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- . /012 Brown 345 Hölder 6789:;<=>;<, ?@A Brown 3
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norm, local functional Chung’s law of the iterated logarithm for increments of a Brow-
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Chung ��)), * [3, �
 5.1]. +,-56-.( [4] 7&�
 Brown ���	
�
���8/90.  [5] :1� Brown ���	( Hölder �)*
��8/92. �345;
Chung ���
, <6=>&�, ( [1] 7, De Acosta ���(�?�)*
 Brown ��7
@8
8/92. Lucas( [6]7���9�A5;
�?�)* Brown��7@8
 Chung

�)). Lucas � Thilly [7] � Hölder �)*
 Brown ��7@8
 Chung �))�%�&�,

��� Brown ��7@8( Hölder �)*
34 Chung �))
��:;. ; &� Brown

�� C-R B�	
34���
, ��� Brown ���	( Hölder �)*
34�� Chung

��)).

C w = {(w1
t , . . . , wd

t ) : t ≥ 0} Æ d- D<E Brown ��, C (Rd) = {f ; f : [0, 1] → R
d,

f7@}, =F�) ‖f‖ := sup0≤t≤1 |f(t)|. C C0(Rd) = {f ∈ C (Rd) : f(0) = 0},

H(Rd) =
{

h ∈ C0(Rd) : h >�7@, ‖h‖2
H(Rd) =

∫ 1

0

|ḣ(t)|2dt < ∞
}

.

?@A� Banach BC:

C α(Rd) =
{

f ∈ C0(Rd) : ‖f‖α = sup
s,t∈[0,1], s�=t

|f(t) − f(s)|
|t − s|α < ∞

}
,

C α,0(Rd) =
{

f ∈ C α(Rd) : lim
δ→0

sup
s,t∈[0,1]
0<|t−s|<δ

|f(t) − f(s)|
|t − s|α = 0

}
,

�7 0 < α < 1
2 .

�GHI I : C α,0(Rd) → [0,∞],

I(h) =

⎧⎨
⎩

1
2

∫ 1

0

|ḣ(t)|2dt, h ∈ H(Rd),

+∞, DJ,

K = {f ∈ H(Rd); I(f) ≤ 1}.
K , C au, bu ÆA�Æ (0, 1) � (0, e−1) 
EF7@�), GL
(i) au ≤ bu �MH u ∈ (0, 1) IJ, K limu→0 au = 0;

(ii) bu

au
E�;

(iii) limu→0
log(bu/au)

log log b−1
u

= +∞.

L �u = log bu log b−1
u

au
, βu = (au�u)−

1
2 . Δ(t, u) MNO s → w(t + aus) − w(t), s ∈ [0, 1], t ∈

[0, bu − au].  [3] :1P(Q) k(α) > 0, N�
lim
ε→0

ε2/(1−2α) log P{‖w‖α ≤ ε} = −k(α). (1.1)

RK, �MH f ∈ K, r > 0 � γ = 1
2 − α,

lim
ε→0

ε1/γ log P

(∥∥∥∥w − f

ε1/(2γ)

∥∥∥∥
α

≤ rε

)
= −I(f) − k(α)

r1/γ
. (1.2)

; O�STUP'*:

QR 1.1 'TSV (i) � (ii) IJ, WX, �MH f ∈ K K I(f) < 1, >
lim inf

u→0
�1−α
u inf

t∈[0,bu−au]
‖βuΔ(t, u) − f‖α = b(f), a.s.,

�7 b(f) = ( k(α)
1−I(f))

γ , γ = 1
2 − α, TQ) k(α) ' (1.1) �G.
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QR 1.2 'TSV (i), (ii) � (iii) fIJ, WX, �MH f ∈ K K I(f) < 1, >
lim
u→0

�1−α
u inf

t∈[0,bu−au]
‖βuΔ(t, u) − f‖α = b(f), a.s.,

�7 b(f) = ( k(α)
1−I(f))

γ , γ = 1
2 − α, TQ) k(α) ' (1.1) �G.

V 1.3 g bu = e−2, au = u [, \P�
hÆ Brown ��7@8
8/92.  [8] 7

>iST=j]^\P�

_k.

