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1 &'(h)*+
��,
�-
��.� W 1,p /0���:⎧⎪⎪⎨

⎪⎪⎩
∇× (A(x)∇× u) = f + ∇× g, Ω,

∇ · u = h, Ω,

u = 0, ∂Ω,

(1.1)

�1 Ω ⊂ R
3 �2�3���4, A(x) ∈ L∞(Ω) �2� 3 × 3 �5. ��, ����:

(H1) A(x) �26/��5, ��72��� 0 < λ < 1, ����8� ξ ∈ R
3, �3
��

��� �:

λ|ξ|2 ≤ (A(x)ξ) · ξ ≤ λ−1|ξ|2.

(H2) A−1(x) ∈ VMO(Ω). ����, ��3�
�9.

:; 1.1 [13] � A−1(x) ∈ BMO(Ω),  

η(r) = sup
�≤r

sup
x∈Ω

1
|B�|

∫
B�(x)

∣∣∣A−1(y) −A−1
B�(x)

∣∣∣ dy,
�1 B�(x) ⊂ Ω �- x �!", !"� � > 0 �#!, A−1

B�
�9� A−1 7 B� #�$%$&. �

' limr→0 η(r) = 0, %&��( A−1(x) '< VMO(Ω), η � A−1 � VMO ()*+.

,
��. (1.1) �,-.=<)*+�/,01��.. 2 E - H %.�(34 Ω #

�)+-*+, ��/3
�>4�/,01��. [10]:⎧⎪⎪⎨
⎪⎪⎩
εEt + σE = ∇×H,

μHt + ∇× E = F,

∇ ·H = 0,

(1.2)

�1 ε �)+�0)��, μ �*+�*15, σ �26�1)5.

326�178, 94<:; σE, )<? εEt 56=, 7-8>�9. @���. (1.2) 7

:;�: {
μHt + ∇× (1/σ∇×H) = F,

∇ ·H = 0.
(1.3)

� [16] �<��.=?�@A, �>�B?��7C2�. D@AE��. (1.3) �FGHI, /

5�>��. (1.1). ���� “∇ · u = h” -�>BCD�AB, EC7FA�J [4, 8, 10, 15]

=2Æ�? (1.1) -/,01��.DG�HK.

E<��. (1.1) I3FLGM��. [9] �N�JK, @�OH�P�/0���=?Q
�,
. RB Campanato SG��I, 7 A(x) �/3�L+M����
, 6NTC���.
(1.1) B?� Hölder ()�=?�,
. 7� [8] 1, JC�O�PQ� Hölder ()� (K7R
� [15]). DS, � [7] �>�UP� Hölder ()�. ���>���. (1.1) B?� W 1,p /0
�T9. 7U� A(x) - Ω ���VV
, RB R

3 1W++�XW-YW��I, 7-X��.
(1.1) L;�L+LGM��., MN, /7-ABLGM��.�/0�Z[, �O����


OH�Z.
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:V 1.2 � 1 < p <∞, Ω ⊂ R
3 �I3 C1 e��3�f(3�4. �� (H1) - (H2)  

�, f ∈ L3p/(3+p)(Ω; R3), g ∈ Lp(Ω; R3), N8 h ∈ Lp(Ω)  
∫
Ω
h = 0. D u ∈ H1

0 (Ω; R3) � (1.1)

�B?, 0 u ∈W 1,p(Ω; R3)  

‖u‖W 1,p(Ω) ≤ C(‖f‖L3p/(3+p)(Ω) + ‖g‖Lp(Ω) + ‖h‖Lp(Ω)), (1.4)

�1 C W]< λ,Ω, p - A−1 � VMO ()*+.

2 XYZi*+

�UO�2^[\J[5gAB7�Z 1.2 �]_h�1. Ω � R

3 1�3���4, n

� ∂Ω �f<�iW+.

