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Abstract We first study the basic coupling and obtain an equation between total
variation norm and the basic coupling. Then by use this equation we investigate the
ergodicity property of continuous time Markov processes in general state space. For an
ergodic continuous-time Markov processes, adding condition π(f) < ∞, by using the
coupling method, there exists the full absorption set, such that the continuous time
Markov processes are f -ergodic on it.
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1 89:;<=>
�� Markov ��� Markov ���������?�, �@������ Markov ���

������A����, ��B�C ����� Markov ������ (!" [1]). Markov

������DE��F#�$�GH,GH� %��!", &#$'%()*&'� Markov

��� Markov �+# q ��I�*,��. -.������/01(, J2. f - ��, K3
�� (L)*+��) � f - K3�� (L) f - *+��). �,M4-.�5/0 3NO6�
f - ��PCQ Nummelin � Tweedie J21��, Q@GH�7#, Meyn � Tweedie R!"
[2] J21��.2�,89� f - K3��. �!HS345��. Markov ��� f - ��.

!" [3] ��.:;<.�,M4-. Markov �� f - K3���. �@=><. Markov

���K3���, Meyn � Tweedie ?�@A63B7&�TU�89� (:;!" [4,5]).

C {Φt, t ∈ R+} -�<=><. Markov ��, D<V=>?- Φt. M4-. X - Polish

-. (@DAB9�(E-.), B(X) �Q X IB3<WC*�� σ D3, C P(X) - X F

�5GEHF(, H P (t, x,A), t ∈ R+, A ∈ B(X) 'ÆI Markov ���XAEH63, @

P (t, x,A). D<JH P (t) 'ÆI=><. Markov ��. �!BK$� Markov ��, LMGN

O, H�PK=><. Markov ��.

? v(g) :=
∫

X
gdv, π(f) :=

∫
X
π(dx)f(x).

YZ 1.1 C v � B(X) F�IJF(, g, f � B(X) F�BF63, KO v �5/0 3

-

‖v‖ := sup{|v(g)| : |g| ≤ 1},
KO v � f -  3-

‖v‖f := sup{|v(g)| : |g| ≤ f}, f ≥ 1.

YZ 1.2 ) Markov �� {Φt, t ∈ R+} � (Q?) ���, LLRR��M/F( π, S[
lim

t→∞ ‖P (t, x, ·) − π(·)‖ = 0, ∀x ∈ X.

YZ 1.3 C f - �BF63, ) Markov �� {Φt, t ∈ R+} � f - ���, L f ≥ 1 TS[:

(i) Φt �\ Harris �N�TDM/F( π;

(ii) π(f) <∞;

(iii) �UN�OVM4 x, D
lim

t→∞ ‖P (t, x, ·) − π(·)‖f = 0.

L f ≡ 1, U f -  3/�.5/0 3, WGP, f - ��/�. (Q?) ��.

? τC := min{n ≥ 1; Φn ∈ C} -R C FX�NQ�<R.

]^ 1.4 [2] C Φ � ψ MB_�`Y Markov �, f ≥ 1 � X F�63, U6Z[STU:

(i)Markov � Φ �\�N�TDM/F( π S[ π(f) <∞.
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(ii) LR^C C ∈ B(X), _` supx∈C Ex[
∑τC−1

n=0 f(Φn)] <∞.

(iii) LR^C C �ade�b63 V �` x0 ∈ X S[ V (x0) <∞, TD
	V (x) ≤ −f(x) + b 
C (x). (1.1)

+FU�[SB` SV = {x : V (x) < ∞} �Sa/C, bI V � (1.2) 9�S[[S (iii)

�c. 1TUNS[ (1.1) 9�6cdC V , �UN x ∈ SV , D limn→∞ ‖Pn(x, ·) − π(·)‖f = 0.

f�!" [2, Ke 14.0.1], dKe��.:;<. Markov �� f - ���. Qe`$ff,

gh��.=><. Markov ��� f - ���.

