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Abstract p-adic MRA and GMRA are important tools for constructing wavelet
frames in L2(R+). That a nested subspace sequence in L2(R+) has trivial intersec-
tion and L2(R+) union is a fundamental requirement for it to form a p-adic MRA and
GMRA. This paper addresses the intersection and union of p-adic dilates of a singly
generated p-adic shift-invariant subspace. We prove that, for a singly generated p-adic
shift-invariant subspace, the intersection of its p-adic dilates is {0}, and the union of
its p-adic dilates is a Walsh p-adic reducing subspace of L2(R+) if the generator φ is
Walsh p-adic refinable in addition. In particular, the dilates form a p-adic GMRA for
L2(R+) if and only if

⋃
j∈Z

pjsupp(F̃φ) = R+, where F̃ is the Walsh p-adic Fourier
transform on L2(R+). It is worth noticing that our results are similar to the case of
usual L2(R), while their proofs are nontrivial. It is because the p-adic addition ⊕ on
R+ is different from the usual addition + on R.

Keywords frame; p-adic wavelet frame; Walsh p-adic refinable function
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1 XY

������, L2(R)- �����
���, ����������Z���[���.

1989 �, Mallat �� [31] \�������� (MRA) ���, � ��!]�" L2(R)- ��

�!���. ^�#�, $��% ( &'��!_() �")���#�*���,  L2(Rd),

Sobolev ��#$+%`��, ,!� [2, 5–8, 10, 12, 13, 21, 29, 30, 33–36, 41, 43, 44].

Z&Æ-�": Lang �� [26–28], Farkov � Protassov �� [16, 17]  '� Cantor (#a
$% MRA �&, .')/0 L2(R+) \����&, �\ R+ = [0,+∞). �(*��\, )�

�*"+,+Z, L2(R+) +,-.1-����. 2/, ./ a > 0, ψ = 0 "�0

ψ(x− na) = 0, 10- x ∈ (−∞, 0)$ n ∈ Z

� L2(R+) \�3!1. 422 L2(R+) 3"3$445�56��67"3$ Gabor 6. 5

!�6, L2(R+) 780 L2(R) �`��,  9:7� R+ %� L2(R) \�8�8;�9���.

:��, !<=>��� L2(R+)- “��” ��. 4]��"9;?8�<:;�, @=>?<$

=@��, >?<��?$4@AA��0. ,!� [9, 11, 22, 23, 42] $�BA�B. Æ-C R

D56E�b9$F R+ "+, G" R+ H� p- #aCD “⊕” b9$, 4B p 0I� 1 �E�.

C<�, L2(R+) \D6 “⊕” ������E�"F=>�HÆ, ,!� [16, 19] $�BA�B.

F'JKGH “⊕” �!<:LHG#Æ��H�. I p 0I� 1 �E�. �M# Z+ $ N

2J4+E�N$IE�N; # Np 2JNO {0, 1, . . . , p − 1}. /J Np %�E� ⊕ PK� �
0: 1 x, y ∈ Np, G

x⊕ y = (x+ y)(mod p) =
{
x+ y, x+ y < p;
x+ y − p, x+ y > p,

$

x� y = (x− y)(mod p) =
{
x− y, x > y;
x− y + p, x < y.
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./ x ∈ R+, # [x] 2J�E�@�, # {x} 2J���@�, ( x G3!2J

x =
∞∑

j=1

x−jp
j−1 +

∞∑
j=1

xjp
−j = [x] + {x}, (1.1)

�\1 j ∈ Z, xj , x−j ∈ Np, >X x 0G��), PS {xj}∞j=1 dGGQR4T. 1 y, ω ∈ R+,

US/J yj , y−j P ωj, ω−j . ��%T Np \�CD, �M/J R+ %�E� ⊕ PK� � 0:

1 x, y ∈ R+, G

x⊕ y =
∞∑

j=1

(xj ⊕ yj) pj−1 +
∞∑

j=1

(x−j ⊕ y−j) p−j ,

$

x� y =
∞∑

j=1

(xj � yj) pj−1 +
∞∑

j=1

(x−j � y−j) p−j .