^V 2.1 � Ω ⊂ R
3 �I3 C1 e��3�f(3�4. �� (H1)  �, f, g ∈ L2(Ω; R3),

N8 h ∈ L2(Ω)  
∫
Ω
h = 0. %&, ��. (1.1) 3C2B? u ∈ H1

0 (Ω; R3),  3T9
‖u‖H1

0 (Ω) ≤ C(‖f‖L2(Ω) + ‖g‖L2(Ω) + ‖h‖L2(Ω)), (2.1)

�1 C @W]< λ - Ω.

_` ��. (1.1) B?�C2�]_, 7-FA� [7]. M`aUO�7��]_, ]_�
�i�RB Lax-Milgram �Z [5].

� u = v + w,  v ab
�YWM��{
∇ · v = h, Ω,

v = 0, ∂Ω.
(2.2)

E� [3, jbc] 7\, ����72� H1
0 (Ω; R3) B?,  3
ÆT9

‖∇v‖L2(Ω) ≤ C‖h‖L2(Ω), (2.3)

�1�� C @W]< Ω.

kl��. (1.1), 7\ w ab
����.⎧⎪⎪⎨
⎪⎪⎩
∇× (A(x)∇× w) = f + ∇× (g −A(x)∇× v), Ω,

∇ · w = 0, Ω,

w = 0, ∂Ω.

(2.4)

%&m��7-�9cd�MDM a(·, ·): ��8� w,μ ∈ H1
0 (Ω; R3)

a(w,μ) =
∫

Ω

(A(x)∇× w) · (∇× μ)dx+
∫

Ω

λ(∇ · w)(∇ · μ)dx,

�1 λ � (H1) 1���. E�, ��. (2.4) �B?7�9�: ��8� μ ∈ H1
0 (Ω; R3),

a(w,μ) = (f + ∇× (g −A(x)∇× v), μ)

=
∫

Ω

(f · μ+ g · ∇ × μ)dx−
∫

Ω

(A(x)∇× v) · (∇× μ)dx.

E��VV (H1) 7\: ��8� w ∈ H1
0 (Ω),

a(w,w) ≥ λ

∫
Ω

(|∇ × w|2 + |∇ · w|2)dx = λ

∫
Ω

|∇w|2dx.
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dE Poincaré ���, Æ\
a(w,w) ≥ C‖w‖2

H1
0 (Ω),

�cd�MDM a(·, ·) 7 H1
0 (Ω; R3) 1�ee�.

f2��, Æ\
|a(w,μ)| ≤ λ−1‖∇w‖L2(Ω)‖∇μ‖L2(Ω) ≤ C‖w‖2

H1
0 (Ω)‖μ‖2

H1
0 (Ω).

N8, ��3
|(f + ∇× (g −A(x)∇× v), μ)| ≤ C(‖f‖L2(Ω) + ‖g‖L2(Ω) + ‖∇v‖L2(Ω))‖μ‖H1

0 (Ω).

@�, AB Lax-Milgram �Z7-�>��. (2.4) B?��7C2�,  

‖w‖H1
0 (Ω) ≤ C(‖f‖L2(Ω) + ‖g‖L2(Ω) + ‖∇v‖L2(Ω)). (2.5)

g-, ��7-�O��. (1.1) B?��7�. fn (2.3), (2.5) - Poincaré ���, 7-�>
T9

‖u‖H1
0 (Ω) ≤ C(‖f‖L2(Ω) + ‖g‖L2(Ω) + ‖h‖L2(Ω)), (2.6)

�1 C @W]< λ - Ω. ]o.

^V 2.2 (� [2, �Z 1]) � Ω �I3 C1 e��3��4, f ∈ Lp(Ω; R3)  1 < p < ∞.

�� B(x) = (bij(x))1≤i,j≤3,  �7 δ > 0 ��{
δ−1|ξ|2 ≤ bijξiξj ≤ δ|ξ|2,
bij ∈ VMO(Ω).

%&, 
Æ�� {
∇ · (B∇u) = ∇ · f, Ω,

n · (B∇u) = n · f, ∂Ω

3C2? (@p2���),  3
��T9
‖∇u‖Lp(Ω) ≤ C‖f‖Lp(Ω), (2.7)

�1 C W]< δ, p,Ω - B � VMO ()*+.

