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����
 F � V0 := V \ {0} ���. �
 Minkowski �� (V1,F1) � (V2,F2) ���
�

�, ������������ L : V1 → V2, �� F1 = F2 ◦ L ��. ��, � n � Minkowski

����������, ��
�� (Rn, ‖ · ‖), �� ‖y‖ =
√∑

(yi)2, ∀ y = (y1, . . . , yn) ∈ R
n.

� Minkowski �� (V,F) �, ���� ĝ � Cartan �� Â ���� F ����
���

��. Â ���� Cartan �� η. �� 2 ��, �������������� Minkowski �

��
����.

�= 1.1 � (V1,F1) � (V2,F2) ��
 Minkowski ��, ���� n > 2. ��� f :

V1 → V2 ����� � (V1)0 � (V2)0 �!�"�, �  �
f(tv) = tf(v), ∀ v ∈ V1, ∀ t > 0.

!" ĝ1 = f∗ĝ2  η1 = f∗η2   # ��������� L ∈ Hom(V1, V2), �� f = L  

F1 = F2 ◦ L.
����#!$ Minkowski $%�
���� (� [4, &% 4.4.1]). &'��(')���

Minkowski ���!��� ��"(Æ��)#�!����$!, *%!� Schneider [20]

&�#��'+%�(���. �"',#)*($%-* [2, 5, 6, 10, 13–15, 18], ���$!./
� Laugwitz &0 [13–15]. *��$+,-%, &'+��'�.�(�1�.

,�-23 Finsler ����&� Riemann +.�(�4%. � M � n ���/�, π :

TM → M � M �5/. 0 TM0 = TM \ 0, �� 0 
 TM �12%. M �� Finsler 30


1� F : TM → R, )6 F 4* � TM0 ��, � � p ∈ M 2�5���7+ FTpM �

Minkowski ��. Finsler 30 F �� TM0 ��8�30, �35(4�� T (TM0) �9$,
/6 M ����78.

(+%, T (TM0) ��9-.&'&0 TM0 ��:
5/�� ĝ, Â � η. $;0 p ∈ M ,

����� TpM \ {0} �7+ i∗pĝ, i∗pÂ 1* i∗pη �6� (TpM,FTpM ) �����, Cartan ��
1* Cartan ��. �:
��2������7�� Finsler /� (M,F) ���78�3<.

:(+%, Finsler /� (M,F) ����78��$458�9;. 0 σ : [a, b] → M �

σ(a) = p � σ(b) = q ��:��+�. $458
��
Pσ,t : TpM → Tσ(t)M, ∀ t ∈ [a, b],

<1�(7+�� Pσ,t : TpM \ {0} → Tσ(t)M \ {0} ������!�"�, � 

Pσ,t(λy) = λPσ,t(y), ∀λ > 0, ∀ y ∈ TpM \ {0}.
$458(;������. =��, (M,F) � Berwald /�  # $458=�����
(� [3, 4, 8]). $� Berwald /��"+��>?./� Ichijyō [11] .�. ��
=� �� 1

3<>-, @����%�3�.

�= 1.2 � (M,F) ��� n > 2 � Finsler /�. (M,F) � Berwald ��  # 5/
�� ĝ � η �$458�����.

�� [1, 3, 8, 12] ��( ĝ �$458�����  # (M,F) � Landsberg /�, A

Landsberg +.�1 (Landsberg +.�� [28] �6)���= Cartan ��).

��� 1.2 1*7?&'�� [9, 27] �>2, <�&� Berwald /��@�>?.
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�= 1.3 $��� n > 2 � Finsler /�, ��&%
�:

(1) M ���1 S- +.� Landsberg /�;

(2) M � Landsberg /� η �A ��;

(3) M � Landsberg /� dη = 0;

(4) M � Berwald /�.

Finsler ���(
CBCJK�4%�: �DD�� Landsberg /�=� Berwald /�?

E4%6��7LE4%. F<M=-�(
G&4%: � Landsberg /��$= Berwald +

.�1, E/��D� Berwald /� (� [26, � 322 >])? �%�3��$%%�N�OF.

�= 1.4 � Landsberg /��$= Berwald +.�1, ��� Berwald /�.

��� 1 �P)OG���������'+%��)#�!����(�3�. � 2 �

�� Minkowski �� HI?J��K�Q�'+%�$!. *%�(�� 1.1. � 3 �@�
Chern 78AR Finsler /��(�SK�����. B%, @�$458->?��(�HI
�C� Finsler /�, *%.��� 1.2–1.4 ��(.

���, JKTLDUML�
N���MO 1 � n, JK�NVDUML�
N���M
O 1 � n− 1. &'P� Einstein 6�E�. O�W� n > 2.

