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#. + Fl ,-$ l Æ4.2, Fl /��� s∞ = (s0, s1, . . .) �@01 N . �� s∞ �@0A2
%B Cs(w) �C1

Cs(w) =
N−1∑
i=0

(−1)si+w+si ,

33 1 ≤ w ≤ N − 1. �� s∞ �45&D' L(s∞) ,6( s∞ �E)45*+7�,-8�
.	, /ÆF

sg = c1sg−1 + c2sg−2 + · · · + cLsg−L, g ≥ L

�E901G	 L, 332	 c1, . . . , cL ∈ F2. 34 Berlekamp–Massey :5, ;6 L(s∞) > N
2 ,

H<1�� s∞ 74 “8” �45&D'.

�C
s(x) = s0 + s1x + · · · + sN−1x

N−1.

�� s∞ �99�=>�C1
m(x) =

xN − 1
gcd(xN − 1, s(x))

,

�?�� s∞ �45&D'ÆF
L(s∞) = N − deg(gcd(xN − 1, s(x))).

+ m = ordN (2), α ,4.2 F2m �-$ N :;I<�3. 34 Blahut �@=�

L(s∞) = N − ∣∣{t : s(αt) = 0, 0 ≤ t < N
}∣∣ .

������>J?��5�A,��B�2�@CDE. 4.2 F2 /��������

�5�#/A�783K4F�6��B�,A2%B?45&D',ÆG������5L�
H$6�MC. >J������-$6�D5, ,ENF
 N IOJG�H���HPJ. I

N 1K	?, 3HPJJ1KLHPJ; I N 1M	?, 3HPJJ1�CHPJ. 27B,

ENKLHPJ>J���J1KLHP��; EN�CHPJ>J���J1�CHP��.

Whiteman [11] 1�LQIONO, >J�-J%N
 pq ��CHPJ. P-6? Helleseth [6]

�#�-JM�%N pe1
1 pe2

2 · · · pet
t ��CHPJ. BRNEN/OHS�CHPJ>J�-P

�CHP��.

;QQ+ N = pq, 33 p, q ,H$RR�K	. 343SIO�@, -/
 p ? q TUI
3. + g ,
 p ? q �-$TUI3, G	 x ÆF

x ≡ g (mod p), x ≡ 1 (mod q).

+ d = gcd(p− 1, q − 1), e = (p− 1)(q − 1)/d. 34Q [11], d V Whiteman �CHPJ��
C1

Di =
{
gsxi : s = 0, 1, . . . , e − 1

}
, i = 0, 1, . . . , d − 1.

TU Z∗
pq =

⋃d−1
i=0 Di, SI i �= j ?, 4 Di ∩ Dj = ∅. �C

P = {p, 2p, . . . , (q − 1)p}, Q = {q, 2q, . . . , (p − 1)q}, Q0 = Q ∪ {0},
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=�

Zpq = P ∪ Q0

d−1⋃
i=0

Di.

Z( 1.1 [3] + d = gcd(p − 1, q − 1) = 2, D0 ? D1 1 2 VHPJ. �C
C0 = {0} ∪ Q ∪ D0, C1 = P ∪ D1.

%N
 pq � 2 V_Æ�CHP�� s∞ �C;_
si =

{
0, ;6 (i mod pq) ∈ C0,

1, ;6 (i mod pq) ∈ C1.

+ m = ordpq(2), α ,4.2 F2m �-$ pq :;I<�3. �C di(x) =
∏

j∈Di

(
x − αj

)
,

i = 0, 1.

(I) ;6 p ≡ 1 (mod 8), q ≡ 3 (mod 8) `R p ≡ −3 (mod 8), q ≡ −1 (mod 8), H4
L(s∞) = pq − 1, m(x) =

xpq − 1
x − 1

.

(II) ;6 p ≡ −1 (mod 8), q ≡ 3 (mod 8) `R p ≡ 3 (mod 8), q ≡ −1 (mod 8), H4
L(s∞) = (p − 1)q, m(x) =

xpq − 1
xq − 1

.

(III) ;6 p ≡ −1 (mod 8), q ≡ −3 (mod 8) `R p ≡ 3 (mod 8), q ≡ 1 (mod 8), H4
L(s∞) = pq − p − q + 1, m(x) =

(xpq − 1)(x − 1)
(xp − 1)(xq − 1)

.