�!�i#gh�gHS345, `$6Z�=><.�,M4-. Markov ��� f - �

�hK�89[S, @�!�Ke 1.5.

Y^ 1.5 C P (t) ��� Markov ��, π � P (t) �R�di9i, BF63 f ≥ 1,

T π(f) < ∞, ULRS�a/C X0(⊂ X), _` P (t) jjR X0 F� f - ���, @ ∀x ∈
X0, limt→∞ ‖P (t, x, ·) − π(·)‖f = 0.

2 8klmno
YZ 2.1 [6] C μ1, μ2 � B(X) F�UNEHF(, μ̃ � B(X)×B(X) F�EHF(, )

μ̃ � μ1 Æ μ2 �S3, LS[jp�:

μ̃(A1 ×X) = μ1(A1), A1 ∈ B(X); μ̃(X ×A2) = μ2(A2), A2 ∈ B(X).

? K(μ1, μ2) - μ1 Æ μ2 �5GS3.

]^ 2.2 [7] C μ1, μ2 � B(X) F�UNEHF(, Æ μ′ = μ1 + μ2, ?

g1 =
dμ1

dμ′ , g2 =
dμ2

dμ′ , g = min {g1, g2}, γ =
∫
gdμ′,

v1(A) =
∫

A

(g1 − g)dμ′, A ∈ B(X), v2(A) =
∫

A

(g2 − g)dμ′, A ∈ B(X),

Q(B) =
∫

B∩{(x,y):x=y}
g(x)μ′d(x), B ∈ B(X) × B(X).

q` 0 ≤ γ ≤ 1, v1, v2 � B(X) F�k<F(, Q � B(X) × B(X) F�F(. Æ

μ =

⎧⎨
⎩

Q, γ = 1,
v1 × v2
1 − γ

+Q, γ �= 1,

U μ � μ1 Æ μ2 �S3, ) μ � μ1 Æ μ2 ���S3.

? ϕ(x, y) := d(x, y)[f(x) + f(y)], BF63 f ≥ 1, bI
d(x, y) :=

{
1, x �= y,

0, x = y.

]^ 2.3 [6] C μ1, μ2 �UNEHF(,UD 1
2‖μ1−μ2‖ = inf μ̃∈K(μ1,μ2)

∫
d(x, y)μ̃(dx, dy).

rO;kl5�!" [6, Ke 5.7].

]^ 2.4 C μ1(t, x, dx), μ2(t, y, dy) � P(X) F�UNEHF(, μ(t;x, y; du, dv) � μ1(t,

x, du) Æ μ2(t, y, dv) ���S3, UD
‖μ1(t, x, du) − μ2(t, y, dv)‖ = 2

∫
d(u, v)μ(t;x, y; du, dv). (2.1)
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st C h � B(X) F�BF63,

‖μ1 − μ2‖ = sup
|h|≤1

∣∣∣∣
∫
hdμ1 −

∫
hdμ2

∣∣∣∣ = sup
|h|≤1

∣∣∣∣
∫
hg1dμ

′ −
∫
hg2dμ

′
∣∣∣∣

= sup
|h|≤1

{ ∫
{g1≥g2}

h(g1 − g2)dμ′ −
∫
{g1<g2}

h(g1 − g2)dμ′
}

=
∫
{g1≥g2}

(g1 − g2)dμ′ −
∫
{g1<g2}

(g1 − g2)dμ′

=
∫

|g1 − g2|dμ′ (|g1 − g2| ≡ (g1 − g) + (g2 − g))

=
∫

(g1 − g)dμ′ +
∫

(g2 − g)dμ′

=
( ∫

g1dμ
′ −

∫
gdμ′

)
+

( ∫
g2dμ

′ −
∫
gdμ′

)
= (1 − γ) + (1 − γ) = 2(1 − γ).

