��$ H2(Ω) 
	_�$0 Mφ: %g� Mφ(s)

sn
	�$�[� K (�� H2(Ω)

�_), ( Mφ 
�!.� M 1
sn
K 
, �
�	O0
�C��� H2(Ω) ��_h	, ^l2,

1��/
 M∗
φ ��_�	. ��1�R
��$0 Mφ �, d� � φ � Ω F";, "]�

n ≥ 0 [/ φ(s)
sn ∈ H2(Ω).

() 12 & φ(s) ∈ H2(Ω), � ker(M∗
φ) = 0 (< Mφ 	��_h), �*2 Ind(Mφ) = 0 �,

(�%� Re(s) > 1
2 , φ(s) �= 0.

~y ��DCu	R
��(	 &�Mφ	���H2(Ω)�_,[ f(x) = (K−1φ)(x) ∈
H. \� Kχ[a,b] � Mφ 	�$��"����P6 H2(Ω) 	_0\, �2#�� s0 = σ+ it,  

& Re(s0) = σ > 1
2 , 
W ε > 0, [/

σ >
1 + ε2|s0|2

2
. (6.1)

� & Mφ 	��_h
�, � 1
s ∈ H2(Ω), ]��� λj � χ[aj ,bj ], j = 1, . . . , n, [/∥∥∥∥1

s
− φ(s)

n∑
j=1

λjKχ[aj ,bj ](s)
∥∥∥∥
H2(Ω)

< ε.

+ g(x) =
∑n

j=1 λjχ[aj ,bj ](x), ( ‖ 1
x − f � g‖H < ε, �

1
s0

− φ(s0)
n∑
j=1

λjKχ[aj ,bj ](s0) = K

(
1
x
− f � g

)
(s0) =

∫ ∞

1

(
1
x
− f � g(x)

)
x1−s0d∗x.

� Cauchy–Schwartz 0���∣∣∣∣ 1
s0

−φ(s0)
n∑
j=1

λjKχ[aj ,bj ](s0)
∣∣∣∣ ≤

∥∥∥∥ 1
x
−f � g

∥∥∥∥
H
‖x−s0‖H ≤ ε

( ∫ ∞

1

x−2σdx

) 1
2

= ε

(
1

2σ−1

) 1
2

.

%g φ(s0) = 0, (� (6.1) � | 1
s0
| ≤ ε( 1

2σ−1)
1
2 < ε 1

ε|s0| , 
/ur, ��/ φ(s) �= 0.

�]� s [/ Re(s) > 1
2 � φ(s) = 0 �, 1�
/v ker(M∗

φ) �	 �w� (#�( 15).

�z 13 
�	�(� Ω
,%%O�mo	";Æ��6	. �(	C0���	 ζ-Æ

��6	, �W φ(s) = s−1
s2 ζ(s), �	 &6	�, Mφ(s) ��_h	��, � #
�L.�O

� ζ(s)−1 =
∑∞
n=1

μ(n)
ns � Möbius Æ� μ 	�$/
, 'DB-,B
��2C, ���v.

� Ω 
	Æ� s− a < s− b, ��]d�
?�, 
����$/
��CG	�8$0	
ÆK� Ms−1 DM. ��1�.=�$ Ind(Ms−1).

K 14 �
�	R

� Ind(Ms−1) = Ind(M s−1
s2

), s−1
s2 = 1

s − 1
s2 , �� KS-�7, ]F�

$ C 1
x
− C 1

x �
1
x
	ÆK. �	C$0	w��, %�1�]F�$ ker(C∗

1
x

− C∗
1
x�

1
x

). �O 11 �
1
x �

1
x = log x

x , � f ∈ ker(C∗
1
x

− C∗
log x

x

),

0 = (C∗
1
x
− C∗

log x
x

)f(u) =
∫ ∞

u

f(x)
x

dx−
∫ ∞

u

f(x)(log x− log u)
x

dx

=
∫ ∞

u

f(x) − f(x) log x
x

dx+ log u
∫ ∞

u

f(x)
x

dx,
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� u HG�/

0 = −f(u)
u

+
1
u

∫ ∞

u

f(x)
x

dx,

� f(u) =
∫ ∞
u

f(x)
x dx, \� u HG/ f ′(u) = − f(u)

u , H"/ f(u) = a 1
u (a �2#?�), ��/


 ker(C∗
1
x− log x

x

) ��X	 �!0I�, %� Ind(M s−1
s2

) = Ind(Ms−1) = −1.

0V^ �2# b = σ+ it, σ > 1
2 , s−bs2 = 1

s − b
s2 , � KS-C�7��"� 1

x − b( 1
x �

1
x ),n�

ker(C∗
1
x−b 1

x�
1
x
) =

{
c

1
xb̄

: c ∈ C

}
.

��
/:

() 15 %g φ ∈ H2(Ω), Kf = φ, (]� b = σ + it, σ > 1
2 , [/ φ(b) = 0 �"��

x−b̄ ∈ ker(C∗
f ).

�
�	�$
� Ms−1 	��	qs� H2(Ω) ��X�� 1 	0I�, � Ms−1 	�
�
�86$0 M 1

s−1
	�$�, � T �
C�X$0� Ind(T ) = 0, �� Ind(TMs−1) =

Ind(Ms−1T ) = −1, %� Ms−1 ���
$0,Z[/��$0	ÆKk 1. h� Ind(I) = 0 �

I = M 1
s−1

Ms−1, ��1�
��$ Ind(M 1
s−1

) = 1. U�B2, 1����	�$:

(y 16 & φ � C 
	`cÆ�, � Ω F (tI��$) ��*%
�� s1, . . . , sk, [

g(s) = (s− s1) · · · (s− sk). \&]� n ≥ k + 1, [/ g(s)φ(s)
sn ∈ H2(Ω), (1��$

Ind(φ) = Ind(Mφ) = Ind(M g(s)φ(s)
sn

) − Ind(M g(s)
sn

).

