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1 hi
� Rinehart ��, ���� pseudo ������������� Palais �, �����

���������� !����" [1, 2, 4, 6−9],  ����#$%�&��'()*+. �

Rinehart ��,!"-#$%#&�� Rinehart '�� [11] (./01�23� Rinehart �

� [5, 10]. )*, � Rinehart �����4+,5(��5-6 !�./78(9:0;.

��� C- )1�E- ��<=>2 Frattini ./,!6345��� [11−14]. 6?j!7�
�� c- )1�E- ���<=>2 Frattini ./-#$%�#&�� Rinehart ��, 8$3�9

�@: !;<, =�3)>� Rinehart �����?!A@. BC, �AB8DC c- )1�

Rinehart ��( E- � Rinehart �����D�?!A@.

6?kEE K �1, A �1 K F�6FGH�GH��.

lm 1.1 [8] E L �1 K F����Æ6 A- �;I, @J4���BI (anchor, ��K)

α : L → DerK(A) ÆLn
[x, ay] = a[x, y] + α(x)(a)y,

JK DerK(A) � A �Mo, ∀x, y ∈ L, ∀ a ∈ A. � L �� Rinehart ��, LN� (L,A, α).

p 1.1 (1) O α = IdDerK(A) C, DerK(A) MP�� Rinehart ��.

(2) O α = 0 C, L MP�� A- ��. @ A = K, N Der(A) = 0, QC� Rinehart ��R

����. OQSPQ78R, � Rinehart �������PQ-#.

lm 1.2 [1] E (L,A, α) ( (L′, A, α′) �T� A F�� Rinehart ��. ��� A- �BI

θ : L → L′ �� Rinehart ��SU�BI, @TVA@WX:

θ[x, y] = [θ(x), θ(y)], α′θ = α, ∀x, y ∈ L.

lm 1.3 [10] E L � A F�� Rinehart ��. � Rinehart �� L ���o�� N ��

.U, @ N �� K �� L �.U, Æ α(x) = 0, ∀x ∈ N .
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lm 1.4 [10] E L � A F�� Rinehart ��. � Rinehart �� L ���o�� C(L) �

�K[, @ C(L) = {x ∈ L | [x, y] = 0, α(x) = 0, ∀ y ∈ L}.
lm 1.5 [10] E L � A F�� Rinehart ��. L � (D, δ) ��Mo, @ D : L → L �\

<]^Æ δ ∈ Der(A) Ln:

(1) D[x, y] = [D(x), y] + [x,D(y)],

(2) D(ax) = aD(x) + δ(a)x, ∀x, y ∈ L, ∀ a ∈ A.

_`, (adx, δ) � L �Mo, �J�aMo.

lm 1.6 E L � A F�� Rinehart ��. L �o�� F (L) �� Frattini o��, @

F (L) � L �b6_`o���G; Frattini .U φ(L) �cab4 F (L) � L �.UÆd�r
`; � Rinehart �� L �� φ- se, @ φ(L) = {0}.

2 tuvw
xy 2.1 E L � A F�� Rinehart ��, NTc;/WX:

(1) @ B � L �o��ÆLn B + F (L) = L, N B = L.

(2) @ B � L �o��Ln B + φ(L) = L, N B = L.

z{ (1) EE B �= L, N L KJ4��_`o�� M Ln B ⊆ M . ef F (L) ⊆ M Æ

B + F (L) = L, b> L = M , gh M � L ���_`o��de. f B = L.

(2) ��ijgk (1). ih.

xy 2.2 E L � A F�� Rinehart ��Æ B � L �.U, N L KJ4lo�� C, m

8 L = B + C OÆiO B �⊆ F (L).

z{ E C � L �J4lo��Ln L = B + C. @ B ⊆ F (L), N L = B + C ⊆
F (L) + C ⊆ L. b> L = F (L) + C. en. 2.1 o C = L, gh C � L �lo��de. OQ

B �⊆ F (L). jS, @ L KÆJ4lo�� C, m8 L = B + C, N L Kk��_`o��-ab
B. b> B ⊆ F (L), gh,ode. ih.

xy 2.3 E L � A F�� Rinehart ��, C � L �o��Æ B � L �.U, NTc;

/WX:

(1) @ B ⊆ F (C), N B ⊆ F (L).