2 F>?G@AHBCIDEÆF
��P)XP���)#�Q��'+%���+R (�S)�G&3� [16, 19, 22].

2.1 JGHKIJL6KMLNH
� V ��	� n �	���. 0 V ∗ � V �$Y��, � 〈 , 〉 : V × V ∗ → R �Z$�

�. V ��TQ���/�301*$R#�78 ∇̄.

� x : M → V � n− 1 ��	�4S���/� M �[0��. $;0 p ∈M , dx(TpM)

� Tx(p)V � n− 1 �,��. �3<�O CpM = {v∗p ∈ V ∗ | ker v∗p = dx(TpM)} ⊂ T ∗
x(p)V . $

U�/ CM =
⋃

p CpM �� x �PQ/.

0 Y � CM �22��1�2%. � rank(dY, Y ) = n, � x �����'+%. ��

���Q\�PQ	�V Y �3<. ���RT*���'+%. �O	�V y : M → V �

y(p) = −x(p), ∀ p ∈M . � 〈Y, y〉 = 1, !" {Y, y} �� x ��)#�Q�.

�%]� x(M) G$��)#�Q� {Y, y} �30+R
∇̄vy = dy(v) = −dx(v),
∇̄vdx(w) = dx(∇vw) + h(v,w)y, (2.1)

∇̄∗
vdY (w) = dY (∇∗

vw) − h(v,w)Y,

�� h ����� (0, 2) Q$���, ��#�W�. ∇ � ∇∗ =�U^�#�78. ����
� ����&V�

dh(v1, v2) = h(∇v1, v2) + h(v1,∇∗v2). (2.2)

:ST {∇, h,∇∗} ��XU78. $�;0�XU78:ST {∇, h,∇∗}, <1�O C = 1
2(∇−

∇∗) ∈ Ω1(M,End(TM)). � (2.2) �, (0, 3)- Q�� Ĉ := h ◦C �$���, �� {∇, h,∇∗} �
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3- ��. &� Ĉ ��%�Y���:

Ĉ = −1
2
∇h. (2.3)

$� {∇, h,∇∗}, Tchebychev �� T̂ �O� C ��, T̂ = 1
n−1 trC. Tchebychev 	�V T � T̂

&�#�W� h �$Y.

0 ω(h) � x(M) �#�W� h �_`W�S, � ω � x(M) �� V ��	���W�S.

<1�(
T̂ =

1
n− 1

d log
∣∣∣∣ ω

ω(h)

∣∣∣∣ . (2.4)

2.2 MNKIJLOVWP�=
���'+%�SK���X(����#�!����aT3� (� [22, 6.3.3]). $�Q

�'+%�X, ��$U�YWX(�3�. ./OGQ�'+%�(����C.

Q= 2.1 0 M � n− 1 �4S���Z/�. 0 x : M → V � M � n ��	��� V

�[0. �� x(M) ��)#�Q����, !" x(M) �Q�'+%.

Q= 2.2 (� [19, Chapter III, &% 7.3]) � x : M → V � n− 1 �Q�'+%. !"��
�3�:

(i) M !�"�� n− 1 �NZÆ% S
n−1;

(ii) x �Y0��;

(iii) x(M) �(
����W�Æb,  E�WHI?J���K.

R 2.3 � [19] �I��"c����9;, �6� “SK[[�” � “YW[[�”. \�
� [4] �, �� “SK[[�” )�� “��”, � “YW[[�” )�� “[[�”. <1�( [4]

��\I[[�, ]7���. ��P�� [4] ��Z].

,�-&� Schneider �� [20] ��(�Q�'+%�YWX(���.

Q= 2.4 (� [20, Satz 4.2]) � xi : M → Vi � n− 1 �4S���Z/� M � n > 2 �

�	��� Vi ����[0, � ���)#�Q� {Yi, yi}, i = 1, 2. � hi � T̂i �6� xi #

�W�� Tchebychev ��, i = 1, 2.

!" h1 = h2  T̂1 = T̂2   # �������"[ L ∈ Hom(V1, V2), �� x2 = L ◦ x1.

3 Minkowski STG^UV_W
�\^>d, ./`@�� Minkowski ��!��� �"(Æ��)#�!���7�

�TQ$!. *%!�&� 2.4 -�(
���� 1.1.

3.1 Minkowski XYZ[a\]
� V � n ��	���, ��.���	. 0 {b1, . . . ,bn} � V (
�	�_. �O��

φ : V → R
n �

φ(y) = (y1, . . . , yn)T , ∀ y = yibi ∈ V,

3��.�$ V �NZ��30. 0 {b∗
1, . . . ,b

∗
n}�$Y�. V ��	� n�� ω = b∗

1∧· · ·∧b∗
n

.�, ω 6.� V �(
W���.

