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1 UV
������������, ���������, ���������� [6] �� W.

X�YZ, Suzuki-Ree ��!["�#��� , !
2B2(q), q = 2d; 2G2(q), q = 3d; 2F4(q), q = 2d,

$\ d %"&#�'(. $) d = 1 �*+,, -.%%��. &&/0 Suzuki-Ree ��, 1�

[2, 3] Z, -.�23'(4�]5���:

(I) Aut(2F4(q)) = 2F4(q) : f, q = 2f , f = 3s, s �^6(;

(II) Aut(2G2(q)) = 2G2(q) : f, q = 3f , f = 3s, s �^6(;

(III) Aut(2B2(q)) = 2B2(q) : f, q = 2f , f �'2(;

(IV) Aut(2G2(q)) = 2G2(q) : f, q = 3f , f �'2(.

� [6] _7) (I), (II) *+8�� Tis �� 2F4(2)′ �]5��,-./012, 349:

56:

`a A (� [6, 56 2.1]) ; G% +�, M % Suzuki-Ree � 2F4(q), q = 2f ; 2G2(q), q =

3f � Tis �� 2F4(2)′, $\ f = 3s, s �^6(, <

G ∼= Aut(M) 7=87 OC(G) = OC(Aut(M)).

9>:) (III), (IV) *+8�, /?;�&<=@)>?, _7) (III), (IV) *+8��A

,B-./012, 34���bC@D:

`a B ; G % +�, M % Suzuki-Ree � 2B2(q), q = 2f ; 2G2(q), q = 3f , $\ f �'

2(, <

G ∼= Aut(M) 7=87 OC(G) = OC(Aut(M)).

156 A � B ,39:�ED:

cd Suzuki-Ree ���23'(4�]5���,1$./012.

�)AB, CD� [2, 3], FÆ 1 \�E (III), (IV) *+8���./0.

(III), (IV) GF m1 m2 m3

Aut(2B2(q)) q = 2f , f HIJ� f · q2(q +
√

2q + 1) q − 1 q −√
2q + 1

K f ≡ 1, 7 (mod 8)

Aut(2B2(q)) q = 2f , f HIJ� f · q2(q −√
2q + 1) q − 1 q +

√
2q + 1

K f ≡ 3, 5 (mod 8)

Aut(2G2(q)) q = 3f , f HIJ� f · q3(q2−1)(q+
√

3q+1) q−√
3q+1 —–

K f ≡ 1, 11 (mod 12)

Aut(2G2(q)) q = 3f , f HIJ� f · q3(q2−1)(q−√
3q+1) q+

√
3q+1 —–

K f ≡ 5, 7 (mod 12)

G 1 (III), (IV) HILJMKLMN

2 efUg
� [6, N6 1.1–1.4] %%_756 B OC�PON6, 9�)PQhQ, <R'RÆS. F

9:N6 2.1, 2.2 \/STE) 2B2(q) � Aut(2G2(q)) �.� +TU. FN6 2.3 UV��
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/\56TE Sylow 2- j��.( ≤ 8 ����/\. /0N6Y]^56 B �_7_`.

ka 2.1 (1) ; q = 2d, d �^'(, < 2B2(q) �.'- 3 6$.

(2) ; M % +��. Z 3 � | |M |, < M ∼= 2B2(q), $\ q = 2d, d �"& 1 �'(.

lm (1) 1& q = 2d, d �'(, �B q2, q − 1, q2 + 1 �'- 3 6$. a[ | 2B2(q)| =

q2(q − 1)(q2 + 1), \] 3 � | | 2B2(q)|.
(2)CD��/\56n^bc, MoY5�& 2B2(q)$\ q = 2d, d�"& 1 �'(. _d.

ka 2.2 ; M % +��, = max π(M) = 13. Z M � Sylow 3- j��.( ≤ 3, < M

5�&9���p : L2(4), L2(7), L2(11), L2(13), L2(25), 2B2(8), L2(49), U3(4).

lm &� [4] \Æ 1 ��n+bc, ,e3N6@D. _d.

ka 2.3 ; q = 3d, d �^'(, < Aut(2G2(q)) � Sylow 2- j�% 8 .�.