(IV) ;6 p ≡ 1 (mod 8), q ≡ −1 (mod 8) `R p ≡ −3 (mod 8), q ≡ 3 (mod 8), H4
L(s∞) =

pq + p + q − 3
2

, m(x) =
xpq − 1

(x − 1)d0(x)
.

(V) ;6 p ≡ −1 (mod 8), q ≡ 1 (mod 8) `R p ≡ 3 (mod 8), q ≡ −3 (mod 8), H4
L(s∞) =

(p − 1)(q − 1)
2

, m(x) = d1(x).

(VI) ;6 p ≡ −1 (mod 8), q ≡ 1 (mod 8) `R p ≡ 3 (mod 8), q ≡ 3 (mod 8), H4
L(s∞) =

(p − 1)(q + 1)
2

, m(x) =
(xp − 1)d1(x)

x − 1
.

Z( 1.2 [4] + d = gcd(p − 1, q − 1) = 2. �C
C0 = {0} ∪ Q ∪ D0, C1 = P ∪ D1.

%N
 pq �_Æ�CHP�� s∞ �C1
si =

{
0, ;6 (i mod N) ∈ C0,

1, ;6 (i mod N) ∈ C1.

(I) + (p−1)(q−1)
4 ,`	, H4

Cs(w) =

⎧⎪⎨
⎪⎩

q − p − 3, ;6 w ∈ P,

p + 1 − q, ;6 w ∈ Q,

−1, ;6 w ∈ Z∗
N .
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(II) + (p−1)(q−1)
4 ,a	, H4

Cs(w) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

q − p − 3, ;6 w ∈ P,

p + 1 − q, ;6 w ∈ Q,

−3, ;6 w ∈ D0,

1, ;6 w ∈ D1.

Z( 1.3 [12] + d = gcd(p − 1, q − 1) = 2k. �C

C0 = {0} ∪ Q ∪
( 2k−1−1⋃

i=0

Di

)
, C1 = P ∪

( 2k−1⋃
i=2k−1

Di

)
.

%N
 pq � 2k V_Æ�CHP�� s∞ �C;_
si =

{
0, ;6 (i mod pq) ∈ C1,

1, ;6 (i mod pq) ∈ C0.

+ m = ordpq(2), α ,4.2 F2m �-$ pq :;I<�3. �C
Si(x) =

∑
j∈P∪

(⋃2k−1+i

t=2k−1+i
Dt

) xj , i = 0, 1, . . . , 2k − 1,

ba

∧ =
{
ij : Sij(α) = 0, j = 0, 1, . . . , 2k−1 − 1

}
.

(I) + gs �≡ 2 (mod pq) Fc4 s b(d, H4
L(s∞) = (p − 1)q, m(x) =

xpq − 1
xq − 1

.

(II) ;6-/ s ÆF gs ≡ 2 (mod pq), H4
L(s∞) =

(q − 1)(p + 1)
2

, m(x) =
xpq − 1

(xp − 1)
∏

i∈∧ di(x)
,

33 di(x) =
∏

j∈Di

(
x − αj

)
.

Z( 1.4 [8] + d = gcd(p − 1, q − 1) = 4. �C
C0 = {0} ∪ Q ∪ D0, C1 = P ∪ D1 ∪ D2 ∪ D3.

%N
 pq �_Æ�CHP�� s∞ �C;_
si =

{
0, ;6 (i mod N) ∈ C0,

1, ;6 (i mod N) ∈ C1.

(I) + (p−1)(q−1)
16 ,`	, H4

Cs(w) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

pq, ;6 w = 0,
pq − 9p + 3q − 7

4
, ;6 w ∈ P,

pq + 3p − q + 1
4

, ;6 w ∈ Q,

2a + pq − 6p + 2q − 7
4

, ;6 w ∈ D1 ∪ D3,

−2a + pq − 6p + 2q − 3
4

, ;6 w ∈ D0 ∪ D2,
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33G	 a ÆF a ≡ 1 (mod 4), pq = a2 + 4b2, b ∈ Z.