$;0�1� f : V → R, e f = f ◦ φ−1. f �� V ����1�, �� f � R
n ����

1�.
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�^ 3.1 0 V � n ��	���, ��NZ���30 (yi;φ). V �� Minkowski ��


1� F : V → [0,+∞),  �
(i) F � V �4*, � V0 := V \ {0} ���;

(ii) F(λv) = λF(v), ∀ v ∈ V, ∀λ ∈ R
+;

(iii) F �����, A, $��� ḡ := ∇̄d [
1
2F

2
]
22b�.

`� Minkowski �� F �	��� V ��(
 Minkowski ��, e2 (V,F).

af�O, (V0, ḡ) � Minkowski �� (V,F) Gb� Riemann /�. (V0, ḡ) � Riemann �

��c��� � Finsler ����d*!�. �%���$]�g.�$ Minkowski ���D

���^_.

�^ 3.2 � (V,F) � n � Minkowski ��,

IF := {v ∈ V |F(v) = 1} (3.1)

�� (V,F) �"(Æ%.

IF <12� (V0, ḡ) �,/�h1AR, `1�a<d� [4]. �%AR IF ��)#�!�
��. =��, &'<1b( IF ���"���\OG"�. *��)#�!���ehc<3
i
��4%.

�^ 3.3 (d� [4, 4.2 �]) 0 (V,F) � (Ṽ , F̃) �6� n � Minkowski ��. ���"[
L ∈ Hom(Ṽ , V ), �� F̃ = F ◦ L. !"� (V,F) � (Ṽ , F̃) �
��, e2 (V,F) ∼ (Ṽ , F̃).

d(d “ ∼ ” �OW n � Minkowski ��0��Æ<��
�&V. af�O</,c�
�%�&%.

Q= 3.4 0 (V,F) � (Ṽ , F̃) �6� n � Minkowski ��. 0 IF � IF̃ �6�G!�"
(Æ%. !" (V,F) ∼ (Ṽ , F̃)   # IF = L(IF̃), �� L ∈ Hom(Ṽ , V ).

,�-&0 (V0, ḡ) ��:
����.

�^ 3.5 0 (V,F)� n� Minkowski��. �OX�W� ĝ � ĝ = 1
F2 ḡ. Cartan���O

� Â = 1
2F2 ∇̄ḡ.0 |G | =

∣∣ω(ḡ)
ω

∣∣� ḡ� RiemannfWG$� ω = b∗
1∧· · ·∧b∗

n� Radon–Nikodym

��. !" Cartan ���O� η = d log |G |.
Q= 3.6 �� ĝ, Â � η $� Minkowski ��
��K��
�&V�X�G$���.

_` 0 {b1, . . . ,bn}� V �(T�	�_.0 φ� V � R
n�dN��. !" dF = φ∗dF,

� 

ḡ = φ∗((FyiFyj + FFyiyj )dyi ⊗ dyj),

�� F = F ◦ φ−1.

0 (Ṽ , F̃)  (V,F) 
�. e3, �� L ∈ Hom(Ṽ , V ), �� F̃ = F ◦ L. 0 b̃i = L−1(bi),

i = 1, . . . , n. 0 φ̃ � Ṽ � R
n �dN��. e3 φ̃ = φ ◦ L. �3<� F̃ = F̃ ◦ φ̃−1 =

(F ◦ L) ◦ (φ ◦ L)−1 = F . D1
˜̄g = φ̃∗((F̃yiF̃yj + F̃ F̃yiyj )dyi ⊗ dyj)

= L∗ ◦ φ∗((FyiFyj + FFyiyj )dyi ⊗ dyj) = L∗ḡ.

"�<� ˜̂
A = L∗Â 1* η̃ = L∗η. �g.

,�-, �W.� Minkowski ��"(Æ%��)#����.
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Q= 3.7 � IF � Minkowski �� (V,F) �"(Æ%. !", h"�� i : IF → V �Y0.

∀ v ∈ IF, �< y = −v ∈ TvV , Y = −dF ∈ T ∗
v V , !" {Y, y} b� IF ��)#�Q�.

_` e� F : V0 → R
+ �����, 1* F(λv) = λF(v), ∀λ > 0, i

F∗v

(
v

F(v)

)
=

∂

∂t
∈ TF(v)R

+, v ∈ TvV.

D1 F �fj. afb�g?e��, IF = F−1(1) � V0 �Y0,/�.

$�;0���+� γ : (−ε, ε) → IF,   � γ(0) = v ∈ IF, d*� F(γ(t)) = 1. e3
0 =

d

dt

∣∣∣∣
t=0

F(γ(t)) = 〈dF, γ̇(0)〉,

O� −dF � IF �PQ	�V.

�fj1�� Euler &�,

〈−dF,−v〉|v =
〈
Fyidy

i, yj ∂

∂yj

〉∣∣∣∣
φ(v)

= Fyiy
i|φ(v) = 1,

�� F = F ◦ φ−1. O� {Y = −dF, y = −v} b� IF ��)#�Q�. �g.

�&� 3.7, 1* Guass +R (2.1), <�� IF ��#�W� h �Mk���.