lm 1& Aut(2G2(q)) = 2G2(q) : d, �B |Aut(2G2(q))| = | 2G2(q) : d| = d · q3(q +1)(q−
1)(q +

√
3q + 1)(q −√

3q + 1). a[ q = 3d, d �'(, fg q3, q +
√

3q + 1, q −√
3q + 1 A%'

(, = 22 ‖ (q + 1), 2 ‖ (q − 1). &% Aut(2G2(q)) � Sylow 2- j�% 8 .�. _d.

ka 2.4 ;M% +��. ZM� Sylow 2-j��.( ≤ 8,<M5�&9���p :

(1) L2(8), A7, J1;

(2) L2(q), $\ q ≡ 3, 5 (mod 8);

(3) L2(q), $\ q ≡ 7, 9 (mod 16);

(4) 2G2(q), $\ q = 3d, d �^'(.

lm CD.( ≤ 8 � 2- ��/\���/\56, hN6__. _d.

3 qg B rst
9:`DÆ 1 \��i56 B �?/U_7/�9:a+bcd .

uL 3.1 ; G % +�, M = 2B2(q), $\ q = 2f , f �'2(, = f ≡ 1, 7 (mod 8). Z

OC(G) = OC(Aut(M)), < G ∼= Aut(M).

lm 1j; OC(G) = OC(Aut(M)) �Æ 1 Z, OC(G) = {m1,m2,m3}, $\ m1 =

f · q2(q +
√

2q + 1), m2 = q − 1, m3 = q − √
2q + 1, fg Γ(G) = 3. 1� [6, N6 1.2]

Z, G '% Frobenius �A'% 2-Frobenius �. R1� [6, N6 1.1 � 1.3], G � +^k
�� 1 ⊆ H ⊆ K ⊆ G, e3 K/H % +��, H % +f# π1- �, G/K % π1- �=

K/H ≤ G/H ≤Aut(K/H), 5g Γ(K/H) ≥ 3, m2,m3 % K/H �'./0\�*+. a[

q = 2f , f �'2(, = f ≡ 1, 7 (mod 8), \] f, q − 1, q2, q +
√

2q + 1, q −√
2q + 1 �'- 3 6

$, fg G �.A'- 3 6$. &%�� K/H �.A'- 3 6$, fg1N6 2.1 Z, K/H o
,Y5�& 2B2(q′), $\ q′ = 2d, d �"& 1 �'(. CD� [1], 2B2(q′) �!+'./0=/

S% q′ −√
2q′ + 1, q′ − 1, q′ +

√
2q′ + 1. 'l; f = 2m + 1, d = 2m′ + 1, $\ m,m′ %^6(.

7 q − 1 = q′ +
√

2q′ + 1, q − √
2q + 1 = q′ − 1 g, � 2q − √

2q = 2q′ +
√

2q′, fg

2m+1(2m+1 − 1) = 2m′+1(2m′+1 + 1). &% m = m′, fg q = q′, 34hmi
√

2q = −2.

7 q − 1 = q′ +
√

2q′ + 1, q − √
2q + 1 = q′ − √

2q′ + 1 g, � q − √
2q = q′ − √

2q′, fg
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2m+1(2m − 1) = 2m′+1(2m′ − 1). &% m = m′, fg q = q′, 34hmi
√

2q = −2.

vj, q − 1 = q′ − 1, q − √
2q + 1 = q′ − √

2q′ + 1, fg q = q′, ! K/H 5�& 2B2(q),

$\ q = 2f , f �'2(. n& K/H ≤ G/H ≤Aut(K/H) � Aut(K/H) ∼= 2B2(q) : f , �B

G/H ∼= 2B2(q) ok 2B2(q) : f . 7 G/H ∼= 2B2(q) g, pq.3 |H| = f , fg1� [6, N6 1.4]

Z (q − 1)(q −√
2q + 1) | (f − 1). 9

(q − 1)(q −
√

2q + 1) > q − 1 = 2f − 1 > f − 1,

hm. l< G/H ∼= 2B2(q) : f , pq.3 H = 1, fg G ∼= 2B2(q) : f =Aut(2B2(q)), $\
q = 2f , f �'2(, = f ≡ 1, 7 (mod 8). _d.

uL 3.2 ; G % +�, M = 2B2(q), $\ q = 2f , f �'2(, = f ≡ 3, 5 (mod 8). Z

OC(G) = OC(Aut(M)), < G ∼= Aut(M).

lm 7 f �= 3 g, _7_`�bc 3.1 r� W, 'FhQmS.