(II) + (p−1)(q−1)
16 ,a	, H4

Cs(w) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

pq, ;6 w = 0,
pq − 9p + 3q − 7

4
, ;6 w ∈ P,

pq + 3p − q + 1
4

, ;6 w ∈ Q,

6a + pq − 6p + 2q + 1
4

, ;6 w ∈ D0,

−2(a − 4b) + pq − 6p + 2q − 7
4

, ;6 w ∈ D1,

−2a + pq − 6p + 2q − 7
4

, ;6 w ∈ D2,

−2(a + 4b) + pq − 6p + 2q − 7
4

, ;6 w ∈ D3,

33G	 a, b ÆF pq = a2 + 4b2 S a ≡ 1 (mod 4).

FN d = gcd(p − 1, q − 1) = 2, �C
V0 = {gsxl : 0 ≤ s ≤ e − 1, 0 ≤ l ≤ d − 1, 2 | s + l},
V1 = {gsxl : 0 ≤ s ≤ e − 1, 0 ≤ l ≤ d − 1, 2 � s + l}.

ef, V0 ? V1 >(� Z∗
N �-$�H, S V1 = gV0. P-6 [5] ENM�HPJ (V0, V1) >J�

gG�c�#�35L.

;QENHPJ (V0, V1) >J�M�_Æ��, cd:�3A2%B?45&D'.

[\ 1.5 + d = gcd(p − 1, q − 1) = 2. �C
C0 = {0} ∪ Q ∪ V0, C1 = P ∪ V1.

%N
 pq � 2 V_Æ�CHP�� s∞ �C1
si =

{
0, ;6 (i mod pq) ∈ C0,

1, ;6 (i mod pq) ∈ C1,
(1.1)

H4

Cs(w) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

pq − 2p − 2, ;6 w ∈ P,

1 + p − q − (q − 1)
(

w

p

) (
(−1)

p−1
2 + 1

)
, ;6 w ∈ Q,

−q − (q − 2)
(

w

p

) (
(−1)

p−1
2 + 1

)
, ;6 w ∈ Z∗

N ,

(1.2)

33 ( ·
p ) eh
 p � Legendre fg.

[\ 1.6 + m = ordpq(2) S α ,4.2 F2m �-$ pq :;I<�3. �C d0(x) =∏
j∈V0

(
x − αj

)
.

(I) ;6 p ≡ 1 (mod 8), H4
L(s∞) =

pq + q − p − 1
2

, m(x) =
xpq − 1

(xp − 1)d0(x)
.

(II) ;6 p ≡ −1 (mod 8), H4
L(s∞) =

pq − p − q + 1
2

, m(x) =
(xpq − 1)(x − 1)

(xp − 1)(xq − 1)d0(x)
.
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(III) ;6 p ≡ 3 (mod 8), H4
L(s∞) = pq − p − q + 1, m(x) =

(xpq − 1)(x − 1)
(xp − 1)(xq − 1)

.

(IV) ;6 p ≡ −3 (mod 8), H4
L(s∞) = pq − p, m(x) =

xpq − 1
xp − 1

.

2 V0 ] V1 ^_`
a V0 ? V1 ��C=b, V0 ? V1 >(� Z∗

N �-$�H, S V1 = gV0. 1�h-i�#

V0 ? V1 �5L, iNj�_k�c@.

d\ 2.1 + m1 > 0, m2 > 0, a1, a2 ,G	. RODje
y ≡ a1 (mod m1), y ≡ a2 (mod m2)

4kISlI
gcd(m1,m2) | a1 − a2.

mSI/Ol�(d?, RODje/
 [m1,m2] _f4-$k.

gh niQm [7]. Uo.

d\ 2.2 FN t ∈ Z∗
N , 4

tV0 = V0, tV1 = V1, t ∈ V0,

tV0 = V1, tV1 = V0, t ∈ V1.

gh FN t ∈ V0, p t = gstxlt , 33 0 ≤ st ≤ e − 1, 0 ≤ lt ≤ 1 S 2 | st + lt, H4
tV0 = gstxlt

{
gs1xl1 : 0 ≤ s1 ≤ e − 1, 0 ≤ l1 ≤ 1, 2 | s1 + l1

}
=

{
gs1+stxl1+lt : 0 ≤ s1 ≤ e − 1, 0 ≤ l1 ≤ 1, 2 | s1 + l1

}
=

{
gsxl : 0 ≤ s ≤ e − 1, 0 ≤ l ≤ 1, 2 | s + l

}
= V0.

jk� V1 = gV0, =�

tV1 = tgV0 = gtV0 = gV0 = V1.