^V 2.3 (� [14, �Z 2.2]) � Ω ∈ R
3 �I3 C1 e��(3�4. D f ∈ Lp(Ω; R3)  

∇ · f = 0, �1 1 < p < ∞, 0�7 h ∈ W 1,p(Ω; R3), �� ∇× h = f . =2Æ7� ∇ · h = 0  

‖h‖W 1,p(Ω) ≤ C‖f‖Lp(Ω), �1 C @W]< p - Ω.

^V 2.4 [6] � Ω� R
313�(3� Lipschitz�4. �� u ∈ L2(Ω; R3) ab∇×u = 0.

%&�7 g ∈ H1(Ω), �� u = ∇g.

3 gh 1.2 ijk
��]_�Z 1.2, ��h]_lZ 3.1. <lZi_W+ u �j�%+�ab2�LGM

��., �]_kl7-FA�J [1, 11, 12].
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^V 3.1 � Ω �I3 C1 e��3��4. �� (H1) - (H2)  �, f, g ∈ L2(Ω; R3),

N8 h ∈ L2(Ω)  
∫
Ω
h = 0. D u ∈ H1

0 (Ω; R3) ��� (1.1) �2�B?. %&�7m�M�
μ ∈ H1(Ω; R3) - ρ ∈ H1(Ω), ����8� k = 1, 2, 3, uk ��
����B?{

Δuk = ∇ · (ek × (A−1(g + μ+ ∇ρ)) + hek), Ω,

uk = 0, ∂Ω,
(3.1)

���8� ϕ ∈ H2
0 (Ω), uk ab∫
Ω

ukΔϕdx = −
∫

Ω

(ek × (A−1(g + μ+ ∇ρ)) + hek) · ∇ϕdx, (3.2)

�1 ek �j k ��W�f<W+.

_` <lZ]_%� 3 Æ.

nh, E��. (1.1) 7\:

∇ · f = 0.

E f ∈ L2(Ω; R3), kllZ 2.3 7\, �7 μ ∈ H1(Ω; R3), ��

∇× μ = f. (3.3)

<�, ��. (1.1) �j2���7;�:

∇× (A(x)∇× u− g − μ) = 0.

kllZ 2.4, �7 ρ ∈ H1(Ω), ��

A(x)∇× u− g − μ = ∇ρ.
%&

∇× u = A−1(g + μ+ ∇ρ). (3.4)

�q, ��� (3.4) meNr φei, �1 φ '< H1
0 (Ω), i = {1, 2, 3}. dmB%Q$%, 7�∫

Ω

u · ∇ × (φei)dx =
∫

Ω

φ(A−1(g + μ+ ∇ρ)) · eidx. (3.5)

RB��
∇× (φei) = φ∇× ei + ∇φ× ei = ∇φ× ei,

7� ∫
Ω

u · (∇φ× ei)dx =
∫

Ω

φ(A−1(g + μ+ ∇ρ)) · eidx,

� ∫
Ω

u×∇φdx =
∫

Ω

φA−1(g + μ+ ∇ρ)dx, (3.6)

�1RB��� a · (b× c) = c · (a× b).

nS, ����� (3.6) meN8F ek oW+$, F ei o�+$, k - i 7o {1, 2, 3}. RB
�� a× (b× c) = (a · c)b− (a · b)c, 7�∫

Ω

(uiDkφ− ukDiφ)dx = ei ·
∫

Ω

φek × (A−1(g + μ+ ∇ρ))dx. (3.7)
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o φ = Diϕ  ϕ ∈ H2
0 (Ω), 7�∫

Ω

(Dk(Diϕ)ui − ukDi(Diϕ))dx =
∫

Ω

(Diϕ)ei · (ek × (A−1(g + μ+ ∇ρ))dx.