Q= 3.8 �)#�W� h ���.�
h = i∗ĝ = i∗h, (3.2)

�� i : IF → V �h"��, � h := F∇̄dF Sc��LW�. �3<h, h b� IF �Q�'

+%.

_` Gauss +R (2.1) 3gK�

∇̄ui∗w = i∗(∇uw) + h(u,w)y,

�� u,w ∈ Γ(T IF) � IF ����	�V, � ∇ ����#�78.

e� ĝ = F−2(dF ⊗ dF + F∇̄dF), D1
i∗ĝ(u,w) = F−2(dF ⊗ dF + F∇̄dF)(i∗u, i∗w) = ∇̄dF(i∗u, i∗w)

= 〈∇̄udF, i∗w〉 = 〈−dF, ∇̄ui∗w〉 = h(u,w).

�g.

Q= 3.9 3 �� Ĉ ���.�
Ĉ = −i∗Â, (3.3)

Tchebychev ���

T̂ = − 1
n− 1

i∗η. (3.4)

_` 0 u,w, z ∈ Γ(T IF ) � IF ����	�V. e�
A =

1
2F2

∇̄(dF⊗ dF + F∇̄dF) =
1

2F2
(∇̄dF ⊗ dF + 2dF ⊗ ∇̄dF + F∇̄∇̄dF),

1*
∇̄dF(u, y) = 〈∇̄udF, y〉 = 〈−dF, ∇̄uy〉 = 〈−dF,−i∗u〉 = 0.
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af (2.3) <h
2i∗A(z, u,w) =

1
F2

(∇̄dF ⊗ dF + 2dF ⊗ ∇̄dF + F∇̄∇̄dF)(i∗z, i∗u, i∗w)

= ∇̄∇̄dF(i∗z, i∗u, i∗w) = (∇̄z(∇̄dF))(i∗u, i∗w)

= z(∇̄dF(i∗u, i∗w)) − ∇̄dF(∇̄zi∗u, i∗w) − ∇̄dF(i∗u, ∇̄zi∗w)

= z(∇̄dF(i∗u, i∗w)) − ∇̄dF(i∗(∇zu), i∗w) − ∇̄dF(i∗u, i∗(∇zu))

= z(i∗(∇̄dF)(u,w)) − i∗(∇̄dF)(∇zu,w) − i∗(∇̄dF)(u,∇zw)

= z(h(u,w)) − h(∇zu,w) − h(u,∇zw) = (∇zh)(u,w)

= −2Ĉ(z, u,w).

D1 (3.3) ��. af (2.4), kh<� (3.4). �g.

?%�&�M(��O Minkowski����"(Æ%��)#����. ]l-, (
HI
?J���K�Q�'+% M <1�O Minkowski �� F, �� IF = M .

Q= 3.10 � V � n ��	���. � M (
HI?J���K�Q�'+%. !"�

� V �� Minkowski �� F, �� IF = M .

_` e� M ��, i$� ṽ ∈ V0, �� {tṽ | t > 0}  M �X(�lJ v. � ṽ = λv. &

'<�O1� F : V0 → (0,+∞) �

F(ṽ) = λ.

d*, F � 1 mbfj1�. 0 (U,ψ) � M �(
SKdNV, dN��� ψ : U → R
n−1. �

m@i s : R
+ × V → V �����. e M ���,/�, O� s � R

+ × U �7+6��, e

R
+U := s(R+ × U). �� s � (λ, v) � Jacobian � J = λn−1(v, dv) = (−1)nλn−1(y, dy), ��

y = −v � M � v J2��)Q	. e3 J ���. �]1���, s : R
+ × U → R

+U �!�

"�. 0 φ̃ = (i× ψ) ◦ s−1 �O R
+U � R× R

n−1 = R
n ���. !" φ̃ .�$ R

+U �dN�
�, � F ◦ φ̃−1(λ, ψ(U)) = λ, e3 F � V0 ���.

kh�&� 3.7, {−v,−dF} � M �J v ∈M 2��)#�Q�. 5(4, �
s∗ḡ = s∗

(
∇̄d

[
1
2
F2

])
= dλ⊗ dλ+ λh,

�� h � M ��)#�W�. D1&'�($ F � V �� Minkowski ��. af�O<h
IF = M . �g.

3.2 �= 1.1 L_`
_` n���&� 3.6 </,��. ��S)�. d* f ��"(Æ%��!�"� f :

IF1 → IF2. 2�&� 3.8, 3.9 � 2.4 �#i, f �����. !�&� 3.4, ����. �g.

4 Finsler abGcidefgGhiVj
4.1 Finsler kNLjlm

�M � n���/�, π : TM →M �M �5/.� (U ;φ(x) = (x1, x2, . . . , xn))�M �

(
SKdNV. �3<�� π−1(U) ��SKdN�� ψ(x, y) = (x1, . . . , xn, y1, . . . , yn). e

TM0 = TM \ 0, �� 0 ML TM �12%. !" ψ(x, y) :hEjkn y �= 0 %, �� TM0 �



184 � � � 	 : ; < 62�

dN��.