FN t ∈ V1, l8Jn�D5=� tV0 = V1 ? tV1 = V0. Uo.

d\ 2.3 2 ∈ V0 ISlI p ≡ ±1 (mod 8), 2 ∈ V1 ISlI p ≡ ±3 (mod 8).

gh b_fUo 2 ∈ V0 ISlI p ≡ ±1 (mod 8).

+

2 ∈ V0 =
{

g2s : 0 ≤ s ≤ e

2
− 1

}
∪

{
g2s+1x : 0 ≤ s ≤ e

2
− 1

}
.

;6 2 ∈ {g2s : 0 ≤ s ≤ e
2 − 1}, H4 s0 p� 2 ≡ g2s0(modp) S 2 ≡ g2s0 (mod q) (d. a

�qq 2 ,
 p ?
 q �_:IO. 9�
p ≡ ±1 (mod 8), q ≡ ±1 (mod 8).
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;6 2 ∈ {g2s+1x : 0 ≤ s ≤ e
2 − 1}, H4 s0 p� 2 ≡ g2s0+2 (mod p) S 2 ≡ g2s0+1 (mod q)

(d. 9� 2 ,
 p �_:IO, S,
 q �_:0IO. r p ≡ ±1 (mod 8), q ≡ ±3 (mod 8).

msUo�t�5.

r-Dk, jk� g , p ? q �-$TUI3, H4
2 ≡ gs1 (mod p), 2 ≡ gs2 (mod q), 0 ≤ s1 ≤ p − 2, 0 ≤ s2 ≤ q − 2.

;6 p ≡ ±1 (mod 8) S q ≡ ±1 (mod 8), H 2 | s1, 2 | s2, S 2 | s1 − s2. ac@ 2.1 -/G	
0 ≤ s ≤ e − 1 ÆF

s ≡ s1 (mod p − 1), s ≡ s2 (mod q − 1).

9� 2 ≡ gs (mod pq) S 2 | s. a�qq 2 ∈ V0.

;6 p ≡ ±1 (mod 8), q ≡ ±3 (mod 8), H 2 | s1, 2 � s2, S 2 | s1 − s2 − 1. ac@ 2.1 -/
G	 0 ≤ s ≤ e − 1 ÆF

s ≡ s1 − 1 (mod p − 1), s ≡ s2 (mod q − 1).

a�qq 2 ≡ gsx (mod pq) S 2 � s. 9� 2 ∈ V0. msUo�u�5.

3 nopq
1�Uo�@ 1.5, j�_O%Nsr?�c@.

d\ 3.1 + r ,G	, H4
p−1∑
j=0

(
j(j + r)

p

)
=

{
p − 1, p | r,

−1, p � r,

33 ( ·
p ) eh
 p � Legendre fg.

gh + p | r. TU
p−1∑
j=0

(
j(j + r)

p

)
=

p−1∑
j=0

(
j2

p

)
= p − 1.

mFN p � r =�
p−1∑
j=0

(
j(j + r)

p

)
=

p−1∑
j=0

(
jr(jr + r)

p

)
=

p−1∑
j=0

(
j(j + 1)

p

)
=

p−2∑
j=1

(
j(j + 1)

p

)

=
p−2∑
j=1

(
j−1 + 1

p

)
=

p−1∑
j=1

(
j−1 + 1

p

)
=

p−1∑
j=1

(
j + 1

p

)
=

p−1∑
j=2

(
j

p

)
= −1.