2 `a 1.1 bWc
XR 2.1 �MH Borel dl A ⊂ C α,0(Rd),

lim sup
ε→0

ε2 log P (εw ∈ A) ≤ −Λ(Ā), lim inf
ε→0

ε2 log P (εw ∈ A) ≥ −Λ(
◦
A),

�7 Λ(A) = infh∈A I(h).

Ye * [2, �
 2.1]. :1Æm.

XR 2.2 C cn > 2, �Mfg
 η > 0, >
P

(
sup

0≤T≤1
sup

0≤s<t≤cn

|w(T + t) − w(t) − (w(T + s) − w(s))|
|t − s|α ≥ η

)

≤ 3cnP

(
sup

0≤T≤1
‖w(T + ·) − w(·)‖α ≥ η

2

)
+ c2

nP

(
sup

0≤s≤1
‖w(s + ·) − w(s)‖ ≥ η

2

)
.

Ye * [5, h
 2.2]. :1Æm.

XR 2.3 �Mf f ∈ K K I(f) < 1, >
lim inf

u→0
�1−α
u inf

t∈[0,bu−au]
‖βuΔ(t, u) − f‖α ≥ b(f), a.s.

Ye (I) i lim supu→0
log(bu/au)

log log b−1
u

< ∞, WXP( 0 < M < ∞, N� bu

au
≤ (log b−1

u )M , _n

log
bu log b−1

u

au
≤ (M + 1) log log b−1

u . (2.1)

L l(u) = au(log bu log b−1
u

au
)−

2
1−2α , aun = exp(− n

(log n)3 ). ��oC kn = [ bun

l(un+1)
]. � ti =

il(un+1), i = 0, 1, 2, . . . , kn, >
min

0≤i≤kn

‖βun+1(w(ti + aun+1 ·) − w(ti)) − f‖α

≤ max
0≤i≤kn

sup
0≤s≤l(un+1)

‖βun+1(w(s + (ti + aun+1 ·)) − w(ti + aun+1 ·))‖α

+ inf
t∈[0,bun−aun+1 ]

‖βun+1(w(t + aun+1 ·) − w(t)) − f‖α. (2.2)

jf� I(f) < 1, �Mf 0 < ε < 1, k δ > 0, N� η0 = I(f) + 1−I(f)
(1−ε)1/γ − 2δ > 1, >

P
(
�1−α
un+1

min
0≤i≤kn

‖βun+1(w(ti + aun+1 ·) − w(ti)) − f‖α ≤ (1 − ε)b(f)
)

≤
∑

0≤i≤kn

P

(
‖βun+1(w(ti + aun+1 ·) − w(ti)) − f‖α ≤ (1 − ε)

b(f)
�1−α
un+1

)

=
∑

0≤i≤kn

P

(∥∥∥∥w(ti + aun+1 ·) − w(ti)√
aun+1

−
√

�un+1f

∥∥∥∥
α

≤ (1 − ε)
b(f)

�
1
2−α
un+1

)
.
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l (1.2) � n Lpq
∑

0≤i≤kn

P

(∥∥∥∥w(ti + aun+1 ·) − w(ti)√
aun+1

−
√

�un+1f

∥∥∥∥
α

≤ (1 − ε)
b(f)

�
1
2−α
un+1

)

≤ (1 + kn) exp
{(

− log
bun+1 log b−1

un+1

aun+1

)(
I(f) +

1 − I(f)
(1 − ε)1/γ

− 2δ
)}

≤ bun + l(un+1)
l(un+1)

(
aun+1

bun+1 log b−1
un+1

)η0

.

mr, l Borel–Cantelli h
, >
lim inf
n→∞ �1−α

un+1
min

0≤i≤kn

‖βun+1(w(ti + aun+1 ·) − w(ti)) − f‖α ≥ b(f), a.s. (2.3)

9���, �Mf η > 0,

P
(
�1−α
un+1

sup
0≤i≤kn

sup
0≤s≤l(un+1)