@�, u7r ∫
d(u, v)μ(du, dv) = 1 − γ. mr?.

(a) l γ = 1 <,∫
d(u, v)μ(du, dv) =

∫
d(u, v)Q(du, dv) =

∫
d(u, v)

∫
{(u,v):u=v}

g(u)μ′d(u)

=
∫ ∫

{(u,v):u=v}
d(u, v)g(u)μ′d(u) = 0.

mnD ∫
d(u, v)μ(du, dv) = 0 = 1 − γ.

(b) l γ < 1, u = v <,
∫
d(u, v)μ(du, dv) = 0, B+D∫

d(u, v)μ(du, dv) =
∫
{(u,v):u	=v}

d(u, v)
v1(du) × v2(dv)

1 − γ
+

∫
{(u,v):u=v}

d(u, v)Q(du, dv)

=
∫
{(u,v):u	=v}

d(u, v)
v1(du) × v2(dv)

1 − γ
+ 0

=
∫
{(u,v):u	=v}

d(u, v)
(1 − γ) × (1 − γ)

1 − γ

=
∫
{(u,v):u	=v}

d(u, v)(1 − γ) = 1 − γ.

Jeor.

]^ 2.5 C μ1(t, x, dx), μ2(t, y, dy) � P(X) F�UNEHF(, μ(t;x, y; du, dv) � μ1(t,

x, du) Æ μ2(t, y, dv) �S3, UD
‖μ1(t, x, du) − μ2(t, y, dv)‖f ≤

∫
d(u, v)[f(u) + f(v)]μ(t;x, y; du, dv). (2.2)

st Æ |g| ≤ f ,UD g(u)−g(v) ≤ ϕ(u, v). @� ∫
gdμ1−

∫
gdμ2 =

∫
μ(t;x, y; du, dv)[g(u)−

g(v)] ≤ ∫
μ(t;x, y; du, dv)ϕ(u, v). ne

∫
gdμ2−

∫
gdμ1 ≤∫

μ(t;x, y; du, dv)ϕ(u, v), pD∣∣∣∣
∫
gdμ1−

∫
gdμ2

∣∣∣∣ ≤
∫
μ(t;x, y; du, dv)ϕ(u, v).

RFZMT9I, � |g| ≤ f oFpq, ` ‖μ1 − μ2‖f ≤ ∫
μ(t;x, y; du, dv)ϕ(u, v). Q ϕ(u, v) �

KOv (2.2) 9`r.
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YZ 2.6 C {P (t), t ∈ R+} � Ψ MB_=><. Markov ��, A ∈ B(X), ) A -SC,

L Ψ(Ac) = 0. ) A -a/C, L ∀x ∈ A, P (t, x,A) = 1.

qr,L A� B H� ΨMB_�=><.Markov�� {P (t), t ∈ R+}�SC,U A∩B J
� Φ �SC. Q!" [8, Ke 2.2.6] qv, � Ψ MB_�=><. Markov �� {P (t), t ∈ R+},
LLRR�di9i π, U Ψ(Ac) = 0 Æ π(Ac) = 0 TU.

]^ 2.7 [8] rC=><. Markov �� {P (t), t ∈ R+} � Ψ MB_�, U
(i) s<�-a/CH�SC.

(ii) s<SCst�<S�a/C.

st rO;!" [8, t� 2.2.8]. ru.

]^ 2.8 �XAEH P ��!O$e63 W : X → [0,∞], L PW (x) = 0, U SW = {x :

W (x) = 0} �SC.

st PW (x) =
∫
P (x, dy)W (y) =

∫
SW

P (x, dy)W (y) +
∫

Sc
W
P (x, dy)W (y).

L PW (x) = 0, rC P (x, Sc
W ) �= 0,U ∫

Sc
W
P (x, dy)W (y) �= 0. LQ@ ∫

SW
P (x, dy)W (y) =

0, `$ PW (x) �= 0. Æ�CWuv, rCwv. p P (x, Sc
W ) = 0, x ∈ SW . mn SW = {x :

W (x) = 0} �a/C, QJe 2.7 vwJ�SC. ru.