Uo.

d\ 3.2 + 1 ≤ w ≤ N − 1, H4
N−1∑
i=0

gcd(i,pq)=1

gcd(i+w,pq)=1

(
i(i + w)

p

)
=

⎧⎨
⎩

(q − 2)(p − 1), w ∈ P,

1 − q, w ∈ Q,

2 − q, w ∈ Z∗
N ,
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N−1∑
i=0

gcd(i,pq)=1

p|i+w

pq�i+w

(
i

p

)
=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0, w ∈ P,

(q − 1)
(−w

p

)
, w ∈ Q,

(q − 2)
(−w

p

)
, w ∈ Z∗

N ,

N−1∑
i=1
p|i

gcd(i+w,pq)=1

(
i + w

p

)
=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0, w ∈ P,

(q − 1)
(

w

p

)
, w ∈ Q,

(q − 2)
(

w

p

)
, w ∈ Z∗

N ,

N−1∑
i=0

gcd(i,pq)=1

q|i+w

(
i

p

)
= 0,

N−1∑
i=0
q|i

gcd(i+w,pq)=1

(
i + w

p

)
= 0.

gh iNlUov-$�>, 91l82n�D5=�3t�>.

TU
N−1∑
i=0

gcd(i,pq)=1

gcd(i+w,pq)=1

(
i(i+w)

p

)
=

N−1∑
i=0

gcd(i,q)=1

gcd(i+w,q)=1

(
i(i+w)

p

)

=
N−1∑
i=0

(
i(i+w)

p

)
−

N−1∑
i=0

q|i+w

(
i(i+w)

p

)
−

N−1∑
i=0
q|i

(
i(i+w)

p

)
+

N−1∑
i=0
q|i

q|i+w

(
i(i+w)

p

)
.

ac@ 3.1 =�
N−1∑
i=0

(
i(i + w)

p

)
=

q−1∑
n=0

p−1∑
j=0

(
(j + np)(j + np + w)

p

)
= q

p−1∑
j=0

(
j(j + w)

p

)

=
{

q(p − 1), w ∈ P,

−q, w /∈ P,

N−1∑
i=0

q|i+w

(
i(i + w)

p

)
=

p−1∑
j=0

(
(qj − w)qj

p

)
=

p−1∑
j=0

(
j(j − w)

p

)
=

{
p − 1, w ∈ P,

−1, w /∈ P,

N−1∑
i=0 q|i

(
i(i + w)

p

)
=

p−1∑
j=0

(
qj(qj + w)

p

)
=

p−1∑
j=0

(
j(j + w)

p

)
=

{
p − 1, w ∈ P,

−1, w /∈ P,

ba

N−1∑
i=0
q|i

q|i+w

(
i(i + w)

p

)
=

⎧⎪⎨
⎪⎩

N−1∑
i=0 q|i

(
i(i + w)

p

)
, w ∈ Q,

0, w /∈ Q,

=
{ −1, w ∈ Q,

0, w /∈ Q.
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9�
N−1∑
i=0

gcd(i,pq)=1

gcd(i+w,pq)=1

(
i(i + w)

p

)
=

⎧⎨
⎩

(q − 2)(p − 1), w ∈ P,

1 − q, w ∈ Q,

2 − q, w ∈ Z∗
N .

Uo.

JnB, =�;_w6.

d\ 3.3 + 1 ≤ w ≤ N − 1, H4
N−1∑
i=0
q|i

q|i+w

1 =
{

p, w ∈ Q,

0, w /∈ Q,

N−1∑
i=1
p|i

q|i+w

1 =
{

0, w ∈ Q,

1, w /∈ Q,

N−1∑
i=0
q|i

p|i+w

pq�i+w

1 =
{

0, w ∈ Q,

1, w /∈ Q,

N−1∑
i=1
p|i

p|i+w

pq�i+w

1 =
{

q − 2, w ∈ P,

0, w /∈ P.

u/Uo�@ 1.5. + gcd(n,N) = 1. a V0 ��C=�
n ∈ V0 ⇐⇒-/ 0 ≤ s ≤ e − 1, 0 ≤ l ≤ 1, 2 | s + l ÆF n ≡ gsxl (mod N)

⇐⇒ 1
φ(N)

e−1∑
s=0

1∑
l=0

2|s+l

∑
χ mod N

χ(n)χ(gsxl) = 1

⇐⇒ 1
φ(N)

e
2−1∑
s=0

1∑
l=0

∑
χ mod N

χ(n)χ(g2s+lxl) = 1.

RvUo
e
2−1∑
s=0

χ(g2s) =

{
0, ;6 χ(g2) �= 1,
e

2
, ;6 χ(g2) = 1.