(2) @ B ⊆ φ(C), N B ⊆ φ(L).

z{ (1) @ C = L, N;/_`. @ C �= L Æ B �⊆ F (L), N6n. 2.2 o L KJ4

lo�� M , m8 L = B + M = C + M . ed�l+)8 dimC = dim(B + C ∩ M). ef

C ⊇ B + C ∩ M , b> C = B + C ∩ M , m

C = B + C ∩ M ⊆ F (C) + C ∩ M ⊆ C.

OQen. 2.1o F (C)+C ∩M = C Æ C = M ∩C, m C ⊆ M . f L = B +M ⊆ C +M ⊆ M ,

de. b> B ⊆ F (L).

(2) ��ijgk (1). ih.

lm 2.4 E L � A F�� Rinehart ��, L �o�� B �� c- )1�, @J4 L �.

U C Ln L = B + C h B ∩ C ⊆ BL, gn BL �ab B � L �.UÆd�r`.

TVoij�� c- )1� Rinehart ��� Frattini .U�o���p� L �.U.
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ly 2.5 E L � A F�� Rinehart ��, B,D � L �o��ÆLn B ⊆ φ(D). @ B

� c- )1f L, N B � L �.UÆ B ⊆ φ(L).

z{ EE L = B + C Æ B ∩ C ⊆ BL, Ne B ⊆ φ(D) 8

D = D ∩ L = D ∩ (B + C) = B + D ∩ C ⊆ φ(D) + D ∩ C ⊆ D.

OQ D = φ(D) + D ∩ C, N D = D ∩ C. b> B ⊆ D ⊆ C ( B = B ∩ C ⊆ BL, Æ

α(x) = 0, ∀x ∈ B. f B � L �.U. en. 2.3 o B ⊆ φ(L). ih.

lm 2.6 � Rinehart �� L ��q6�, @� L �p7o�� B Ln φ(B) = {0}; �
Rinehart �� L �� E- ��, @�k�� L �o�� B Ln φ(B) ⊆ φ(L).

ly 2.7 A F�� Rinehart �� L � c- )1�, N L � E- ��.

z{ 4p. 2.5 Kr B = φ(D) m)8bq;/. ih.

ly 2.8 E L� AF�� Rinehart ��. @ A� L�.UÆ B � L�Ln L = A+B

_)o��, N A ∩ B ⊆ φ(B).

z{ 4p. 2.5 Kr B = φ(D) m)8bq;/. EE A ∩ B �⊆ φ(B), e A ∩ B � B �

.Uh φ(B) �p8o, A ∩ B �⊆ F (B) b>J4 B �_`o�� M Ln
A ∩ B �⊆ M.

_`, B = A∩B +M Æ L = A+(A∩B +M) = A+M , h B �_)<de. f A∩B ⊆ φ(B).

ih.

lm 2.9 A F�� Rinehart �� L ��rs)��, @�k�� L �o�� B, -J4

L �o�� C Ln L = B + C ( B ∩ C = {0}.
xy 2.10 E L � A F�� Rinehart ��, NTV�;/WX:

(i) @ B � c- )1f L, Æ B ⊆ K ⊆ L, N B � c- )1f K.

(ii) @ I � L ���.U, Æ I ⊆ B, N B � c )1f L OÆiO B/I � c- )1f L/I.

z{ (i) @ B � c- )1f L, Æ B ⊆ K ⊆ L, NJ4 L ���o�� C Ln L = B + C

( B ∩ C ⊆ BL, b> K = (B + C) ∩ K = B + C ∩ K ( B ∩ C ∩ K ⊆ BL ∩ K ⊆ BK . OQ B

� c- )1f K.

(ii) EE B/I � c- )1f L/I, NJ4 L/I ���o�� C/I Ln L/I = B/I + C/I (

(B/I) ∩ (C/I) ⊆ (B/I)L/I = BL/I, b> L = B + C ( B ∩ C ⊆ BL. OQ B � c- )1f L.

js�, EE I � L ���.U, gn I ⊆ B ÆLn B � c- )1f L, NJ4 L ���o
�� C Ln L = B + C ( B ∩ C ⊆ BL. OQ

L/I = B/I + (C + I)/I

h

(B/I) ∩ (C + I)/I = (B ∩ (C + I))/I = (I + B ∩ C)/I ⊆ BL/I = (B/I)L/I .

f B/I � c- )1f L/I. ih.

ly 2.11 E L � A F�� Rinehart ��, NTV�;/t0:

(i) L � c- )1�.