3UVW R+ XV�E�b9$, >1 k0 ∈ Z+, G k0 ⊕Z+ = k0 �Z+ = Z+. Y �x = 0�x. .

/ x, ω ∈ R+, Y

χ(x, ω) = e
2πi
p

∑∞
j=1(xjω−j+x−jωj), (1.2)

( {χ(k, ·)}k∈Z+
0 L2[0, 1] �!Z[_IW:. 1 f ∈ L1(R+), /J� Walsh p- #a\BY�

]0: � R+ %G

F̃f(·) =
∫

R+

f(x)χ(x, ·)dx, (1.3)

>1 f ∈ L2(R+), � Walsh p- #a\BY�]/J0
F̃f(·) = lim

a→+∞

∫ a

0

f(x)χ(x, ·)dx,

�^Q0 L2(R+) _�-J*�^Q. US�56�\BY�], Walsh p- #a\BY�]0
L2(R+) %�ZD`, >1 f ∈ L1(R+), 9 F̃f = 0 7& f = 0. GH Walsh p- #a\BY�]
$ Walsh p- #a`����, ,!� [20, 38]. ./ R+ �7a`N Ω, Y

F̃L2(Ω) = {f ∈ L2(R+) : supp(F̃f) ⊂ Ω}, (1.4)

�\1/J� R+ %�7a8� f , supp(f) = {x ∈ R+ : f(x) �= 0}, @�[b!ZTaN�-
J*"3!X/�.

��CD �, F'/J L2(R+) \�<:6. �M/JY\D` D $4]D` Tx, x ∈ R+

0: 1 f ∈ L2(R+),

Df(·) = p
1
2 f(p·), Txf(·) = f(· � x),

>1 j ∈ Z, k ∈ Z+, Y fj,k = DjTkf . 1 x ∈ R+, f ∈ L2(R+), 3UVW F̃Txf(·) =

χ(x, ·)F̃f(·). 1 ψ ∈ L2(R+), /J�Z9�<:60

X(ψ) = {ψj,k : j ∈ Z, k ∈ Z+} .
[ X(ψ) 0 L2(R+) �[_IW: (��), ()�0 Walsh p- #a��: (����). I X 0

L2(R+) �!Zc`��, [1 k ∈ Z+, G TkX = X, () X 0 Walsh p- #a4]"�`��;

[ DX = X >1 k ∈ Z+, G TkX = X, ()�0 Walsh p- #a+%`��.
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R+ %� p- #a���&���\Æ0e^. Kozyrev d_� L2(Qp) \\: p- #a��
:, @"] p- #a.`�D`�ab8�, !� [24, 25]. �cf7��^1 p- #a.`��0.

Khrennikov, Shelkovich �� [23] \.'!]��, 5
@72XdC!IUe%fc.`��

0�1. Benedetto P Benedetto �� [3, 4] \g&�"eG7+�"�@ p- #a��. GH

p- #a�������, ,!� [1, 14–19, 32, 39, 40] $�BA�B. 0�" p- #a��$�
���, Lang �� [26–28] $ Farkov, Protassov �� [17] \_!< MRA �&dhg L2(R+)

\, �\ Farkov 8�0 R+ %(#aE����&. Lang �� [26, 27] \� Cantor (#a$
%��� MRA ���, ��"�\:IW��, >��#�*, _�U����"`%0�"

]U Walsh `�; )), 14] p- #a�� '� Mallat i;�D�. Farkov �� [19] \f'
� Walsh p- A�8�Z9 L2(R+) \IW p-MRA �!�g^ja;  '��"IW p- #a�
����. Shah �� [39, 40] \��� L2(R+) \���=. Farkov, Maksimov $ Stroganov

�� [18] \bT�!]D�, @7��hD L2(R+) \� Walsh 8�[H�kIW\:(#a
��. Meenakshi, Manchanda $ Siddiq �� [32] \�� L2(R+) \D64!h�������
�. Albeverio, Evdokimov$ Skopina�� [1]\:� L2(Qp)�#�*��� p-GMRA���,