9�
n ∈ V0 ⇐⇒ 1

4

∑
χ mod N

χ2(g)=1

1∑
l=0

χ(glxl)χ(n) = 1. (3.1)

+ indg,p(n)ehb g 1x� nF
 p�MC,ÆF n ≡ gindg,p(n) (mod p), 0 ≤ indg,p(n) ≤
p−2,S indg,q(n)ehb g1x� nF
 q�MC,ÆF n ≡ gindg,q(n) ( mod q), 0 ≤ indg,q(n) ≤
q − 2. p χ = χ1χ2, 33 χ1 ,
 p �-$sr, χ2 ,
 q �-$sr. +

χ1(n) =

⎧⎨
⎩ e

(
m1indg,p(n)

p − 1

)
, ;6 gcd(n, p) = 1,

0, ;6 gcd(n, p) > 1,

χ2(n) =

⎧⎨
⎩ e

(
m2indg,q(n)

q − 1

)
, ;6 gcd(n, q) = 1,

0, ;6 gcd(n, q) > 1,
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33 1 ≤ m1 ≤ p − 1, 1 ≤ m2 ≤ q − 1, S e(y) = e2πiy, H4
χ2(g) = 1 ⇐⇒ e

(
2m1

p − 1

)
e

(
2m2

q − 1

)
= 1

⇐⇒ e

(
2m1(q − 1) + 2m2(p − 1)

(p − 1)(q − 1)

)
= 1

⇐⇒ (p − 1)(q − 1) | 2m1(q − 1) + 2m2(p − 1)

⇐⇒ (p − 1)(q − 1)
4

∣∣∣∣m1
q − 1

2
+ m2

p − 1
2

.

9�
p − 1

2

∣∣∣∣m1,
q − 1

2

∣∣∣∣m2.

p

m1 =
p − 1

2
· n1, m2 =

q − 1
2

· n2,

H4

χ1(n) =

⎧⎨
⎩ e

(
n1indg,p(n)

2

)
, ;6 gcd(n, p) = 1,

0, ;6 gcd(n, p) > 1,

χ2(n) =

⎧⎨
⎩ e

(
n2indg,q(n)

2

)
, ;6 gcd(n, q) = 1,

0, ;6 gcd(n, q) > 1,

33 1 ≤ n1 ≤ 2, 1 ≤ n2 ≤ 2. 9�
1∑

l=0

χ(glxl) =
1∑

l=0

χ1(g
2l)χ2(g

l) =
1∑

l=0

e

(
− ln2

2

)

=

{
2, ;6 2 | n2,

0, ;6 2 � n2.

=

{
2, ;6 χ2 = χ0,

0, ;6 χ2 �= χ0.
(3.2)

wM (3.1) ? (3.2) d/=�

n ∈ V0 ⇐⇒ 1
2

∑
χ mod p

χ2=χ0

χ(n) = 1 ⇐⇒ 1
2

(
1 +

(
n

p

))
= 1, (3.3)

33 ( ·
p ) eh
 p � Legendre fg. HFN

0 ≤ n ≤ N − 1,

a s∞ ��C=�

(−1)sn =

⎧⎪⎪⎨
⎪⎪⎩

(
n

p

)
, gcd(n, pq) = 1,

1, q | n,

−1, p | n, n > 0.

(3.4)
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+ 1 ≤ w ≤ N − 1, 4

Cs(w) =
N−1∑
i=0

(−1)si+w+si

=
N−1∑
i=0

gcd(i,pq)=1

gcd(i+w,pq)=1

(
i(i + w)

p

)
+

N−1∑
i=0

gcd(i,pq)=1

q|i+w

(
i

p

)
−

N−1∑
i=0

gcd(i,pq)=1

p|i+w

pq�i+w

(
i

p

)

+
N−1∑
i=0
q|i

gcd(i+w,pq)=1

(
i + w

p

)
+

N−1∑
i=0
q|i

q|i+w

1 −
N−1∑
i=0
q|i

p|i+w

pq�i+w

1

−
N−1∑
i=1
p|i

gcd(i+w,pq)=1

(
i + w

p

)
−

N−1∑
i=1
p|i

q|i+w

1 +
N−1∑
i=1
p|i

p|i+w

pq�i+w

1, (3.5)

Hac@ 3.2 ? 3.3 d/=�

Cs(w) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

pq − 2p − 2, ;6 w ∈ P,

1 + p − q − (q − 1)
(

w

p

)
((−1)

p−1
2 + 1), ;6 w ∈ Q,

−q − (q − 2)
(

w

p

)
((−1)

p−1
2 + 1), ;6 w ∈ Z∗

N .

msUo��@ 1.5.