3 ;<=>wno
QJe 2.4B` ‖P (t, x, du)−π(dv)‖ = 2

∫
d(u, v)P (t;x, y; du, dv), bI P (t;x, y; du, dv) -

P (t, x, du) Æ π(dv) ���S3. LQ[S P (t) ��� Markov ��v, ∀x ∈ X, D
lim

t→∞ ‖P (t, x, du) − π(dv)‖ = 0, (3.1)

@

lim
t→∞

∫
d(u, v)P (t;x, y; du, dv) = 0. (3.2)

LQ[SLR π(f) <∞, v∫
π(dx)f(u)

[
lim

t→∞

∫
d(u, v)P (t;x, y; du, dv)

]
= 0, (3.3)

@ ∫
π(dx)

[
lim

t→∞

∫
d(u, v)P (t;x, y; du, dv)f(u)

]
= 0. (3.4)

L? A = {x ∈ X : limt→∞
∫
d(u, v)P (t;x, y; du, dv)f(u) = 0}, UQJe 2.8 ` π(A) = 1.

TUP Ψ(A) = 1. xe ∀x ∈ A, D
lim

t→∞

∫
d(u, v)P (t;x, y; du, dv)f(u) = 0. (3.5)

xyP, LRC3 B, _` Ψ(B) = 1, xe ∀x ∈ B, D
lim

t→∞

∫
d(u, v)P (t;x, y; du, dv)f(v) = 0, (3.6)

U ∀x ∈ A ∩B, (3.5), (3.6) n<�z.
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QJe 2.5 `

‖P (t, x, du) − π(dv)‖f ≤
∫
d(u, v)[f(u) + f(v)]P (t;x, y; du, dv). (3.7)

mnD
lim

t→∞ ‖P (t, x, du) − π(dv)‖f ≤ lim
t→∞

∫
d(u, v)[f(u) + f(v)]P (t;x, y; du, dv)

= lim
t→∞

∫
d(u, v)P (t;x, y; du, dv)f(u)

+ lim
t→∞

∫
d(u, v)P (t;x, y; du, dv)f(v). (3.8)

Q (3.5), (3.6), (3.8) 9, @` ∀x ∈ A ∩B, limt→∞ ‖P (t, x, ·) − π(·)‖f = 0.

y 1 Ke�[S π(f) <∞ xB+y�{|�*zÆI, ;6Z�Je 3.1.

]^ 3.1 [8] C}�� {Xt, t ∈ R+} � Harris �N�, f ≥ 1 � X F�BF63, U6Z
[STU:

(1) }�� {Xt, t ∈ R+} �\ Harris �N�T π(f) <∞.

(2) [S (C) �zT supx∈C Ex[
∫ τC

0
f(Xt)dt] <∞.

(3) [S (C) �zT supx∈C Ex[
∫ τC(δ)

0
f(Xt)dt] <∞.

(4) LRz� q ^C C, T infx∈C q(x) > 0, �3 b < ∞, {~D�{ x0 |Dj�63 V,

S[@A[S (DJ3).

(5) LR�<z� (f, q) \UC C ∈ B(X), T infx∈C q(x) > 0.

(6) LR�<S�a/C S, T S �}B3< f \UC~�.

y 2 (1) [S (C): C ∈ B(X) �}���^C, T 0 < infx∈C q(x) ≤ supx∈C q(x) <∞.

(2) @A[S (DJ3): C3 C ∈ B(X), �3 b < ∞, BF$e63 f : E → [1,+∞], !O$
e63 V : E → [0,+∞], 42 S[ ΩV (x) ≤ −f(x) + b
C (x), ∀x ∈ X.

f�!" [8, Ke 7.2.3].
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