(ii) L/φ(L) rs)��, Æ φ(L) �p7o��� L �.U.
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z{ (i) ⇒ (ii) tuEE L � φ- se( c- )1�, E B � L �o��, NJ4 L ��

�o�� C Ln L = B + C. v L ���_)o�� D Ln L = B + D. ep. 2.8 )8

B ∩D ⊆ φ(D). O� L �q6�, ep. 2.7 o B ∩D = {0}. OQ L �rs)��, en. 2.1

(p. 2.5 o φ(L) �p7o��� L �.U.

(ii) ⇒ (i) EE (ii) WX, uE B � L ���o��, N C/φ(L) KJ4��o��Ln
L/φ(L) = ((B + φ(L))/φ(L)) + (C/φ(L))

h

{0} = ((B + φ(L))/φ(L)) ∩ (C/φ(L)) = (B ∩ C + φ(L))/φ(L).

OQ L = B + C Æ B ∩ C ⊆ φ(L). f B ∩ C � L ���.UÆ B ∩ C ⊆ BL, m L � c- )1

�. ih.

lm 2.12 [9] E L � A F�� Rinehart ��, m ∈ N, L(1) = [L,L], @ L(m) = [L(m−1),

L(m−1)] = {0}, N� L �)>� Rinehart ��.

lm 2.13 [9] E L� AF�� Rinehart��. @J4m ∈ N,m8 Lm = [L,Lm−1] = {0},
N� L �vw� Rinehart ��. L �_`vw.U�� L �vwxq, N� N(L).

ly 2.14 E L � A F�)>� Rinehart ��, N L �b6_`o��� c- )1f L.

z{ ,o L�)>�,uEM � L���_`o��,J4Mw� k ≥ 2,m8 L(k) ⊆ M ,

y� L(k−1) �⊆ M . b> L(k−1) � L ���.U, Æ

L = M + L(k−1)

h

M ∩ L(k−1) ⊆ ML,

f M � L � c- .U. ih.

ly 2.15 E L � A F�� Rinehart ��. @ L �b6_`vwo��-� c- )1f

L, N L �)>�.

z{ E N(L) � L �vwxqÆ x �∈ N(L), NJ4 L �_`vwo�� B Ln x ∈ B

ÆJ4 L �.U C Ln L = B + C h B ∩ C ⊆ BL. _` x �∈ BL ⊆ N(L), N x �∈ C.  Æ

L/C ∼= B/(B ∩ C) �vw�. @ x �∈ N(L), NJ4 L �.U C Ln x �∈ C. f L/C �vw�.

E x1 �∈ N(L) h C1 �Ln x1 �∈ C1 �.UÆ L/C1 �vw�. @ C1 ⊆ N(T ), N;/WX.

@Æ�, Nxv x2 ∈ C1 \ N(L) uE C2 �Ln x2 �∈ C2 �.UÆ L/C2 vw. _`

dim(C1 \ C2) < dimC1.

@ C1 \ C2 �⊆ N(L), xv

x3 ∈ (C1 \ C2) \ N(L).

y:zB�z{)>{$ L �.U C1, . . . , Cn Ln
C1 ∩ · · · ∩ Cn ⊆ N(L)

h L/Ci � 1 ≤ i ≤ n �vw�. ef L/(C1 ∩ · · · ∩ Cn) �)>�, b>;/WX.

|:p. 2.7 o, @ L � c- )1�, N L � E- � Rinehart ��. _`, k��q6�

Rinehart ��� E- � Rinehart ��. TV=��g/|� c- )1� Rinehart ��( E- �

Rinehart ���<=. ih.
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xy 2.16 E L � A F�� Rinehart ��, @ B � L �.U, NTc;/WX:

(1) (F (L) + B)/B ⊆ F (L/B) ( (φ(L) + B)/B ⊆ φ(L/B).

(2) @ B ⊆ F (L), N F (L)/B = F (L/B) ( φ(L)/B = φ(L/B).