�^ 4.1 M �� Finsler 30
4*1� F : TM → R, \� TM0 ���, � $�;
0 x ∈ M , F|TxM � Minkowski ��. ��(
 Finsler 30 F �/� M ��(
 Finsler /

�, e2 (M,F).

0 F = F ◦ψ−1, !" F ��� 2n 
���1�. af Minkowski ����O, n×n ok
(gij) :=

(
1
2
[F 2]yiyj

)
22b�.

�� Finsler 30 F, <1pi M �+�q����. (m��� Euler–Lagrange +R�
T*�%����

Gi =
1
4
gij([F 2]yjxkyk − [F 2]xj ), i = 1, . . . , n,

�� (gij) = (gij)−1. Gi Sc��l�)��8�V�. d*�
Gi(x, λy) = λ2Gi(x, y), λ > 0, i = 1, . . . , n. (4.1)

� Finsler /� (M,F) �8�30 G �
�O� TM0 ����	�V

G = yi ∂

∂xi
− 2Gi ∂

∂yi
.

0 δ
δxi := ∂

∂xi − ∂Gj

∂yi
∂

∂yj ,
δ

δyi := F ∂
∂yi . d*<h, 	�V{

δ

δx1
,
δ

δx2
, . . . ,

δ

δxn
,
δ

δy1
,
δ

δy2
, . . . ,

δ

δyn

}
(4.2)

0� TM0 �SK5NrV. �3, Finsler 30 F .�$ T (TM0) �(
�9:

T (TM0) = H(TM0) ⊕ V (TM0),

�� H(TM0) = span
{

δ
δx1 , . . . ,

δ
δxn

}
, � V (TM0) = span

{
δ

δy1 , . . . ,
δ

δyn

}
. �%����� J :

T (TM0) → T (TM0),

J

(
δ

δxi

)
=

δ

δyi
, J

(
δ

δyi

)
= − δ

δxi

.�$ TM0 �(
so30. 0
{
δx1, δx2, . . . , δxn, δy1, δy2, . . . , δyn

}
� (4.2) �$YNrV.

!"

δxi = dxi, δyi =
1
F

(
dyi +

∂Gi

∂yj
dxj

)
,

� 

J∗(δxi) = −δyi, J∗(δyi) = δxi, (4.3)

�� J∗ e J �$Y��.

m� g = gijdx
i ⊗ dxj �O$TO/ π∗TM → TM0 ��(
tnW�. g�l0��,

π∗TM �(
YW2% l : TM0 → π∗TM , �O� l(x, y) =
(
x, y, y

F (x,y)

)
.

$� (π∗TM, g) �;0SKmbNrV {e1, . . . , en}, ��H63n en = l, 0 {ω1, . . . , ωn}
�$YNrV. d*, ωi <�o*po� TM0 �SK 1 ��. � ωn b� Hilbert ��, ωn �

YW�O� 1 ��� ωn = Fyiδxi. 0

ωn+i = J∗(ωi), i = 1, 2, . . . , n,
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1*
θ = {ω1, . . . , ωn, ωn+1, . . . , ω2n}, (4.4)

�� ω2n = −Fyiδyi = −d logF . θ .�$ TM0 �SKPNrV. ���
gT (TM0) =

n∑
i=1

ωi ⊗ ωi +
n∑

i=1

ωn+i ⊗ ωn+i

�O$ TM0 �(
 Riemann W�. 0 {e1, . . . , en, en+1, . . . , e2n} e θ �$YNrV. !"d

*�
H(TM0) = span{e1, . . . , en}. (4.5)

e ωj = vj
i δx

i, ωn+j = J∗(vj
i δx

i) = −vj
i δy

i. !"�
ei = uj

i

δ

δxj
� en+i = −uj

i

δ

δyj
, (4.6)

�� (ui
j) = (vj

i )
−1. ph vn

i = Fyi 1* ui
n = yi

F .

e ∇Ch �q78, A ∇Ch : Ω∗(TM0;H(TM0)) → Ω∗+1(TM0;H(TM0)). �� [9] �, &'

�(q78�$��b� Cartan 78 ∇Ca. ∇Ca � ∇Ch �r�� Cartan ��

H = ∇Ca −∇Ch ∈ Ω1(TM0,End(H(TM0))).

0 H = Hijω
j ⊗ ei. af� [9, &� 3, 4] <h, G$�Nr�� (4.6), Hij = Hji = Hijγω

n+γ

���.� Hijγ = −Apqku
p
i u

q
ju

k
γ , �� Aijk = 1

4F [F 2]yiyjyk .