&C�A�8�Z9 p-GMRAs �!<!�ja;  '�!]�"��8�N���, �W2�

0!��8�N7Z9 L2(Qp) \� p- #a����. &G4<ib22: p-MRA � Walsh p-

#a��$�����&\Ge^b�.

ij 1.1 I m 0/J� R+ %�7a8�, >H�E� ⊕ 0 Z+- kc�,  1 k ∈ Z+,

m(· ⊕ k) = m(·)
� R+ % a.e. 9d, () m 0 Walsh p- #akc8�.

ij 1.2 I φ 0/J� R+ %�7a8�, >j� Walsh p- #akc8� mφ, H&

F̃φ(p·) = mφ(·)F̃φ(·)
� R+ % a.e 9d, () φ 0 Walsh p- #aA�8�.

ij 1.3 I {Vj}j∈Z 0 L2(R+) \�!Zc`��PS, >el:

(i) 1 j ∈ Z, Vj ⊂ Vj+1;

(ii)
⋃

j∈Z
Vj � L2(R+) \kf;

(iii)
⋂

j∈Z
Vj = {0};

(iv) f(·) ∈ Vj X>gX1 j ∈ Z, G f(p·) ∈ Vj+1;

(v) j� φ ∈ L2(R+), H& {Tkφ : k ∈ Z+} 0 V0 �!Z[_IW:,

() {Vj}j∈Z 0 L2(R+) \� p- #a����� (p- #a MRA).

4B, F') φ 0 p- #a MRA lm8�. �/J9 Farkov �� [16] \.'. US�� [1,

/J 1], F'��n!�� MRA. 0hM�/J 1.3, F')�0 p- #a GMRA.

ij 1.4 I {Vj}j∈Z 0 L2(R+) \�c`��PS, >el/J 1.3 \�(i)–(iv)$

(v′) j� φ ∈ V0, H&

V0 = span{Tkφ : k ∈ Z+} (1.5)

9d, () {Vj}j∈Z 0
J p- #a����� (p- #a GMRA).
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Æ-C, /J 1.4 ")�� [1, /J 1]. iB4]m[N Ip "" Qp �`$. �/J 1.3 \,

4]m[N Z+ XVE� “⊕” b9!Z`$. US� L2(R)\56 MRA �cf, 9/J 1.47

H: 1 j ∈ Z, G

Vj = span{φj,k : k ∈ Z+}, (1.6)

> φ 0 Walsh p- #aA�8�,  1] Walsh p- #akc8� mφ, G

F̃φ(p·) = mφ(·)F̃φ(·) (1.7)

� R+ % a.e. 9d. o/, 1 Walsh p- #aA�8� φ, [/J {Vj}j∈Z  (1.6), ( {Vj}j∈Z e

l/J 1.3, 1.4 \� (i), (iv) $ (v′). 1F, [�lel/J 1.3 \ (ii) � (iii), ( {Vj}j∈Z "!

Z p- #a GMRA; [�lel/J 1.3 \ (ii), (iii) $ (v), ( {Vj}j∈Z "!Z p- #a MRA. 1

�, jpel (ii) $ (iii) � Walsh p- #aA�8�1F'�" p- #a MRA P p- #a GMRA

m0e^. F'�q�\���no.

1 L2(R) \56A�8�, �B\���USno. 1 j ∈ Z, f ∈ L2(R), I Ṽj 0

span{2 j
2 f(2j · −k) : k ∈ Z}

� L2(R)- c=, (9� [6, 8] 7H
⋂

j∈Z
Ṽj = {0}, >[ f 056(#aA�8�,  1 R %]

7a� Z- kc8� m, G

f̂(2·) = mf (·)f̂(·),
(94<�B7H: ⋃

j∈Z

Ṽj = L2(R) X>gX
⋃
j∈Z

2jsupp(f̂) = R. (1.8)

Lian, Li �� [30] $ Zhou, Li �� [43] \W2�: [ f 056(#aA�8�, (⋃
j∈Z

Ṽj =
{
g ∈ L2(R) : supp(ĝ) ⊂

⋃
j∈Z

2jsupp(f̂)
}
.