7 f = 3 g, M = 2B2(8), fg1c;�Æ 1 Z OC(G) = {m1,m2,m3}, $\ m1 =

26 · 3 · 5, m2 = 7, m3 = 13, fg Γ(G) = 3. 1� [6, N6 1.2] Z, G '% Frobenius �A'%

2-Frobenius�. R1� [6,N6 1.1� 1.3], G� +^k�� 1 ⊆ H ⊆ K ⊆ G,e3 K/H % 

+��, H % +f# π1- �, G/K % π1- �= K/H ≤ G/H ≤Aut(K/H), 5g, Γ(K/H) ≥ 3,

m2,m3 % K/H �'./0\�*+. &% {7, 13} ⊆ π(K/H) ⊆ {2, 3, 5, 7, 13}, fg1N6 2.2

Z, K/H o,Y5�& L2(13), 2B2(8). 7 K/H ∼= L2(13) g, 1& K/H ≤ G/H ≤ Aut(K/H)

� Aut(K/H) ∼= L2(13) : 2,�B 5 | |H|, fg1� [6,N6 1.4]Z 7 ·13 | (5−1),hm. &% K/H

5�& 2B2(8). R1 K/H ≤ G/H ≤ Aut(K/H) � Aut(K/H) ∼= 2B2(8) : 3 Z, G/H ∼= 2B2(8)

ok 2B2(8) : 3. 7 G/H ∼= 2B2(8)g,pq.3 |H| = 3,fg1� [6,N6 1.4]Z, 7 ·13 | (3−1),

hm. l< G/H ∼= 2B2(8) : 3, pq.3 H = 1, fg G ∼= 2B2(8) : 3 =Aut(2B2(8)). _d.

uL 3.3 ; G % +�, M = 2G2(q), $\ q = 3f , f �'2(, = f ≡ 1, 11 (mod 12).

Z OC(G) = OC(Aut(M)), < G ∼= Aut(M).

lm 1j; OC(G) = OC(Aut(M)) �Æ 1 Z OC(G) = {m1,m2}, $\ m1 = f · q3(q2 −
1)(q +

√
3q + 1), m2 = q −√

3q + 1, fg Γ(G) = 2. 9:sn� [6, N6 1.1] =@oD.

7 G% Frobenius�g, GtFu H,> K,e3 |K| | (|H|−1), = OC(G) = {|H|, |K|}. p
v |H| = m1 = f ·q3(q2−1)(q+

√
3q+1),\] |K| = m2 = q−√

3q+1. n& q = 3f , f �'2(,�

B H � 2-Sylowj�H2 �.( |H2| = 23. 1uH �f#UZ, |K| | (23−1),! (q−√
3q+1) | 7,

fg q − √
3q + 1 = 7. wxq3 q = 3, fg f = 1, hm. pv |H| = m2 = q − √

3q + 1, \

] |K| = m1 = f · q3(q2 − 1)(q +
√

3q + 1). &% f · q3(q2 − 1)(q +
√

3q + 1) | (q − √
3q), fg

q3 | (q −√
3q), /%',Y�. l< G '% + Frobenius �.

7 G % + 2-Frobenius �g, G � +^k�� 1 ⊆ H ⊆ K ⊆ G, e3 K � G/H

% Frobenius �, = H � K/H /S%-.�u. F1� [6, N6 1.2] Z π(K/H) = π2(G),

π(H)∪π(G/K) = π1(G),= |G/K| | (|K/H|−1),fgm1 = |H||G/K| = f ·q3(q2−1)(q+
√

3q+1),

m2 = |K/H| = q −√
3q + 1, = |G/K| | (q −√

3q). 1 q = 3f , f �'2(Z, |G/K|2 = 2 o 22,

fg1N6 2.3 Z, |H2| = 2 o 22. 1& K/H ,B"'yzwV& H2, �B |K/H| | (|H2| − 1),



4� VWWX: Suzuki-Ree MKiXYMKLMNZ[ 645

! (q − √
3q + 1) | (2s − 1), s = 1, 2. 1& m2 = |K/H| = q − √

3q + 1 �= 1, �B s �= 1, fg

s = 2, ! q −√
3q + 1 = 3, hm& q = 3f , f �'2(. l< G A'% + 2-Frobenius �.