0 ω = (ωi
j) �q78�SKmbNrV (4.5) ��78ok

∇Chei = ωj
i ej .

ω = (ωi
j) ��%�30+RX(p� [4, 8, 17]{

dϑ = −ω ∧ ϑ,
ω + ωt = −2H,

(4.7)

�� ϑ = (ω1, . . . , ωn)t. 5(4, � ωn
α = −ωα

n = ωn+α � ωn
n = 0.

R 4.2 (4.7) ���(
+Rc�$q78�U^�. (4.7) ���=
+RM(q78�
g�W�. E78Bq�qqr�AR Finsler ���SK
��4% [7] g0r�. �� [9] �,

&'�($q78b�st30�i� H(TM0) �� Bott 78 [29].

0 RCh =
(∇Ch

)2
�q78 ∇Ch �+.. 0 Ω =

(
Ωi

j

)
� RCh $!�+.��ok. !"

Ωi
j = dωi

j −ωk
j ∧ωi

k. af (4.7) <h Ωi
j = 1

2R
i

j klω
k ∧ωl +P i

j kγω
k ∧ωn+γ , �� R i

j kl = −R i
j lk.

su� [17] ��Z], +. RCh � “h− h” K�

R :=
1
2
R i

j kl(ω
k ∧ ωl) ⊗ ωj ⊗ ei

��q78� Riemann +.. � “h− v” K�

P := P i
j kγ(ωk ∧ ωn+γ) ⊗ ωj ⊗ ei

��q78� Minkowski +.. Landsberg +.�O�
L := P i

n kγ(ωk ∧ ωn+γ) ⊗ ei,
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�$= Landsberg +.�O� J = trL. � Finsler /� �kn P = 0, L = 0 6 J = 0, !"

sG!p�� Berwald, Landsberg 6t Landsberg /�.

4.2 vnowpq, vn Cartan pqrZ Cartan sNt
�%�O TM0 ���
$���V

ĝ =
n∑

j=1

ωn+j ⊗ ωn+j , Â = Hαβγω
n+α ⊗ ωn+β ⊗ ωn+γ .

$;0 p ∈M , ĝ � Â �u� TpM \ {0} ��7+bt�6.� Minkowski �� (TpM,FTpM )

������ Cartan ��.

u4 4.3 ĝ � Â Æ9$+	�u���6�
Lei ĝ ≡ −2

n−1∑
α,β=1

P β
n iαω

n+α ⊗ ωn+β (mod ω1, . . . , ωn) (4.8)

�

LeiÂ ≡ Zαβγiω
n+α ⊗ ωn+β ⊗ ωn+γ (mod ω1, . . . , ωn), (4.9)

�� Zαβγi = Hαβγ|i −HμβγP
μ

n iα −HαμγP
μ

n iβ −HαβμP
μ

n iγ .

0 Z �� Zαβγi �O���, !" Z = 0   # P = 0.

_` e� Ωα
n = dωα

n − ωβ
n ∧ ωα

β = −dωn+α + ωn+β ∧ ωα
β , D1

dωn+α = −Ωα
n + ωn+β ∧ ωα

β = −1
2
R α

n jkω
j ∧ ωk − P α

n jβω
j ∧ ωn+β + ωn+β ∧ ωα

β .

af Cartan "vY�, <�

Leiω
n+α = (ieid+ diei)ω

n+α

= iei

[
−1

2
R α

n jkω
j ∧ ωk − P α

n jβω
j ∧ ωn+β + ωn+β ∧ ωα

β

]
= −R α

n ikω
k − P α

n iβω
n+β − ωα

β (ei)ωn+β .

af ei(F ) = 0 1* ω2n = −d logF , <h Leiω
2n = 0. D1

Lei

( n∑
j=1

ωn+j ⊗ ωn+j

)
= Lei

( n−1∑
α=1

ωn+α ⊗ ωn+α

)

=
n−1∑
α=1

[(
Leiω

n+α
) ⊗ ωn+α + ωn+α ⊗ (

Leiω
n+α

)]

=
n−1∑
α=1

[(−R α
n ikω

k − P α
n iβω

n+β − ωα
β (ei)ωn+β

) ⊗ ωn+α

+ωn+α ⊗ (−R α
n ikω

k − P α
n iβω

n+β − ωα
β (ei)ωn+β

)]
≡ −

n−1∑
α=1

(
P α

n iβ + ωα
β (ei)

) (
ωn+β ⊗ ωn+α + ωn+α ⊗ ωn+β

)

≡ −2
n−1∑

α,β=1

P β
n iαω

n+α ⊗ ωn+β (mod ω1, . . . , ωn),
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����$�%�h
�
Pα

n iβ = P β
n iα � ωβ

α + ωα
β = Hαβγω

n+γ .