9�7&
⋃

j∈Z
Ṽj 0 L2(R) �+%`��.

p%Tibkd, q�Al% (1.5) � V0 �&G p- #aY\�WN��N. F'&C 

*/�:

in 1.5 I φ ∈ L2(R+), >/J {Vj}j∈Z  (1.6), (
⋂

j∈Z
Vj = {0}.

in 1.6 I φ ∈ L2(R+), > φ 0 Walsh p- #aA�8�, /J {Vj}j∈Z  (1.6), (⋃
j∈Z

Vj 0 Walsh p- #a+%`��, >⋃
j∈Z

Vj = F̃L2

( ⋃
j∈Z

pjsupp(F̃φ)
)
.

b0/� 1.5 � 1.6 �qm;-, F'G *r&, @jp� p- #a GMRA:

op 1.7 I φ ∈ L2(R+), > φ 0 Walsh p- #aA�8�. /J {Vj}j∈Z  (1.6), (

{Vj}j∈Z 0 p- #a GMRA X>gX⋃
j∈Z

pjsupp(F̃φ) = R+.

rVr& 1.7 $*��� 2.3 (ii), F'G
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op 1.8 I φ ∈ L2(R+), > φ 0 Walsh p- #aA�8�. /J {Vj}j∈Z  (1.6), (

{Vj}j∈Z 0 p- #a MRA X>gX [F̃φ, F̃φ] = 1, >⋃
j∈Z

pjsupp(F̃φ) = R+.

r& 1.7$ 1.8`%� p-#a GMRA$ MRA�/J. F'st: US� L2(R)-����

��!_(, 9�'d�� L2(R+) \ p- #a����")��!_(. n!�s, � L2(R+)

\ Walsh p- #a+%`��#�*���Uno. �t 2 n, F'ho�W2/� 1.5 $ 1.6.

2 qr 1.5 s 1.6 tuv
qnW2/� 1.5 $ 1.6. 0�u��D6 ⊕ �p�u, �qd!<��. 1 f, g ∈ L2(R+),

/Jp�u0

[f, g](·) =
∑

k∈Z+

f(· ⊕ k)g(· ⊕ k).

`vhD22: �/JG-J, >p�u0 Walsh p- #akc8�. *6rZ��1��� [7,

/� 2.9, 2.14]. iBb>Al L2(R) 56vZ9v4]"�`��. F'W2�w�st��,

G?$ L2(R+) \ Walsh p- #a4]"�`��, F4 L2(R) 564]"�`��.

wn 2.1 I φ ∈ L2(R+), V0 = span{Tkφ : k ∈ Z+}, Pφ 0 L2(R+) C V0 �IWxyD

`, (1 f ∈ L2(R+), G

Pφf = F̃−1(τfF̃φ),

�\ τf 0 Walsh p- kc8�, /J0: 1 ξ ∈ [0, 1), G

τf (ξ) =

⎧⎪⎨⎪⎩
[F̃f, F̃φ](ξ)

[F̃φ, F̃φ](ξ)
, [ ξ ∈ Δφ;

0, �.,

�\ Δφ = {ξ ∈ [0, 1) : [F̃φ, F̃φ](ξ) �= 0}.
xy 9 F̃ �Zc7H: 1 f ∈ L2(R+), G

‖F̃−1τfF̃φ‖2
L2(R) = ‖τf F̃φ‖2

L2(R+)

=
∫

[0,1)

|τf (ξ)|2[F̃φ, F̃φ](ξ)dξ

≤
∫

[0,1)

[F̃f, F̃f ](ξ)dξ

= ‖f‖2
L2(R+).

/JD` Q : L2(R+) → L2(R+) 0: 1 f ∈ L2(R+),

Qf = F̃−1(τfF̃φ),

( Q 0G<fcD`. 1�, 0W2��dzW2: 1 f ∈ V0, G

Qf = f, (2.1)
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>1 f⊥V0, G

Qf = 0. (2.2)

u`vhD7&1 k ∈ Z+, ξ ∈ [0, 1), G

τ
Tkφ

(ξ) =

{
χ(k, ξ), [ ξ ∈ Δφ;
0, �..

