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�� Hilbert 
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� P �% L2(D, dA) & L2
a 	� Bergman )*. +' D 	��� ϕ ,( ϕf ∈ L2(D, dA),

D 	� Bergman- - Toeplitz .J Tϕ �#$:

Tϕ(f)(z) = P (ϕf)(z) =
∫

D

ϕ(w)f(w)
(1 − zw)2

dA(w), f ∈ D,
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JH2.6 Dirichlet 
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aij = 〈Tϕej , ei〉D, 1 ≤ i, j ≤ N
+. � C �^M8Q^_�,_7O:
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ϕC
2 (D∗
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nk.

oW 2.2 � ϕ ∈ B, X Tϕ UMSTTS ϕ �flI��.
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lm � ϕ ∈ B. +' Tϕ = T ∗
ϕ, XDRS 1.1, Dϕ = (C−1)2D∗

ϕC
2, V832pmQ.M

iϕi−j = jϕj−i, ∀ i, j ∈ N
+. +' i = j ∈ N

+, X ϕ0 = ϕ0. +' i 	= j, g k = i − j, X,hi
j ∈ N

+, ϕk = j
j+kϕ−k. '!, ϕ−k = 0, %n ϕk = 0. o ϕ �flI��.

hi, j ϕ $flI��, X Tϕ klUM. nk.

D�S 2.2P[,GD	mc�d�UM Toeplitz.J.fp	(gbcQ, T ∗
ϕ i� Toeplitz

.J, V8KL456 T ∗
ϕ = Tϕ �@AB:;C.

VW 2.3 � ϕ ∈ B, Tϕ �7O� CDϕC
−1, X Tϕ �7O� CD∗

ϕC
−1.

lm '$ ϕ ∈ B, � ϕ(z) =
∑∞
n=0 ϕnz

n +
∑−1
n=−∞ ϕnz

−n, X

ϕ(z) =
∞∑
n=0

ϕnz
n +

−1∑
n=−∞

ϕnz
−n.

q a′ij � Tϕ 7OF�^W, no

a′ij = 〈Tϕej , ei〉D = 〈ϕej , ei〉D =
√
i√
j
ϕj−i.

'!, Tϕ �7O$ CD∗
ϕC

−1. nk.

oW 2.4 � ϕ ∈ B. Tϕ∗ = Tϕ STTS ϕ �lI��.

lm � ϕ ∈ B, DRS 2.1 P[, T ∗
ϕ �7O$ C(C−1)2D∗

ϕC
2C−1. DRS 2.3, Tϕ �7O

$ CD∗
ϕC

−1, "F

Dϕ
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⎛
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ϕ−2 ϕ−1 ϕ0 ϕ1 · · ·
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...
...

...
...

. . .
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Tϕ
∗ = Tϕ STTS,hi i, j ∈ N

+,

ϕj−i =
j

i
ϕj−i.

+' i 	= j, D	_P( ϕj−i = 0. '! ϕ �lI��. hip(. nk.

oW 2.5 � ϕ ∈ B, X Tϕ qrSTTS ϕ qrSTTS ϕ = 0 : ϕ = 1.

lm � ϕ ∈ B. +' Tϕ qr, s T 2
ϕ = Tϕ, X D2

ϕ = Dϕ, %n T 2
ϕ �7O$ CD2

ϕC
−1. q

aij�bij AN$ Dϕ�D2
ϕ ,O7OF�^W, X

bij =
∞∑
k=1

ϕi−kϕk−j = aij , ∀ i, j ≥ 1. (2.4)

=S

bi+1,j+1 = ϕiϕ−j + bij = ai+1,j+1. (2.5)

'$ bij = bi+1,j+1, aij = ai+1,j+1, V8 ϕiϕ−j = 0, i, j ≥ 1. '! ϕ �&:DR�&. � ϕ �

&, D (1.1) [

bij = ϕi−j =
∞∑
k=1

ϕi−kϕk−j =

⎧⎪⎪⎨
⎪⎪⎩

0, i < j;
i∑

k=j

ϕi−kϕk−j , i ≥ j.
(2.6)



3� X YZ: Dirichlet Y[Z Bergman [ Toeplitz \_\]�]` 453

rf	, +' i < j, X

0 =
∞∑
k=1

ϕi−kϕk−j =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

j∑
k=1

ϕi−k × 0, k < j,

∞∑
k=j

0 × ϕk−j , k ≥ j.

'!KLTts i ≥ j >� bij . q m = i− j, D (2.6) M

ϕm =
m∑
k=0

ϕm−kϕk. (2.7)

D (2.7) M
ϕ0 = ϕ2

0, ϕ1 = 2ϕ0ϕ1, ϕ2 = 2ϕ2ϕ0 + ϕ2
1, . . . . (2.8)

D (2.8) P( ϕ0 = 0: ϕ0 = 1. +' ϕ0 = 0, X, n ≥ 0 M ϕ0 = ϕ1 = ϕ2 = ϕ3 = · · · = ϕn = 0;

+' ϕ0 = 1, X, n > 0 M ϕ1 = ϕ2 = ϕ3 = · · · = ϕn = 0. '! ϕ qr.