� i p- ∫
Ω

u ·Dk(∇ϕ)dx−
∫

Ω

ukΔϕdx =
∫

Ω

ek × (A−1(g + μ+ ∇ρ)) · ∇ϕdx,

� ∫
Ω

ukΔϕdx =
∫

Ω

u · ∇(Dkϕ)dx−
∫

Ω

ek × (A−1(g + μ+ ∇ρ)) · ∇ϕdx. (3.8)

f2��, kl��. (1.1) � ∇ · u = h, 3∫
Ω

u · ∇(Dkϕ)dx =
∫

Ω

∇ · (uDkϕ)dx−
∫

Ω

(∇ · u)Dkϕdx

=
∫

∂Ω

n · (uDkϕ)dx−
∫

Ω

hek · ∇ϕdx

= −
∫

Ω

hek · ∇ϕdx,

�1 k = 1, 2, 3. g-, �� (3.8) 7;�∫
Ω

ukΔϕdx = −
∫

Ω

ek × (A−1(g + μ+ ∇ρ)) · ∇ϕdx−
∫

Ω

hek · ∇ϕdx,

� ∫
Ω

Δukϕ =
∫

Ω

∇ · (ek × (A−1(g + μ+ ∇ρ)) + hek)ϕ. (3.9)

@� uk F u ab9N�e�VV, 7� uk = 0 7 ∂Ω. ]o.

q77-UO�Z 1.2 �]_.

_` nhKpsqM� ϕ ∈ H2
0 (Ω). � υ ∈ C∞

0 (Ω; R3)  ϕ ∈ H1
0 (Ω) ab
���{

Δϕ = ∇ · υ, Ω,

ϕ = 0, ∂Ω.
(3.10)

E� [2, �Z 1] - Poincaré ���7\, ��8� 1 < p <∞, �3
‖ϕ‖W 1,p(Ω) ≤ C‖υ‖Lp(Ω), (3.11)

�1 C W]< p,Ω. E< υ �t%uv�, ABopr��i, 7\ ϕ ∈ H2
0 (Ω).

q7, ��.AE�� (3.2). �

F = ek × (A−1(g + μ+ ∇ρ)) + hek.

E�� (3.2) 7� ∣∣∣∣
∫

Ω

ukΔϕ
∣∣∣∣ =

∣∣∣∣
∫

Ω

F∇ϕ
∣∣∣∣ ≤ ‖F‖(W 1,p′ (Ω))′‖ϕ‖W 1,p′ (Ω),

�1 1/p+ 1/p′ = 1. E��� (3.11) 7\∣∣∣∣
∫

Ω

uk∇ · υ
∣∣∣∣ ≤ C‖F‖(W 1,p′ (Ω))′‖υ‖Lp′ (Ω),
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�

‖∇uk‖Lp(Ω) ≤ C‖F‖(W 1,p′ (Ω))′ , (3.12)

�1 C W]< p,Ω.

kl�Z 1.2 ���VV, 7\ f ∈ L3p/(3+p)(Ω; R3). E ∇ · f = 0 ��I-lZ 2.3 7\
μ ∈W 1,3p/(3+p)(Ω; R3), ab (3.3)  

‖μ‖Lp(Ω) ≤ C‖μ‖W 1,3p/(3+p)(Ω) ≤ C‖f‖L3p/(3+p)(Ω), (3.13)

�1 C W]< p - Ω.

ElZ 3.1 �]_, 7\ ρ ∈ H1(Ω)  ab�� (3.4). r/�i, �� (3.4) �se�YW
� 0 �. %& ρ ab�� {

∇ · (A−1(∇ρ+ g + μ)) = 0, Ω,

n · (A−1(∇ρ+ g + μ)) = 0, ∂Ω,

�1, ��HBMN�2�st: 7 ∂Ω, n · (∇× u) = −Div(n× u) = 0.

kl A−1(x) ���-lZ 2.2, 7\
‖∇ρ‖Lp(Ω) ≤ C(‖g‖Lp(Ω) + ‖μ‖Lp(Ω)), (3.14)

�1 C W]< λ,Ω, p - A−1 � VMO ()*+.