(2.3)

1�, Vv( F̃Tkφ(·) = χ(k, ·)F̃φ $ Δφ �/J7H:

F̃−1(τ
Tkφ

F̃φ) = F̃−1F̃Tkφ = Tkφ.

9�221 k ∈ Z, G QTkφ = Tkφ. 1�, 9 Q �G<c7& (2.1).

_W2 (2.2). 1 f⊥V0, G [F̃f, F̃φ] = 0. 9�7& τf = 0. 1�, (2.2) 9d. Ww.

wn 2.2 I φ ∈ L2(R+), V0 = span{Tkφ : k ∈ Z+}, (
V0 = {f ∈ L2(R+) : F̃f = τF̃φ, �\ τ 0!Z Walsh p- #akc7a8�, >el

τF̃φ ∈ L2(R+)}.
xy I Pφ  �� 2.1 &J, ( f ∈ V0 X>gX1 f ∈ L2(R+), G f = Pφf . @#F�

w�1 f ∈ L2(R+), G

F̃f = τf F̃φ > F̃f ∈ L2(R+). (2.4)

9�7&

V0 ⊂ {f ∈ L2(R+) : F̃f = τF̃φ, �\ τ 0!Z Walsh p- #akc7a8�, >el
τF̃φ ∈ L2(R+)}.

*6xI f ∈ L2(R+) H&

F̃f = τF̃φ,

�\ τ 0!Z Walsh p- #akc7a8�, >el τF̃φ ∈ L2(R+), (G

[F̃f, F̃φ] = τ [F̃φ, F̃φ].

9�� 2.1 \ τf /J7H: � Δφ %, G τ = τf . l9� [0, 1)\Δ %, τfF̃φ = τF̃φ = 0 7&

(2.4). x f ∈ V0. 1F, o=>H69d. Ww.

wn 2.3 I φ ∈ L2(R+), V0 = span{Tkφ : k ∈ Z+}, F'G
(i) 1 f ∈ L2(R+), f⊥V0 X>gX [F̃f, F̃φ] = 0;

(ii) {Tkφ : k ∈ Z+} 0 V0 �[_IW:X>gX [F̃φ, F̃φ] = 1.

(iii) {Tkφ : k ∈ Z+} 0 V0 � Parseval ��X>gX [F̃φ, F̃φ] = χEφ
, �\

Eφ = {ξ ∈ R+ : [F̃φ, F̃φ](ξ) �= 0}.
(iv) /J ψ ∈ L2(R+) 0

F̃ψ =

⎧⎪⎪⎨⎪⎪⎩
F̃φ(·)√

[F̃φ, F̃φ](·)
, � Eφ %;

0, �.,

( {Tkψ : k ∈ Z+} 0 V0 � Parseval ��.
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xy US L2(R)564]���y%,7W2 (i)–(iii). 9 (iii)$�� 2.27& (iv). Ww.

*T��22: 0! L2(R+) \ p- #a4]"�`��z9G (1.4) /%{, �W2w�

st�� [37, /� 9.17], iBAl L2(R) \564]"�`��.

wn 2.4 I X 0 L2(R+) �c`��, ( X 0 Walsh p- #a4]"�`��X>gX
1 R+ \�7a`N Ω, G

X = F̃L2(Ω).

xy 9� �R+ = R+, >1 f ∈ L2(R+), x ∈ R+, G F̃T�xf(·) = χ(x, ·)F̃f . 9�7H:

X 0 Walsh p- #a4]"�`��X>gX1 x ∈ R+, G

F̃ (X)χ(x, ·) = F̃ (X). (2.5)

2/, 0!% X = F̃L2(Ω) �`��zel (2.5). 1�, 0?9W2dzW2: (2.5) 7f'

X = F̃L2(Ω). *6W24!y.

xI (2.5) 9d. 9� Walsh p- #a\BY�]"Z�, ( F̃ (X) 0 L2(R+) �c`��.

I P 0 L2(R+) C F̃ (X) �IWxyD`, (1 x ∈ R+, f, g ∈ L2(R+), G∫
R+

(f(ξ) − Pf(ξ))χ(x, ξ)Pg(ξ)dξ = 0.