/�
, 0V^ 
��$�	 Ind(M g(s)
sn

) = −k. �
�	�$�:

() 17 %g Ind(ζ(s)) = 1, <�*2 Ind( s−1
s2 ζ(s)) = 0, ��, s−1

s2 ζ(s) ∈ H2(Ω), bc�

	 &6	.

/�
, C�(	C0��6	, 1�B�,B
���$0QE;,xBR
, Æ!r�

	QE;��Æ�^*E
JLMN L-Æ���	Æ�I� (��qs) ��"	$0
, ��
"� [1,∞) 
	Æ�^� (���0 x ,	) [n, n + 1) 
�?�	Æ�. 9U+�	QE;�
x
�k H2(Ω) (< L2([1,∞))) �	+�	K34RS, ^l	 H2(D) �	S {zn : n ≥ 0}, �
�k4RS� ζ-Æ�	$"��"	$0��QE;	��, $0(
�	b:<4*�yI
F!.. ��1�rFt5��.QE;	���TP	$0	$%.

%g� l2(N) we
 H �, � {an}∞n=1 ∈ l2(N), �$ H �	Æ��: [n, n+ 1) 
W an, (

1�
�� H (= L2([1,∞))) 
 H2(Ω) 
	M/*E
 l2(N) 
�� (� KS-�7�) H2(Ω)

�	j\�. 0V^ , � f(x) = 1
x

∑
n≤x bn � L-Æ� L(s) =

∑∞
n=1

bn

ns ��, ���$ 6 �
(Kf)(s) = 1

sL(s). � & f ∈ H �, Cf ({an})(x)�:� 1
x

∑
n≤x cn 	��. %g1�� 1

x 1�

fQE;, �� n ≤ x < n+ 1 �, 1
x �

1
n f<, 1�
�/
�( 12 	�
QE�� (�(	

 #B�,B
���:), �(�	$0 A 	��?���3w�	��kep�, �J�3

(
8! S(x) (K�) !.� n �W 1 (�J2���) 	-FÆ�
, �*2, �
8!�8�
Y Un !.� S(x) 
, ��	)� 1

m (
8! m � (<!� [m,m+ 1) 
) 	�.G_*Q.

() 18 & an ∈ C �x d(∈ N) 	 N 
	�8-F, [/ S(x) =
∑

n≤x an (� x ≥ 1) �

O�X. + L(s) =
∑∞

n=1
an

ns , ($0 A = ( 1
mS(mn ))m,n � l2(N) 
	�X��$0, " L(s) �

Re(s) > 1
2 �,  ��"�� A 	��� l2(N) �_, <�*2 ker(A∗) = {0}.
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0V8:, �(�	 a1 = 1, � n > m �, S(mn ) = 0, 
� A ��yW$0, �W
" �,

%� ker(A) = {0}. ��, 
�	�(�
t5�: Re(s) > 1
2 �, L(s) �= 0�"�� Ind(A) = 0.

�(� S(x) 	�X� ����uz L(s) � Ω �TP��. � S(x) =
∑
n≤x an (� x ≥ 1)

6X9:�%O�mo� (O%�	 ζ(s) �"	?�Æ� an = 1 �), 1���^l	.g, �
��"	$0�6X	, 91�
����
c	 (�X" “�z”
C	)$0[�6��X$
0. O%1����	�(,  #'DB�,B
���:.

() 19 �$$0

Aζ =
(

1
mn

{
m

n+ 1

})
m,n≥1

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2

1
6

1
12

1
20

· · ·

0
1
6

1
12

1
20

· · ·
1
6

0
1
12

1
20

· · ·
...

...
. . .

... · · ·

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

( Aζ � l2(N) 
	�X�� (Hilbert–Schmidt) $0, "
(1) ker(Aζ) = {0};
(2) Aζ � l2(N) �	��_h&$LF�	 &6	;

(3) w� (1, 0, 0, . . .) � Aζ 	��	qs�&$LF�	 &6	.

�	V��
�X	�_��	�X (��) $00v�$0 Aζ 	��	_h�, 0V^

 ��V��
��	$0
�� Aζ �yW;, ���Ge/
 ker(Aζ) = {0}. �B-I, �

�$0	
yW;, 
�/
�
$0	��	�$, 91�� Aζ �e
� “
yW;” n)

�2a�8. ��1���	yW;���HI Aζ 	QET5�O�	�7�Y	, `$0	
“�$” yW;��,��6K	.g. �	$0(
�$0<�	Sw, 
+# [5].

��GMN-I� L2([1,∞)) �t<I� H2(Ω) �	K34RS	R
, ����	 ζ-Æ

�	6)�B��,	
��2C, 1��B�	����	����.4��	6), ��{
=14�� [6] ��.
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[4] Hadamard J., Sur la distribution des zéros de la fonction ζ(s) et ses conséquences arithmétiques, Bull. Soc.

Math. France, 1896, 24: 199–220.

[5] Kadison R., Ringrose J., Fundamentals of the Operator Algebras, vols. I and II, Academic Press, Orlando,

1983 and 1986.

[6] Li X., The positivity of a sequence of numbers and the Riemann hypothesis, J. Number Theory, 1997, 65:

325–333.
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