@�, Jn��� (3.13) - (3.14), 7\ F ∈ Lp(Ω; R3),  

‖F‖Lp(Ω) ≤ C(‖g‖Lp(Ω) + ‖μ‖Lp(Ω) + ‖∇ρ‖Lp(Ω) + ‖h‖Lp(Ω))

≤ C(‖f‖L3p/(3+p)(Ω) + ‖g‖Lp(Ω) + ‖h‖Lp(Ω)).

w F '< Lp(Ω). %&, 7�92�M�SG W 1,p′
(Ω) #�DM

ϕ→
∫

Ω

F∇ϕdx,

�1 ϕ ∈W 1,p′
(Ω). g-��� (3.12) 7xu�

‖∇uk‖Lp(Ω) ≤ C‖F‖Lp(Ω). (3.15)

dEe�VV uk = 0 - Poincaré ���, 7�

‖uk‖W 1,p(Ω) ≤ C‖F‖Lp(Ω).

@� k = 1, 2, 3, 7�g]J[
‖u‖W 1,p(Ω) ≤ C(‖f‖L3p/(p+3)(Ω) + ‖g‖Lp(Ω) + ‖h‖Lp(Ω)), (3.16)

�1 C W]< λ,Ω, p - A−1 � VMO ()*+. ]o.

j 3.2 7�Z 1.2, ��r7-AE
�� Dirichlet e�VV��:⎧⎪⎪⎨
⎪⎪⎩
∇× (A(x)∇× u) = f + ∇× g, Ω,

∇ · u = h, Ω,

u = φ, ∂Ω.

(3.17)

M`OH9v�VV�� ∫
Ω

h =
∫

∂Ω

φ · n.
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�� φ �M� v ∈ W 1,p(Ω; R3) �y, �1 1 < p < ∞. ��7-�� w = u− v. wx, 3 g -

h %.B g̃ - h̃ zyS, w ab��. (1.1), �1
g̃ = g −A(x)∇× v, h̃ = h−∇ · v.

vÆ�> g̃ ∈ Lp(Ω; R3), h̃ ∈ Lp(Ω) -
∫
Ω
h̃ = 0. @�, kl�Z 1.2, 7�

‖w‖W 1,p(Ω) ≤ C(‖f‖L3p/(3+p)(Ω) + ‖g̃‖Lp(Ω) + ‖h̃‖Lp(Ω)),

≤ C(‖f‖L3p/(3+p)(Ω) + ‖g‖Lp(Ω) + ‖h‖Lp(Ω) + ‖v‖W 1,p(Ω)),
(3.18)

�1 C W]< λ,Ω, p - A−1 � VMO ()*+.

kl�4 Ω � C1 ��, 7\, D φ '< Besov SG Bp
1−1/p(∂Ω), %&P7gtz� v ∈

W 1,p(Ω),  ab
‖v‖W 1,p(Ω) ≤ C‖φ‖Bp

1−1/p
(∂Ω),

�1 C W]< Ω - p. @�, ��. (3.17) �B? u ab
��T9
‖u‖W 1,p(Ω) ≤ C(‖f‖L3p/(3+p)(Ω) + ‖g‖Lp(Ω) + ‖h‖Lp(Ω) + ‖φ‖Bp

1−1/p
(∂Ω)).

RB��]_� W 1,p T9, 7-6vÆ�>UP� Hölder T9.

uv 3.3 ��� 3 < p <∞mA(x),Ω, f, g, hab�Z 1.219N�VV. D u ∈ H1
0 (Ω; R3)

���. (1.1) �B?, %& u ∈ Cα(Ω; R3),  

‖u‖Cα(Ω) ≤ C(‖f‖L3p/(p+3)(Ω) + ‖g‖Lp(Ω) + ‖h‖Lp(Ω)), (3.19)

�1 α = 1 − 3/p, C W]< λ,Ω, p - A−1 � VMO ()*+.