rF, 1� [6, N6 1.1� 1.3] Z, G� +^k�� 1 ⊆ H ⊆ K ⊆ G,e3 K/H % +�

�, H % +f# π1- �, G/K % π1- �= K/H ≤ G/H ≤Aut(K/H), 5g Γ(K/H) ≥ 2, m2

% K/H �'./0\� +. n& q = 3f , f �'2(�N6 2.3, 23 ‖ |G|, fg K/H �

Sylow2- j��. ≤ 8. DN6 2.4, K/H o,Y5�&9���: L2(8);A7;J1; L2(q′), $\
q′ ≡ 3, 5 (mod 8); L2(q′), $\ q′ ≡ 7, 9 (mod 16); 2G2(q′), $\ q′ = 3d, d �^'(. n&

q = 3f , f �'2(, = f ≡ 1, 11 (mod 12), \] 7 | (q +
√

3q + 1), 9% 7 � | (q −√
3q + 1).

(a)Z K/H ∼= L2(8), <1 OC(L2(8)) = {23, 32, 7} � 7 � | (q−√
3q +1) Z, m2 = q−√

3q +

1 = 32, hm. l< K/H '5�& L2(8).

(b)Z K/H ∼= A7,<1 OC(A7) = {23 ·32, 5, 7}� 7 � |(q−√
3q+1)Z, m2 = q−√

3q+1 = 5,

hm. l< K/H '5�& A7.

(c) Z K/H ∼= J1, <1 OC(J1) = {23 · 3 · 5, 7, 11, 19} � 7 � |(q − √
3q + 1) Z, m2 =

q −√
3q + 1 = 11 o 19. 7 q −√

3q + 1 = 11 g, q −√
3q = 10, hm. 7 q −√

3q + 1 = 19 g,

wxq3 f = 3, hm& f ≡ 1, 11 (mod 12). l< K/H '5�& J1.

9:�)AB, 'l; f = 2m + 1, d = 2m′ + 1, $\ m,m′ %^6(.

(d) Z K/H ∼= L2(q′), q′ ≡ 3 (mod 8), < q′ ≡ −1 (mod 4). 1� [5] Z, OC(L2(q′)) =

{q′ + 1, q′, q′−1
2 }, m2 = q −√

3q + 1 = q′ o q′−1
2 .

7 q −√
3q + 1 = q′−1

2 g, q′ = 2q − 2
√

3q + 3, fg 3 | q′ = q′ = 3. &% f = 1, � f �'

2(hm.

7 q−√
3q+1 = q′ g, q′−1 = q−√

3q | (f ·q3(q2−1)(q+
√

3q+1)). 1& q′+1 ≡ 0 (mod 4)

Z, m%^'(. &%wxq,3 q−√
3q = 3m+1(3m−1),= (3m−1, q+

√
3q+1) = 1, (3m−1,

q2 − 1) = 2, (3m − 1, q3) = 1, fg 3m−1
2 | f . 1 f �'2(Z, 3m−1

2 = 1 o f . Z 3m−1
2 = 1

g, wxq3 m = 1, fg f = 3, hm& f ≡ 1, 11 (mod 12). Z 3m−1
2 = f g, wxq3

3m = 2f +1 = 4m+3, fg 3(3m−1−1) = 4m. 1 m%^'(Z, 8 | (3m−1−1), 95g 8 � | 4m,

hm. l< K/H '5�& L2(q′), q′ ≡ 3 (mod 8).

(e) Z K/H ∼= L2(q′), q′ ≡ 7 (mod 16), \s (d) �*+,3Ehm, fg K/H '5�&

L2(q′), q′ ≡ 7 (mod 16).

(f) Z K/H ∼= L2(q′), q′ ≡ 5 (mod 8), < q′ ≡ 1 (mod 4). &%1� [5] Z, OC(L2(q′)) =

{q′ − 1, q′, q′+1
2 }, m2 = q −√

3q + 1 = q′ o q′+1
2 .