+' ϕ �DR�&�, "nt�Bu�. hikl. nk.

qr 2.6 � ϕ ∈ B. T 2
ϕ = 0 STTS ϕ = 0.

lm kl. nk.

3 Toeplitz abcst
Juu:ts<" Toeplitz .J�G	v>v$ Toeplitz .J. wxM8QRS.

VW 3.1 � ϕ,ψ � B F�DR�&��, X TϕTψ = TψTϕ = Tϕψ, ÆTwGDR�&�
� μ, ,( Tϕψ = Tμ, !> μ = ϕψ.

lm � ϕ,ψ, μ � B F�DR�&��. $6nt TϕTψ = Tϕψ = Tμ, � ϕ(z) = zn,

ψ(z) = zm, f(z) = zj . 32pmQ.,

Tψ(f)(z) = P (ψf)(z) =
∫ 2π

0

∫ 1

0

rme−imθrjeijθ

π(1 − zre−iθ)2
drdθ

=
1
π

∫ 1

0

rm+j+1

∫ 2π

0

eiθ(j−m+2)

(eiθ − rz)2
dθdr

=
1
πi

∫ 1

0

rm+j+1

∫
∂D

ζj−m+1

(ζ − rz)2
dζdr.

'$S j −m ≥ 0 >,
∫
∂D

ζj−m+1

(ζ−rz)2 dζ = 2πi(j −m+ 1)(rz)j−m, "vbc$ 0. '!

(Tψf)(z) = 2(j −m+ 1)(rz)j−m
∫ 1

0

r2j+1dr =

⎧⎨
⎩
j −m+ 1
j + 1

zj−m, j ≥ m

0, j < m.

%nP(

(TϕTψf)(z) =

⎧⎨
⎩

0, j −m− n < 0;
j −m− n+ 1
j −m+ 1

j −m+ 1
j + 1

zj−m−n, j −m− n ≥ 0.
(3.1)
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w'$

Tψϕ(f)(z) =

⎧⎨
⎩

0, j −m− n < 0;
j −m− n+ 1

j + 1
zj−m−n, j −m− n ≥ 0.

(3.2)

D (3.1) 4 (3.2) Q.P(

TϕTψf = P (znP (zmf)) = Tϕψf = P (znzmf).

� ϕ(z) =
∑∞

n=0 ϕ−nzn, ψ(z) =
∑∞

m=0 ψ−mzm, KLy:nt P (ϕP (ψf)) = P (ϕψf). x
i&

P (ϕP (ψf)) = P

( ∞∑
n=0

ϕ−nznP
( ∞∑
m=0

ψ−mzmf
))

=
∞∑
n=0

ϕ−n
∞∑
m=0

ψ−mP (znP (zmf)).

'$ P (znP (zmf)) = P (znzmf), V8 P (ϕP (ψf)) = P (ϕψf), Ge� TψTϕ = Tϕψ. g μ = ϕψ,

X Tϕψ = Tμ. nk.

oW 3.2 � ϕ,ψ ∈ B, X TϕTψ � Toeplitz .JSTTS ϕ DR�&: ψ �&.

lm � Dϕ, Dψ AN�x_ (2.1) F ϕ,ψ ,O�7O, no TϕTψ GK {en} Q�7O$
CDϕDψC

−1. q aij � DϕDψ F�^W, X aij =
∑∞

k=1 ϕi−kψk−j . +' TϕTψ �(" Toeplitz

.J, X ai+1,j+1 = aij . n ai+1,j+1 = ϕiψ−j + aij , V8 ϕiψ−j = 0 (i, j ∈ N
+). '!, ϕ DR�

&: ψ �&.

hi, +' ψ �&, kl TϕTψ = Tϕψ. +' ϕ DR�&, q ψ(z) =
∑∞
m=0 ψmz

m +∑−1
m=−∞ ψmz

−m. wq ψ+(z) =
∑∞

m=0 ψmz
m, X ψ = ψ− + ψ+. xi&

TϕTψ−+ψ+ = TϕTψ− + TϕTψ+ .

DRS 2.1 P[ TϕTψ− = Tϕψ− , '!

TϕTψ− + TϕTψ+ = Tϕψ− + Tϕψ+ = Tϕψ.

nk.

qr 3.3 � ϕ,ψ ∈ B. TϕTψ = Tϕψ STTS ϕ DR�&: ψ �&.

oW 3.4 � ϕ,ψ ∈ B. TϕTψ = 0 STTS ϕ = 0 : ψ = 0.

lm +' TϕTψ = 0, X ϕ DR�&: ψ �&. ts8Q<ybc:

(a) ϕ 34, ψ �&;

(b) ϕ DR�&, ψ 34.

+' (a) �z, X TϕTψ = Tϕψ = 0. '$ Tϕψf = Tϕ(ψf) = 0, X Tϕ = 0 : ψ = 0, '!

ϕ = 0 : ψ = 0.