5(4, �
Lei(Hαβγω

n+α ⊗ ωn+β ⊗ ωn+γ)

= ei(Hαβγ)ωn+α ⊗ ωn+β ⊗ ωn+γ +Hαβγ(Leiω
n+α) ⊗ ωn+β ⊗ ωn+γ

+Hαβγω
n+α ⊗ (Leiω

n+β) ⊗ ωn+γ +Hαβγω
n+α ⊗ ωn+β ⊗ (Leiω

n+γ)

≡ ei(Hαβγ)ωn+α ⊗ ωn+β ⊗ ωn+γ −Hαβγ(P α
n iμ + ωα

μ (ei))ωn+μ ⊗ ωn+β ⊗ ωn+γ

−Hαβγω
n+α ⊗ (P β

n iμ + ωβ
μ(ei))ωn+μ ⊗ ωn+γ

−Hαβγω
n+α ⊗ ωn+β ⊗ (P γ

n iμ + ωγ
μ(ei))ωn+μ

≡ ei(Hαβγ)ωn+α ⊗ ωn+β ⊗ ωn+γ −Hαβγω
α
μ (ei)ωn+μ ⊗ ωn+β ⊗ ωn+γ

−Hαβγω
β
μ(ei)ωn+α ⊗ ωn+μ ⊗ ωn+γ −Hαβγω

γ
μ(ei)ωn+α ⊗ ωn+β ⊗ ωn+μ

−HαβγP
α

n iμω
n+μ ⊗ ωn+β ⊗ ωn+γ −HαβγP

β
n iμω

n+α ⊗ ωn+μ ⊗ ωn+γ

−HαβγP
γ

n iμω
n+α ⊗ ωn+β ⊗ ωn+μ

≡ (ei(Hαβγ) −Hμβγω
μ
α(ei) −Hαμγω

μ
β(ei) −Hαβμω

μ
γ (ei))ωn+α ⊗ ωn+β ⊗ ωn+γ

− (HμβγP
μ

n iα +HαμγP
μ

n iβ +HαβμP
μ

n iγ)ωn+α ⊗ ωn+β ⊗ ωn+γ

≡ (Hαβγ | i−HμβγP
μ

n iα−HαμγP
μ

n iβ−HαβμP
μ

n iγ)ωn+α⊗ωn+β⊗ωn+γ (mod ω1, . . . , ωn).

af Z ��O1*�%� Bianchi h
� [4, 8, 17]

P i
n kγ = −Hkiγ|n (4.10)

�

P i
j kγ = HijβHkβγ|n +HkiβHjβγ|n −HjkβHiβγ|n −Hijγ|k −Hkiγ|j +Hjkγ|i (4.11)

<h, Z = 0 \I Zαβγ|n = −P β
n αγ = 0 1* Hαβγ|i = 0. xj�� (4.10) � (4.11) �<h

Z = 0 \I P = 0. P = 0 \I Z = 0 �/,�. �g.

,�-.� Cartan Q���(��C. 0 η = tr[H] ∈ Ω1(TM0). �� [9] �, &'���

Cartan Q��. Cartan Q�����%�SKMk�
η =

n∑
i=1

Hiiγω
n+γ =: Hγω

n+γ .

η � TM0 �u���7+b�$!� Minkowski ��� Cartan ��.

R 4.4 ��&�l�, Finsler /�� Cartan ���O� I = Hγω
γ . ��&'� η �

Cartan Q���?e. (�P"�piM( η � I ���"��C. ��, dI = 0 \I M �

Riemann /�. \�, �%�&%b(��� Riemann W��� dη = 0.

u4 4.5 [27] η �v!� �
dη = −tr[RCh]. (4.12)

e3 dη ��SKMk�
dη = d(Hγω

n+γ) = −1
2
R i

i klω
k ∧ ωl − P i

i kγω
k ∧ ωn+γ .
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af&% 4.5, Berwald /�S*��Z� Cartan Q��.

u4 4.6 η Æy9$+	�u���
Leiη ≡ −ieitrP (mod ω1, . . . , ωn), i = 1, . . . , n. (4.13)

_` af&% 4.5, <h
Leiη = (diei + ieid)η = ieidη ≡ −ieitrP (mod ω1, . . . , ωn).

�g.

�� [27] �23$ η  S +.��7V. &� S +.�VwAR�e*��C<d�
[8, 23–26] *�uw�l. �%��C�&'z)�.

u4 4.7 [27] $� Finsler/� (M,F),0 τ �G$�M �x
W�S�y� (distorsion).

!" η = dτ   # S = 0  J = 0.

5 vide Finsler abGwx
�����$458->?(���HI+.�C� Finsler /�. &� Finsler ����

$458�`13i, <1uw [1, 3, 8] 
�l.

0 (M,F) � Finsler /�. � σ : [0, 1] →M �1 σ(0) = p �>J, 1 σ(1) = q �{J��
:��+�, !"<�O$458

Pσ,t : TpM → Tσ(t)M, ∀ t ∈ [0, 1].