βun+1‖w(s + ti + aun+1 ·) − w(ti + aun+1 ·)‖α ≥ η
)

= P

(
�

1
2−α
un+1√
�

2
1−2α
un+1

sup
0≤i≤kn

sup
0≤T≤1

∥∥∥∥w

(
T + i +

aun+1

l(un+1)
·
)
− w

(
i +

aun+1

l(un+1)
·
)∥∥∥∥

α

≥ η

)

≤ (1 + kn)P
(

�
1
2−α
un+1√
�

2
1−2α
un+1

sup
0≤T≤1

sup
0≤s<t≤ aun+1

l(un+1)

aα
un+1

l(un+1)α

|Δ̃T w(t) − Δ̃T w(s)|
|t − s|α ≥ η

)
,

�7 Δ̃T w(t) = w(T +
aun+1
l(un+1)

t) − w(
aun+1
l(un+1)

t).

lh
 2.2 >

(1 + kn)P
(

�
1
2−α
un+1√
�

2
1−2α
un+1

sup
0≤T≤1

sup
0≤s<t≤ aun+1

l(un+1)

aα
un+1

l(un+1)α

|Δ̃T w(t) − Δ̃T w(s)|
|t − s|α ≥ η

)

≤ 3
aun+1

l(un+1)
(1 + kn)P

(
�

1
2−α
un+1√
�

2
1−2α
un+1

aα
un+1

(l(un+1))α
sup

0≤T≤1
‖w(T + ·) − w(·)‖α ≥ η

2

)

+
(

aun+1

l(un+1)

)2

(1 + kn)P
(

�
1
2−α
un+1√
�

2
1−2α
un+1

aα
un+1

(l(un+1))α
sup

0≤x≤1
‖w(x + ·) − w(x)‖ ≥ η

2

)

≤ 3
aun+1

l(un+1)
(1 + kn)P

( √
2√

�
1
2+α
un+1

aα
un+1

(l(un+1))α
sup

0≤T≤1

∥∥∥∥w

(
1
2
T +

1
2
·
)
− w

(
1
2
·
)∥∥∥∥

α

≥ η

2

)

+
(

aun+1

l(un+1)

)2

(1 + kn)P
( √

2√
�

1
2+α
un+1

aα
un+1

(l(un+1))α
sup

0≤x≤1

∥∥∥∥w

(
1
2
x +

1
2
·
)
− w

(
1
2
x

)∥∥∥∥ ≥ η

2

)

=
aun+1

l(un+1)
(1 + kn)

(
3P

( √
2

�
1
2+α
un+1

w ∈ A

)
+

aun+1

l(un+1)
P

( √
2

�
1
2+α
un+1

w ∈ B

))
, (2.4)

�7 A = {f ∈ C α,0(Rd) : sup0≤t≤1 ‖f( 1
2 t + 1

2 ·) − f( 1
2 ·)‖α ≥ η

2}, B = {f ∈ C α(Rd) :

sup0≤t≤1 ‖f( 1
2 t + 1

2 ·) − f( 1
2 t)‖ ≥ η

2}.
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�Mf f ∈ A, > inff∈A I(f) ≥ η2

32 . lh
 2.1, � n Lpq, ��

P

( √
2

�
1
2+α
un+1

w ∈ A

)
≤ exp

(
− η2

128
�1+2α
un+1

)
= exp

(
− η2

128
�2α
un+1

�un+1

)

=
(

aun+1

bun+1 log b−1
un+1

) η2

128

(
log

bun+1 log b−1
un+1

aun+1

)2α

. (2.5)

?@� log
bun+1 log b−1

un+1
aun+1

→ ∞ (n → ∞), >

∑
n

aun+1

l(un+1)
bun + l(un+1)

l(un+1)

(
aun+1

bun+1 log b−1
un+1

) η2

128

(
log

bun+1 log b−1
un+1

aun+1

)2α

< ∞. (2.6)

� n Lpq, =>

P

( √
2

�
1
2+α
un+1

w ∈ B

)
≤ exp

(
− η2

8
�1+2α
un+1

)
=

(
aun+1

bun+1 log b−1
un+1

) η2

8

(
log

bun+1 log b−1
un+1

aun+1

)2α

. (2.7)

n?@� log
bun+1 log b−1

un+1
aun+1

→ ∞ (n → ∞), >

∑
n

(
aun+1

l(un+1)