7 q−√
3q+1 = q′+1

2 g, q′−1 = 2q−2
√

3q = 2 ·3m+1(3m−1) | (f ·q3(q2−1)(q+
√

3q+1)).

Z m %^t(, 23 | (3m − 1), fg 23 | (q′ − 1) � q′ ≡ 5 (mod 8) hm. l< m %^'(. &

%wxq,3 (3m − 1, q +
√

3q + 1) = 1, (3m − 1, q2 − 1) = 2, (3m − 1, q3) = 1, fg 3m−1
2 | f .

1 f �'2(Z, 3m−1
2 = 1 o f . Z 3m−1

2 = 1 g, wxq3 m = 1, fg f = 3, hm&

f ≡ 1, 11 (mod 12). Z 3m−1
2 = f g, wxq3 3m = 2f + 1 = 4m + 3, fg 3(3m−1 − 1) = 4m.

1 m %^'(Z, 8 | (3m−1 − 1), 95g 8 � | 4m, hm.

7 q −√
3q + 1 = q′ g, q′ + 1 = q −√

3q + 2 | (f · q3(q2 − 1)(q +
√

3q + 1)), fg q′ + 1 =

q − √
3q + 2 = 3m+1(3m − 1) + 2. u1 q′ ≡ 1 (mod 4) Z, m %^t(. &%wxq,3
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(q′ + 1, q +
√

3q + 1) = 1, (q′ + 1, q2 − 1) = 2, (q′ + 1, q3) = 1, fg q′+1
2 | f . 1 f �'2(Z,

q′+1
2 = 1 o f . pZ q′+1

2 = 1, wxq3 m = 0, fg f = 1, hm. pZ q′+1
2 = f , wxq3

3m+1(3m − 1) = 4m, fg 3m+1 |m, /%',Y�. l< K/H '5�& L2(q′), q′ ≡ 5 (mod 8).

(g) Z K/H ∼= L2(q′), q′ ≡ 9 (mod 16), \s (f) �*+,3Ehm, fg K/H '5�&

L2(q′), q′ ≡ 9 (mod 16).

(h)Z K/H ∼= 2G2(q′), $\ q′ = 3d, d�"& 1�'(. CD� [5], 2G2(q′), �*+'./

0=/S% q′−√
3q′ +1, q′ +

√
3q′ +1, fg m2 = q−√

3q +1 = q′−√
3q′ +1 o q′ +

√
3q′ +1.

7 q−√
3q+1 = q′+

√
3q′+1g,� q−√

3q = q′+
√

3q′,fg 3m+1(3m−1) = 3m′+1(3m′
+1).

&% m = m′, fg q = q′, 34hmi
√

3q = 0.

7 q −√
3q + 1 = q′ −√

3q′ + 1 g, � q = q′, ! K/H 5�& 2G2(q), $\ q = 3f , f �'

2(, = f ≡ 3, 5 (mod 8). n& K/H ≤ G/H ≤ Aut(K/H) � Aut(K/H) ∼= 2G2(q) : f , �B

G/H ∼= 2G2(q) ok 2G2(q) : f . 7 G/H ∼= 2G2(q) g, pq.3 |H| = f, {1� [6, N6 1.4]

Z q − √
2q + 1 | (f − 1). 9 q − √

3q + 1 = 3m+1(3m − 1) + 1 > 3m+1 > f − 1, hm. l<

G/H ∼= 2G2(q) : f , pq.3 H = 1, fg G ∼= 2G2(q) : f = Aut(2G2(q)), $\ q = 3f , f �'

2(, = f ≡ 3, 5 (mod 8). _d.

uL 3.4 ; G % +�, M = 2G2(q), $\ q = 3f , f �'2(, = f ≡ 5, 7 (mod 12). Z

OC(G) = OC(Aut(M)), < G ∼= Aut(M).

lm \sbc 3.3 _7_`, 8Fvwx|R6�' W, 'FhQmS. _d.

`a B xlm 56 B�}CU_7%y[�, ?/U,1bc 3.1–3.4 34, l<56 B

z_.

yz &{~|Æ}{~��.
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