4 wx
/�ly`gi, ,
��. (1.1)�,-.=</,01��.. {.{,326�1)5

W]<|W8, |}�}FG/,01��.7-L;�
���T*M [8, 16]:⎧⎪⎪⎨
⎪⎪⎩
Ht + ∇× (σ(v)∇×H) = 0,

∇ ·H = 0,

vt − Δv = σ(v)|∇ ×H|2,
(4.1)

�1 H - v %.z~*+eW-|W, σ(v) z~26�1)5.

7M2Q%, ��AE
����.:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∇× (σ(v)∇×H) = 0, Ω,

∇ ·H = 0, Ω,

−Δv = (∇×H) · (σ(v)∇×H), Ω,

H = φ, v = ψ, ∂Ω,

(4.2)

�1 σ(v) � 3 × 3 �5. B? (H, v) ��7�7R� [16]. � , � [7] �O� (H, v) �UP

Hölder ()�. RB��~�g��J[, 7-�O��. (4.2) B? (H, v) � W 1,p /0�.

:V 4.1 � Ω ⊂ R
3 �I3 C1 e��3�f(3�4. �� σ(v) H< v (),  H< x

abVV (H1) - (H2). ��

φ ∈ Bp
1−1/p(∂Ω; R3), ψ ∈ Bp

1−1/p(∂Ω),
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�1 3 < p <∞. D (H, v) ∈ H1
0 (Ω) ab��. (4.2), %& (H, v) ∈W 1,p(Ω),  

‖H‖W 1,p(Ω) + ‖v‖W 1,p(Ω) ≤ C
(
λ,Ω, p, σ(v), ‖φ‖Bp

1−1/p
(∂Ω), ‖ψ‖Bp

1−1/p
(∂Ω)

)
, (4.3)

_` nh, ��]_ H '< W 1,p(Ω). kl��VV, 7\ φ,ψ 7tz�'< W 1,p(Ω)

�M�. 3 p > 3 8, kl� [7, �Z 5.6] 7\, �7 α ∈ (0, 1), v ∈ Cα(Ω),  

‖v‖Cα(Ω) ≤ C(‖φ‖2
W 1,p(Ω) + ‖ψ‖W 1,p(Ω)),

�1 C W]< λ,Ω - p.

E v(x) � Hölder ()�- σ(v) �()�, 7\ σ(v(x)) � x �()M�. @� σ '<
VMO(Ω),  � VMO �()*+7E σ �()*+�e.

@�, ��7-AE��.:⎧⎪⎪⎨
⎪⎪⎩
∇× (σ(v(x))∇×H) = 0, Ω,

∇ ·H = 0, Ω,

H = φ, ∂Ω.

Ez 3.2 7\
‖H‖W 1,p(Ω) ≤ C(λ,Ω, p, σ(v), ‖φ‖Bp

1−1/p
(∂Ω)), (4.4)

M`RB� Besov SG��I.

q7��.,
 v � W 1,p /0�. EW+��
∇ · (F ×G) = (∇× F ) ·G− F · (∇×G),

dJn��. (4.2) �j2���, 7�

∇ · [H × (σ(v)∇×H)] = (∇×H) · (σ(v)∇×H).

@� {
−Δv = ∇ · (H × (σ(v)∇×H)), Ω,

v = ψ, ∂Ω.
(4.5)

kl� [2, �Z 1], 7\ v ∈W 1,p(Ω),  
��T9 �:

‖v‖W 1,p(Ω) ≤ C(‖H‖L∞(Ω) + ‖∇ ×H‖Lp(Ω) + ‖ψ‖Bp
1−1/p

(∂Ω)). (4.6)

Jn��� (4.4), (4.6) - Sobolev ���, 7�n{g]J[
‖H‖W 1,p(Ω) + ‖v‖W 1,p(Ω) ≤ C(λ,Ω, p, σ(v), ‖φ‖Bp

1−1/p
(∂Ω), ‖ψ‖Bp

1−1/p
(∂Ω)).

]o.
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