)2

(1 + kn)
(

aun+1

bun+1 log b−1
un+1

) η2

8

(
log

bun+1 log b−1
un+1

aun+1

)2α

< ∞.

l Borel–Cantelli h
, >
lim sup

n→∞
�1−α
un+1

sup
0≤i≤kn

sup
0≤s≤l(un+1)

βun+1‖w(s + ti + aun+1 ·) − w(ti + aun+1 ·)‖α = 0, a.s. (2.8)

l (2.2), (2.3) � (2.8), ��

lim inf
n→∞ �1−α

un+1
inf

t∈[0,bun−aun+1 ]
‖βun+1(w(t + aun+1 ·) − w(t)) − f‖α ≥ b(f), a.s. (2.9)

jf� un Lpg, mr�Lpg
 u P(o� n, N� u ∈ [un+1, un). C φt,u(s) = βu(w(t +

aus) − w(t)), s ∈ [0, 1], t ∈ [0, bu − au]. �G
X(u) = �1−α

u inf
t∈[0,bu−au]

‖φt,u(·) − f(·)‖α, Xn = inf
un+1≤u<un

X(u).

l*ps
�G, �MH ε > 0, P( Tn ∈ [un+1, un), N� Xn ≥ X(Tn) − ε.

�MH r, q ∈ [0, 1], C x =
raun+1

aTn
, y =

qaun+1
aTn

, J 0 ≤ x ≤ 1, 0 ≤ y ≤ 1. >*�tu
inf

t∈[0,bun−aun+1 ]
‖βun+1(w(t + aun ·) − w(t)) − f‖α

≤ inf
t∈[0,bTn−aTn ]

sup
0≤r<q≤1

|φt,un+1(q) − f(q) − (φt,un+1(r) − f(r))|
|q − r|α

= inf
t∈[0,bTn−aTn ]

sup
0≤x<y≤aun+1

aTn

aα
un+1

aα
Tn

|φt,un+1(
aTny
aun+1

)−f( aTny
aun+1

)−(φt,un+1(
aTnx
aun+1

)−f( aTnx
aun+1

))|
|y − x|α

≤ inf
t∈[0,bTn−aTn ]

sup
0≤x<y≤1

|βun+1
βTn

φt,Tn(y) − f( aTn

aun+1
y) − (

βun+1
βTn

φt,Tn(x) − f( aTn

aun+1
x))|

|y − x|α
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≤ inf
t∈[0,bTn−aTn ]

βun+1

βTn

‖φt,Tn(·) − f(·)‖α +
∣∣∣∣βun+1

βTn

− 1
∣∣∣∣‖f(·)‖α +

∥∥∥∥f(·) − f

(
aTn

aun+1

·
)∥∥∥∥

α

≤ βun+1

βTn

�−(1−α)
un

X(Tn) +
∣∣∣∣βun+1

βTn

− 1
∣∣∣∣‖f(·)‖α +

∥∥∥∥f(·) − f

(
aTn

aun+1

·
)∥∥∥∥

α

. (2.10)

jf�

1 ≥
log

bun log b−1
un

aun

log
bun+1 log b−1

un+1
aun+1

=
aun

aun+1

log
bun log b−1

un

aun

log
bun+1 log b−1

un+1
aun+1

aun+1

aun

≥ aun+1

aun

→ 1, (2.11)

βun+1

βTn

≤ βun+1

βun

≤ aun

aun+1

≤ 1 +
(

1
(log n)3

)
+ o

(
1

(log n)3

)
. (2.12)

qr [5, (2.12)], P(Q) c > 0,∥∥∥∥f(·) − f

(
aTn

aun+1

·
)∥∥∥∥

α

≤ c

∣∣∣∣ aTn

aun+1

− 1
∣∣∣∣
1
2−α

≤ c

∣∣∣∣ aun

aun+1

− 1
∣∣∣∣
1
2−α

, (2.13)

RK bu

au
≤ (log b−1

u )M ≤ (log a−1
u )M , sÆ(

log
bun log b−1

un

aun

)1−α

≤ ((M + 1) log log a−1
un

)1−α. (2.14)

l (2.9)–(2.14), ��

lim inf
n→∞ X(Tn) ≥ b(f), a.s.

jf�
lim inf

u→0
X(u) ≥ lim inf

n→∞ Xn ≥ lim inf
n→∞ X(Tn) − ε.

t6uI (I) 
:1.