5(4, ���7+ Pσ,t : TpM \ {0} → Tσ(t)M \ {0} ������!�"�, �  �
Pσ,t(λy) = λPσ,t(y), ∀ λ > 0, ∀ y ∈ TpM \ {0}. (5.1)

� T � TM0 ��5/x���, A T ≡ 0 (mod ωn+1, . . . , ω2n). T ���Æ+� σ �$

458�����, ��

P ∗
σ,tTσ(t) = Tp ∀ t ∈ [0, 1],

�� Tx = i∗xT e T � TxM \ {0} �7+, � ix : TxM ↪→ TM �o*Y0��, ∀x ∈M .

Q= 5.1 0 T � TM0 ��5/x���V. !"Æy;0�+��$458v�� T

��  # 

LXT ≡ 0 (mod ω1, . . . , ωn)

$;0�9$	�V X ∈ Γ(H(TM0)) ��.

_` �� X �9$	�V� T �5/��, !" LXT &� X � C∞(TM0) ��. D1
Rz)2� X �_/�	�V9$-y�z�.

E4%�SK�, D1W� σ : (−2ε, 2ε) → M �l σ(0) = p ∈ M ���+�, �� ε > 0.

� π−1(σ) :=
⋃

t Tσ(t)M �, 0 X � σ �5	�V σ̇ �9$-y. � σ �9$-yb� X �

��+�. �SKdNV�, X ���+�� σ̂(t) = (σ(t), y(t)) = (σi(t); yi(t))  ��%�c!
�+RT

dyi

dt
+
dσj

dt

∂Gi

∂yj
(σ(t), y(t)) = 0, i = 1, . . . , n. (5.2)
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af (4.1), (5.2) ��c!�+R�i, X �O$SK"u���{
ϕ : (−ε, ε) × π−1(σ̃) → π−1(σ),

�� σ̃ � σ � (−ε, ε) ��7+. 0 ϕt = ϕ(t, ·), af$458��O<h
ϕt(y) = Pσ,t(y), ∀ y ∈ TpM, ∀ t ∈ (−ε, ε).

�X7
ϕt ◦ ip = iσ(t) ◦ Pσ,t, ∀ t ∈ (−ε, ε).

e3
i∗pLXT = i∗p lim

t→0

ϕ∗
tT − T

t
= lim

t→0

P ∗
σ,ti

∗
σ(t)T − Tp

t
= lim

t→0

P ∗
σ,tTσ(t) − Tp

t
.

�� LXT ≡ 0 (mod ω1, . . . , ωn)   # i∗pLXT = 0 $;0 p ∈M ��, �(3j.

�� [12] �, Ichijyō �($ Finsler /�� Landsberg /�  # $458�� ĝ ��.

�
3���(<d� [3, 8]. Æy"|�'), af&� 5.1, &% 4.3 � 4.6, <��%��C.

u4 5.2 � (M,F) � Finsler /�. !"

(i) M � Berwald /�  # $458�� Â ��.

(ii) M  �+.kn trP = 0   # $458�� η ��.

�= 1.2 L_` � M � Berwald /�, &� 5.1, &% 4.3 � 4.6 b( ĝ � η �$45
8�����. ]l-, �� 1.1 � (5.1) M($458�����. !"&� 3.6 M( Â �$
458�����. e3�C 5.2 �� (i) b( M � Berwald /�.

&'��%�3i2���3��#i, zw�(��,�.

yz 5.3 [11] � (M,F) � Finsler /�. M � Berwald /�  # D��$458�
����.

_` � M � Berwald /�, !" ĝ � η �$458�����. af�� 1.1 � (5.1),

D��$458=�����. ]l-, �$458=�����, &� 3.6 M( Â �$458
�����. �C 5.2 M( M �����. �g.

�= 1.3 L_` (1)⇒(2) af&% 4.7, kn L = 0 � S = 0 \I η = dτ .

(2)⇒(3) d*.

(3)⇒(4) af (4.12), dη = 0 \I trP = 0. L = 0 � trP = 0 \I ĝ � η �$458��
���. �� 1.2 b( M � Berwald /�.

(4)⇒(1) d*.

�= 1.4 L_` $� Landsberg /�, $= Berwald +. q78�$= “h− v” +.

trP (} (d� [4, � 67 >]).  �� 1.3 ��(� (3)⇒(4)�K�kh, <hE/�� Berwald

/�. ����.

R 5.4 � Finsler ���, (�9;�x��78eh���, 6e3�7����78
�$]. 8�, ���78, $4581*�� ĝ, Â � η {��|�$]. Berwald /��

Landsberg /�ScSl��78�9;-�O. \�, Ichijyō �3�M(��9;�7���
�78�. d*2%v=AR Berwald /� Landsberg /���&V, �� [28, �� 6.3 �

6.12]. �"��, ���3��Q\���78.
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