(3) @ F (L/B) = {0} (� φ(L/B) = {0}), N F (L) ⊆ B (� φ(L) ⊆ B).

z{ (1) E F (L/B) = T/B, N T � L �b6_`o���GÆab B, b> T ⊇ F (L),

N (F (L) + B)/B ⊆ F (L/B). gk)i (φ(L) + B)/B ⊆ φ(L/B).

(2) O� B � L �ab4 F (L) �.U, b>en. 2.3 (1) o F (L)/B ⊆ F (L/B). }o

F (L)/B ⊇ F (L/B), N F (L)/B = F (L/B). gk)i (φ(L) + B)/B = φ(L/B).

(3)en. 2.3 (2)h F (L/B) = {0} )8 (F (L)+B)/B = {0}, m F (L) ⊆ B. @ φ(L/B) =

{0}, gk)i φ(L) ⊆ B. ih.

ly 2.17 E L � A F�� Rinehart ��, N L � A F� E- � Rinehart ��OÆi

O L/φ(L) �q6�.

z{ (⇒) EE L � E- � Rinehart ��, uE S/φ(L) � L/φ(L) ���o��. v L

���Ln φ(L) + U = S �_)o��. E T � S ���.UÆLn T/φ(L) = φ(S/φ(L)).

@ T ⊂ φ(L), N φ(S/φ(L)) = {0}. f L/φ(L) �q6�. @ T = φ(L), _` L/φ(L) �q6�.

TVij T = φ(L).

EE T ⊃ φ(L). e T ⊇ φ(L) + T ∩ U (

dim(φ(L) + T ∩ U) = dimφ(L) + dim(T ∩ U) − dim(T ∩ U ∩ φ(L))

= dimφ(L) + dim(T ∩ U) − dim(φ(L) ∩ U)

= dimφ(L) + dimT + dimU − dim(T + U) − dim(φ(L) ∩ U)

= dim(φ(L) + U) + dimT − dim(T + U)

= dimT − dim(T + U) + dimS

≥ dimT

)8 T = φ(L) + T ∩ U , m T = T ∩ S = T ∩ (φ(L) + U) = φ(L) + T ∩ U . @ T ∩ U ⊆ φ(L), N

T = φ(L) + T ∩ U = φ(L), J4de. b> T ∩ U �⊆ φ(L). e L � E- � Rinehart ��)8

T ∩U �⊆ φ(U). y� T ∩U � U �.U, N T ∩U �⊆ F (U). OQJ4 U ���_`o��Ln
T ∩ U �⊆ M ( U = M + T ∩ U.

e U �_)<)8 φ(L)+M �= S. Ti φ(L)+M � S ��_`o��. EE φ(L)+M ⊂
J ⊂ S, N M ⊆ J ∩ U ⊆ U , Ne M �_`<, )8 J ∩ U = M � J ∩ U = U .

e J ⊇ φ(L) + J ∩ U (

dim(φ(L) + J ∩ U) = dimφ(L) + dim(J ∩ U) − dim(J ∩ U ∩ φ(L))

= dimφ(L) + dim(J ∩ U) − dim(φ(L) ∩ U)

= dimφ(L) + dimJ + dimU − dim(J + U) − dim(φ(L) ∩ U)

= dim(φ(L) + U) + dimJ − dim(J + U)

= dimJ − dim(J + U) + dimS

≥ dimJ
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)8 J = φ(L) + J ∩ U .

BC, e J ⊇ J ∩ (φ(L) + U) (

dim(J ∩ (φ(L) + U)) = dimJ + dim(φ(L) + U) − dim(J + U + φ(L))

= dimJ + dimS − dim(J + U + φ(L))

= dimJ + dimS − dimS

= dimJ

)8 J = J ∩ (φ(L) + U). b> J = J ∩ (φ(L) + U) = φ(L) + J ∩ U , N J ∩ U = M -�

φ(L) + M = φ(L) + J ∩ U = J ∩ (φ(L) + U) = J ∩ S = J.

de. J∩U = U )8 U ⊆ J Æ J ⊇ φ(L)+U = S,L6de. f φ(L)+M � S ���_`o�
�,N (φ(L)+M)/φ(L) ⊇ φ(S/φ(L))) = T/φ(L)( T ⊆ φ(L)+M . b> T ∩U ⊆ T ⊆ φ(L)+M

Æ S = φ(L) + U = φ(L) + M + T ∩ U = φ(L) + M , gh U �_)<de. b> T = φ(L), }

 φ(S/φ(L)) = {0}, f L/φ(L) �q6� Rineharta ��.