4 s_tuv
+

s(x) = s0 + s1x + · · · + spq−1x
pq−1 =

∑
i∈C1

xi, (4.1)

S α ,4.2 F2m �-$ pq :;I<�3, 33 m = ordpq(2). 34 Blahut �@, �� s∞ �

45&D'1
L(s∞) = pq − ∣∣{t : s(αt) = 0, 0 ≤ t < pq

}∣∣ . (4.2)

d\ 4.1 + s(x), α �C;/, HFN 0 ≤ t ≤ N − 1 4

s(αt) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

s(α), ;6 t ∈ V0,

s(α) + 1, ;6 t ∈ V1,

1 +
(

p − 1
2

mod 2
)

, ;6 t ∈ P,

0, ;6 t ∈ {0} ∪ Q.
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gh + t ∈ V0, Hac@ 2.2 =�

s(αt) =
∑
i∈P

αti +
∑
i∈V1

αti =
∑
j∈tP

αj +
∑

j∈tV1

αj =
∑
i∈P

αi +
∑
i∈V1

αi = s(α).

FN t ∈ V1, jk�
0 = αpq − 1 = (α − 1)(1 + α + · · · + αpq−1)

= (α − 1)
(

1 +
∑
i∈V0

αi +
∑
i∈V1

αi +
∑
i∈P

αi +
∑
i∈Q

αi

)
,

Hac@ 2.2 =�

s(αt) =
∑
i∈P

αti +
∑
i∈V1

αti =
∑
j∈tP

αj +
∑

j∈tV1

αj =
∑
i∈P

αi +
∑
i∈V0

αi

=
∑
i∈P

αi +
∑
i∈Q

αi + s(α) + 1 = s(α) + 1.

+ t ∈ P . a x ? V1 ��C=�
V1 mod q =

{
gsxl mod q : 0 ≤ s ≤ e − 1, 0 ≤ l ≤ 1, 2 � s + l

}
=

{
g2sx mod q : 0 ≤ s ≤ e

2
− 1

}
∪

{
g2s+1 mod q : 0 ≤ s ≤ e

2
− 1

}

=
{

g2s mod q : 0 ≤ s ≤ e

2
− 1

}
∪

{
g2s+1 mod q : 0 ≤ s ≤ e

2
− 1

}
= {gs mod q : 0 ≤ s ≤ e − 1} = {1, 2, . . . , q − 1} .

I s wy {0, 1, . . . , e − 1}, l wy {0, 1}, S 2 � s + l ?, V1 mod q wOM {1, 2, . . . , q − 1} 3x
$ÆK p−1

2 :, H4
s(αt) =

∑
i∈P

αti +
∑
i∈V1

αti =
∑
i∈P

αi +
(

p − 1
2

mod 2
) ∑

i∈P

αi

= 1 +
(

p − 1
2

mod 2
)

.

+ t ∈ Q. a x ? V1 ��C=�
V1 mod p =

{
gsxl mod p : 0 ≤ s ≤ e − 1, 0 ≤ l ≤ 1, 2 � s + l

}
=

{
g2sx mod p : 0 ≤ s ≤ e

2
− 1

}
∪

{
g2s+1 mod p : 0 ≤ s ≤ e

2
− 1

}

=
{

g2s+1 mod p : 0 ≤ s ≤ e

2
− 1

}
=

{
g, g3, . . . , gp−2

}
.