(II) i lim supu→0
log(bu/au)

log log b−1
u

= ∞, t6kE�vv {un, n ≥ 1} N bun

aun
= np. (* , w�

p > (σ − 1)−1, �7 σ := I(f) + 1−I(f)
(1−ε)1/γ − δ > 1. C

g(n) =
log(bun/aun)
log log b−1

un

=
log np

log log b−1
un

.

t6wO g(n) → ∞ (n → ∞). WX b−1
un

= exp(np/g(n)). C l(u), kn � ti (i = 1, 2, . . .) ' (I) �

G. WX��xQ) C > 0,
∑

n→∞

bun + l(un+1)
l(un+1)

(
aun

bun log b−1
un

)σ

≤ C

∞∑
n

n−p(σ−1)(log n)
2

1−2α < ∞.

��o>
aun

aun+1

=
bun

np

(n + 1)p

bun+1

=
(n + 1)p

np
exp((n + 1)p/g(n+1) − np/g(n))

≤
(

1 +
1
n

)p

exp(np/g(n)−1) ≤
(

1 +
1
n

)p (
1 +

1
n(1−p/g(n))

+ o

(
1

n(1−p/g(n))

))
,

"fyz(
log

bun logb−1
un

aun

)1−α(
1−aun+1

aun

)
=

(
p log n+

p log n

g(n)

)1−α(
1−aun+1

aun

)
→ 0, n → ∞.

�{ (I) :1, (II) x:. :y.



4� YUZ[: Brown V\W]X Hölder ^4Y_`abc Chung Zd4e 611

XR 2.4 �MH f ∈ K K I(f) < 1, >
lim inf

u→0
�1−α
u inf

t∈[0,1− au
bu

]
‖βuΔ(t, u) − f‖α ≤ b(f), a.s.

Ye C ρ = limu→0
au

bu
, u1 = 1.

(a) i ρ < 1, bu → b 
= 0 (u → 0), WX limu→0
log bu

au

log log b−1
u

= ∞, �"A5;*h
 3.2. z{

?@5; ρ < 1, bu → 0 (u → 0) � ρ = 1. k {un, n ≥ 1}, N bun+1 = bun − aun , n ≥ 1. WX

{�un+1‖βun+1Δ(bun+1 − aun+1 , un+1) − f‖α ≤ (1 + ε)b(f)} Æ|J
 (n ∈ N). �Mf ε > 0, k
δ > 0, N� μ := (1 − I(f))/(1 + ε)1/γ + I(f) + 2δ < 1. WX, l (1.2), � n Lpq, >

P
(
�1−α
un+1

∥∥βun+1Δ(bun+1 − aun+1 , un+1) − f
∥∥

α
≤ (1 + ε)b(f)

)

= P

(
‖βun+1(w(bun+1 − aun+1 + aun+1 ·) − w(bun+1 − aun+1)) − f‖α ≤ (1 + ε)

b(f)
�1−α
un+1

)

= P

(∥∥w(·) −
√

�un+1f
∥∥

α
≤ (1 + ε)

b(f)

�
1
2−α
un+1

)

≥ exp
(

�un+1

(
− I(f) − k(α)

(1 + ε)1/γ( k(α)
1−I(f))

− 2δ
))

= exp
(
−

(
log

bun+1 log b−1
un+1

aun+1

)
μ

)
=

(
aun+1

bun+1 log b−1
un+1

)μ

.

m^ ∑
n≥1(

aun+1

bun+1 log b−1
un+1

)μ }|, l Borel–Cantelli h

lim inf
n→∞ �1−α

un+1
‖βun+1Δ(bun+1 − aun+1 , un+1) − f‖α ≤ b(f), a.s.