(⇐) EE L/φ(L) �q6� Rineharta ��, uE S � L ���o��. en. 2.16 )

8 (φ(S) + φ(L))/φ(L) ⊆ φ((S + φ(L))/φ(L)) = {0}. OQ φ(S) ⊆ φ(L) � L �p7o�� S

-WX. f L � E- � Rineharta ��. ih.

xy 2.18 E L � A F�)>� Rinehart ��, @ A � L �_).U, N A �)H�.

z{ E A � L �_).U. }o [L,A] � L �.U. ef A � L �_).U, b>

[L,A] = A � [L,A] = {0}. @ [L,A] = A(2) = A, N A(k+1) = [L,A(k)] = [L,A]. ef L �)>

� Rinehart ��, NJ4 k ∈ N, m8 [L,A] = A(k+1) = {0}. OQ A �)H�. ih.

ly 2.19 E L � A F�)>� Rinehart ��, N F (L) � L �.U.

z{ O dimT = 1 C~;/_`.

E A � L �_).U. r F (L : A) = ∩{M : A ⊆ M, M � L �_`o�� }, N F (L :

A)/A = F (L/A) Æe�~EEo F (L : A) � L �.U.

@ A ⊆ F (L), N F (L) = F (L : A) � L �.U. EE A �⊆ F (L), Nen. 2.2 oJ4 L �

_`o��, m8 L = M + A. O� A � L �_).U, b>en. 2.18 o [L,A] = {0}, N
A ⊆ CL(A) Æ [A ∩M,L] = [A ∩M,M + A] ⊆ A ∩M , m A ∩M Æ L �.UÆabf A, OQ

L = A+̇M . @ A ⊂ CL(A), N {0} ⊂ M ∩ CL(A) � L Æ L �k��_`o�� M abP�_

).U B. f F (L) = ∩{F (L : B): B � L �_).U }, f;/WX.

EE CL(A) = A. oij F (L) = {0}. E M � L �Æab A �o��Æ m ∈ M, m �∈ A.

�9oij m �∈ F (L). e m �∈ CL(A) = A )8J4 a ∈ A, m8 [m,a] �= 0. r θ : L → L L

n θ = idL + ada. e (ada)2 = 0 )8 (idL + ada)(idL − ada) = idL, N θ � L �sBI. E

M1 = θ(M). }o M1 � L �_`o��. @ m ∈ M1, NJ4 m′ ∈ M , m8 m = m′ + [m′, a].

OQ [a,m′] ∈ M ,N [a,m] ∈ A∩M = {0},mJ4m ∈ L,m8 [m,a] = 0. y� [m,a] �= 0,de.

OQ m /∈ M1 = θ(M), m m /∈ F (L). f F (L) = {0}, N F (L) � L �.U, } F (L) = φ(L).

ih.

xy 2.20 E L,G � A F�� Rinehart ��, @ f � L $ G �LBI, N f(F (L)) ⊆
F (G).
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z{ E N � G �_`o��, N M = f−1(N) � L �_`o��, m f(M) = N . @

M � L �o��, N N � G �o��. b> f(x) ∈ f(M) = N, ∀x ∈ F (L). f

f(F (L)) ⊆ F (G).

ih.

ly 2.21 E L � A F�)> E- � Rinehart ��, Æ f : L → L/Kerf �LBI, N

f(φ(L)) = φ(f(L)).

z{ L �)>, Nep. 2.19 )8 F (L) = φ(L). en. 2.20 )8 f(φ(L)) ⊆ φ(f(L)).

_` Kerf � L �.U. @ Kerf ⊆ φ(L), N

φ(f(L)) = φ(L/Kerf) = φ(L)/Kerf = f(φ(L)).

@ Kerf �⊆ φ(L), NJ4Ln L = K + Kerf �_)o�� K. }o

φ(f(L)) = φ(L/Kerf) ∼= (Kerf + φ(K))/Kerf = f(Kerf + φ(K)) = f(φ(K)).

ef L � E- � Rinehart ��, )8 φ(K) ⊆ φ(L), N f(φ(K)) ⊆ f(φ(L)). f

f(φ(L)) = φ(f(L)).

ih.
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