I s wy {0, 1, . . . , e − 1}, l wy {0, 1}, S 2 � s + l ?, V1 mod p wOM
{
g, g3, . . . , gp−2

} 3x
$ÆK (q − 1) :, H4

s(αt) =
∑
i∈P

αti +
∑
i∈V1

αti

= ((q − 1) mod 2) + ((q − 1) mod 2) ×
∑

i∈{g,g3,...,gp−2}
αti = 0.
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�y

s(1) =
(

q − 1 +
(p − 1)(q − 1)

2

)
mod 2 = 0.

msUo�c@ 4.1. Uo.

d\ 4.2 2 ∈ V0 ISlI s(α) ∈ {0, 1}.
gh jk�4.2 F2m �sr1 2, 9� s(α)2 = s(α2). + 2 ∈ V0, Hac@ 2.2 =�

2Vi = Vi, i = 0, 1. 9�
s(α)2 = s(α2) =

∑
i∈P

α2i +
∑
i∈V1

α2i =
∑
i∈P

αi +
∑
i∈V1

αi = s(α).

a�=� s(α) ∈ {0, 1}.
+ 2 ∈ V1, Hac@ 4.1 =�

s(α2) = s(α) + 1.

9� s(α)2 = s(α) + 1, S s(α) /∈ {0, 1}. jk� 2 ∈ V0 ∪ V1, msUo�c@ 4.2. Uo.

u/Uo�@ 1.6. + α �C;/, H αp , xq − 1 �-$ q :;I<�3, αq , xp − 1 �

-$ p :;I<�3. =�

xp − 1 =
∏

i∈{0}∪Q

(x − αi), xq − 1 =
∏

i∈{0}∪P

(x − αi).

+ di(x) =
∏

j∈Vi
(x − αj), i = 0, 1. TU

xN − 1 = (x − 1)(x − α) · · · (x − αN−1) =
(xp − 1)(xq − 1)d0(x)d1(x)

(x − 1)
.

wx I + p ≡ 1 (mod 8). ac@ 2.3, 4.1, 4.2 bazwM{� α, =�

s(αt) =

{
1, ;6 t ∈ P ∪ V1,

0, ;6 t ∈ {0} ∪ Q ∪ V0.

a�=b
L(s∞) = pq − p − (p − 1)(q − 1)

2
=

pq + q − p − 1
2

, m(x) =
xpq − 1

(xp − 1)d0(x)
.

wx II + p ≡ −1 (mod 8). ac@ 2.3, 4.1, 4.2 bazwM{� α, =�

s(αt) =

{
1, ;6 t ∈ V1,

0, ;6 t /∈ V1.

a�=�
L(s∞) =

(p − 1)(q − 1)
2

, m(x) =
(xpq − 1)(x − 1)

(xp − 1)(xq − 1)d0(x)
.

wx III + p ≡ 3 (mod 8). ac@ 2.3, 4.1, 4.2 =�

s(αt) =

{
0, ;6 t ∈ {0} ∪ P ∪ Q,

�= 0, ;6 t ∈ V0 ∪ V1.

9�
L(s∞) = pq − p − q + 1, m(x) =

(xpq − 1)(x − 1)
(xp − 1)(xq − 1)

.
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wx IV + p ≡ −3 (mod 8). ac@ 2.3, 4.1, 4.2 =�

s(αt) =

{
0, ;6 t ∈ {0} ∪ Q,

�= 0, ;6 t /∈ {0} ∪ Q.

zm

L(s∞) = pq − p, m(x) =
xpq − 1
xp − 1

.

msUo��@ 1.6.

5 yz
;QENP-6/Q [5] 3|q�HPJ (V0, V1), >J�M�@01 pq � 2 V_Æ�CH

P�� s∞, c�#35L: A2%B�45&D'?99�=>. {��/-$@0}wB1 0

�$	1 pq+p−q+1
2 , wB1 1 �$	1 pq+q−p−1

2 . �@ 1.5 eoM�� s∞ �A2%B,�B
�.�@ 1.6eo s∞ �45&D'wB1 (pq+q−p−1)/2, (p−1)(q−1)/2, pq−p−q+1, pq−p,

mlw|N p (mod 8) �B. 9�I p ≡ 1,±3 (mod 8) S p < q ?, L(s∞) > pq
2 , �� s∞ 74

“8” �45&D'. �@ 1.6 ~eoM�� s∞ {Qm [3] 3�CHP���45&D'/�P
Dk742n5, };Q�l�~�<.
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