(b) i ρ = 1, WX"A5;�{s [3, �
 5.1] 
:1. :y.

3 `a 1.2 bWc
XR 3.1 P(~Fvv un �s 0, N��MH f ∈ K K I(f) < 1, >

lim sup
n→∞

�1−α
un

inf
t∈[0,bun+1−aun ]

‖βun(w(t + aun ·) − w(t)) − f‖α ≤ b(f), a.s.

Ye m^ lim supu→0

log bu
au

log log b−1
u

= ∞, k {un;n ≥ 1}, N� bun

aun
= np. C

ti = iaun , i = 0, 1, 2, . . . , kn =
[
bun+1

aun

]
− 1, g(n) =

log bun

aun

log log b−1
un

=
log np

log log b−1
un

,

WX b−1
un

= exp (n
p

g(n) ), g(n) → ∞ (n → ∞). RK�MH p > 0, (n+1)p

log b−1
un

→ ∞, 1 ≤ bun

bun+1
=

exp {(n + 1)
p

g(n+1) − n
p

g(n) } ≤ exp {n p
g(n)−1} → 1 (n → ∞). k δ > 0, N� σ0 := 1−I(f)

(1+ε)1/γ +

I(f) + 2δ < 1. l (1.2) ��, � n Lpq
P

(
�1−α
un

inf
t∈[0,bun+1−aun ]

‖βun(w(t + aun ·) − w(t)) − f‖α ≥ b(f)(1 + ε)
)

≤ P
(
�1−α
un

min
0≤i≤kn

‖βun(w(ti + aun ·) − w(ti)) − f‖α ≥ b(f)(1 + ε)
)

=
{

P

(
�1−α
un

∥∥∥∥ 1√
aun�un+1

w(aun ·) − f

∥∥∥∥
α

≥ b(f)(1 + ε)
)}1+kn
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=
{

1 − P

(
‖w −

√
�unf‖α <

b(f)(1 + ε)

�
1
2−α
un

)}1+kn

≤ exp
{
−

(
aun

bun log b−1
un

)σ0
([

bun+1

aun

])}
.

ik}g
 p,WX
∑∞

n=1 exp
{−( aun

bun log b−1
un

)σ0
([ bun+1

aun

])}
< ∞.l Borel–Cantelli h
, >

lim sup
n→∞

�1−α
un

inf
t∈[0,bun+1−aun ]

‖βun(w(t + auns) − w(t)) − f‖α ≤ b(f), a.s.

:y.

XR 3.2 �MH f ∈ K K I(f) < 1, >
lim sup

u→0
�1−α
u inf

t∈[0,bu−au]
‖βu(w(t + au·) − w(t)) − f‖α ≤ b(f), a.s.

Ye C φt,u(s)=βu(w(t+aus)−w(t)), un'h
 3.1�G. m^ φt,u(s)= βu

βun
φt,un(

au

aun
s),>

inf
t∈[0,bu−au]

‖φt,u(·)−f(·)‖α ≤ inf
t∈[0,bun+1−aun ]

∥∥∥φt,un

( au

aun

·
)
− f

( au

aun

·
)∥∥∥

α

+ sup
t∈[0,bun+1−aun ]

∣∣∣ βu

βun

−1
∣∣∣
∥∥∥φt,un

( au

aun

·
)∥∥∥

α
+

∥∥∥f
( au

aun

·
)
−f(·)

∥∥∥
α

≤ inf
t∈[0,bun+1−aun ]

∥∥∥φt,un

(
au

aun

·
)
− f

(
au

aun

·
) ∥∥∥

α

+ sup
t∈[0,bun+1−aun ]

∣∣∣∣ aun

aun+1

− 1
∣∣∣∣
∥∥∥φt,un+1

( au

aun

·
)∥∥∥

α

+
∥∥∥f

( au

aun

·
)
− f(·)

∥∥∥
α
. (3.1)

�{sh
 2.3 (II) 
:1, t6uI��
 1.2 
:1.
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