+' (b) �z, � ϕ(z) =
∑−1
n=−∞ ϕnz

−n, ψ(z) =
∑∞
m=0 ψmz

m +
∑−1
n=−∞ ψmz

−m. g aij

�7O DϕDψ+ F�^W, � l = i− j ∈ Z (Z�U), '!M
aij =

∞∑
k=1

ϕ−kψk+l = 0. (3.3)

32Q.,

(ϕψ)(z) =
−1∑

n=−∞

−1∑
m=−∞

ϕnψmz
−m−n +

−1∑
n=−∞

∞∑
m=0

ϕnψmz
−nzm. (3.4)
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+'g l = m+ n, XD (3.4) P(
−1∑

n=−∞

−1∑
m=−∞

ϕnψmz
−m−n =

∞∑
l=1

∞∑
k=1

ϕ−kψl+kzl

4
−1∑

n=−∞

∞∑
m=0

ϕnψmz
−nzm =

∞∑
l=0

∞∑
k=1

ϕ−kψl+kzkzl+k.

{P (3.3) 4 (3.4) M ϕψ|T = 0. no+' ϕ �cÆDR�&��, XG�
:h	+yjjM
ψ = 0. Dz{|HSG D 	M ψ = 0. =S, +' ψ �cÆ�&��, XG D 	M ϕ = 0. hi
kl. nk.

oW 3.5 � ϕ,ψ ∈ B. +' TϕTψ = I, X ψϕ|T = 1.

lm !ntBuT�S 3.4. +' TϕTψ = I, X ϕ DR�&: ψ �&. ts<ybc:

(a) ϕ 34, ψ DR�&;

(b) ϕ DR�&, ψ 34.

+' (a) �z, � Dϕ, Dψ � ϕ, ψ ,OTx_ (1.1) F�7O, TϕTψ GK {en} Q�7O$
CDϕDψC

−1. � aij � DϕDψ F�^W, X aij =
∑∞

k=1 ϕi−kψk−j. � ν = i− j (i, j ∈ N
+). '

$ ψ ��&�, V8M
aij = μν = μi − j =

∞∑
l=0

ϕν−lψl

=

⎧⎪⎨
⎪⎩

∞∑
l=0

ϕ−lψl, ν = i− j = 0

0, ν = i− j 	= 0

=

{
1, ν = i− j = 0;

0, ν = i− j 	= 0.

xi&

Sν =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∞∑
l=0

ϕν−lψlzl−νzl, ν < 0;

ν∑
l=0

ϕν−lψlzv +
∞∑

l=ν+1

ϕν−lψlzl−vzl, ν ≥ 0,
(3.5)

X
Sν |T =

{
1, ν = 0;

0, ν 	= 0.

$6nt ∑∞
ν=−∞ Sν = ϕψ, xi&

ϕ(z) =
∞∑
n=0

ϕnz
n +

∞∑
n=1

ϕ−nzn, ψ(z) =
∞∑
m=0

ψmz
m.

'!

ϕψ =
∞∑
m=0

∞∑
n=0

ϕnψmz
m+n +

∞∑
m=0

∞∑
n=1

ϕ−nψmznzm = A+B + C, (3.6)
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"F
A =

∞∑
ν=0

ν∑
l=0

ϕν−lψlzν , B =
−1∑

ν=−∞

∞∑
l=0

ϕν−lψlzl−νzl, C =
∞∑
ν=0

∞∑
l=ν+1

ϕν−lψlzl−νzl.

D (3.5) [ ∑∞
ν=−∞ Sν |T = ϕψ|T = 1.

+' (b) �z, P8PBu�|}(&@=�1'. nk.

oW 3.6 � ϕ,ψ ∈ B, X TϕTψ = TψTϕ = I STTS ϕ, ψ =>�&:Æ=>DR�&,

T ϕψ = 1.

lm +' TϕTψ = TψTϕ = I, DRS 1.1 4�S 3.2, ϕ, ψ =>�&:Æ=>DR�&, T

ϕψ = 1.

hi,+' ϕ,ψ ∈ B�=>�&:Æ=>DR�&�,DRS 3.1M TϕTψ = TψTϕ = Tϕψ =

T1 = I. nk.

oW 3.7 � ϕ ∈ B��&:DR�&�, X Tϕ G D 	PMSTTS ϕ PMT ϕ,ϕ−1 =

>�&:=>DR�&, σ(Tϕ) = R(ϕ) ((R(ϕ) �� ϕ �I)).

lm i}(g1, � ϕ ∈ B T ϕ �&. +' Tϕ PM, XwG~(� ψ ∈ B, ,(

TϕTψ = TψTϕ = I.

D�S 3.6 ( ψ �&, T TϕTψ = Tϕψ = I. '! ϕψ = 1, %n ϕ PM.

hi, � ϕ ∈ B T ϕ �&. +' ϕ PMT ϕ−1 �&, X
TϕTϕ−1 = Tϕϕ−1 = Tϕ−1Tϕ = I,

o Tϕ PM.

z~, Tϕ − λ = Tϕ−λ, '!P( σ(Tϕ) = σ(ϕ) = R(ϕ). nk.

{ 3.8 J5HT456 ϕ �&:DR�&> Tϕ �PM1. +' ϕ �34��>, Tϕ P
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