Æ-C (f(·) − Pf(·))Pg(·) ∈ L1(R+). 9�7&

(f(·) − Pf(·))Pg(·) = 0 (2.6)

� R+ % a.e. 9d, �ws,

(f(·) − Pf(·))Pg(·) = 0 (2.7)

� R+ % a.e. 9d. 9� f , g 0-, 9 (2.6) 7&

(g(·) − Pg(·))Pf(·) = 0 (2.8)

� R+ % a.e. 9d. l9 (2.7) 7H1 f, g ∈ L2(R+), G

f(·)Pg(·) = g(·)Pf(·) (2.9)

� R+ % a.e. 9d. � (2.9) \, f = g, H& f(·) �= 0 � R+ % a.e. 9d, �"

λ(·)f(·) = Pf(·) (2.10)

� R+ % a.e. 9d, �\ λ(·) = Pf(·)
f(·) . 9�7&

λ(·)f(·) = Pf(·) = P2f(·) = P(λ(·)f(·)) = (λ(·))2f(·) (2.11)

� R+ % a.e. 9d, �"G

λ(·) = 1 z 0

� R+ % a.e. 9d. 1F, j� R+ �7a`N Ω, H& λ(·) = χΩ(·) � R+ % a.e. 9d. 1�,

9 (2.10) 7&1 f ∈ F̃ (X), G

f(·)χΩ(·) = f(·)
� R+ % a.e. 9d. 9�7& X = F̃L2(Ω). Ww.

*6jp L2(R+) \ Walsh p- #a+%`��.
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wn 2.5 I X 0 L2(R+) �c`��, ( X 0 L2(R+) � Walsh p- #a+%`��X>
gX

X = F̃L2(Ω),

�\ Ω 0 R+ �7a`N, >el Ω = pΩ.

xy Æ-C1 k ∈ Z+, f ∈ L2(R+), G

F̃Tkf(·) = χ(k, ·)F̃f, F̃Df(·) = D−1F̃f(·).
�"!�c9d.

*Wg^c. xI X 0 Walsh p- #a+%��. Æ-C1 j ∈ Z, k ∈ Z+, F'G Tpjk =

D−jTkDj . 9�7&1 (j, k) ∈ Z × Z+, f ∈ X G f(· � pjk) ∈ X. ./ y ∈ R+, J ∈ N, ,

kJ = pJ

( ∞∑
j=1

y−jp
j−1 +

J∑
j=1

yjp
−j

)
,

(1 x ∈ R+, G

|(x� y) − (x� p−JkJ )| =
∣∣∣∣ ∞∑

j=J+1

(xj � yj)p−j −
∞∑

j=J+1

xjp
−j

∣∣∣∣
≤ 2(p− 1)

∞∑
j=J+1

p−j . (2.12)

9�7&X J → ∞ ), {(x� y) − (x� p−JkJ )}∞J=1 !hs{|� 0. �", 1 f ∈ L2(R+) G

‖f(· � y) − f(· � p−JkJ )‖L2(R+) → 0 X J → ∞.

l9 X 0c�, >1 y ∈ R+, G f(· � p−JkJ ) ∈ X, {F X 0 Walsh p- #a4]"��. �"

9�� 2.4 7H

X = F̃L2(Ω), (2.13)

�\ Ω 0 R+ �7a`N. *W Ω = pΩ #?9W2. rV (2.13) G

D(X) = {Df ∈ L2(R+) : supp(F̃f) ⊂ Ω}
= {f ∈ L2(R+) : supp(F̃D−1f) ⊂ Ω}
= {f ∈ L2(R+) : supp(F̃f) ⊂ pΩ}.

l9

D(X) = X = F̃L2(Ω)

7& Ω = pΩ. Ww.

in 1.5 xy rV�� 2.3, F'7#x/ {Tkφ : k ∈ Z+} 0 V0 � Parseval ��. 1

j ∈ Z, I Pj 0 L2(R+) C Vj �IWxyD`, > f ∈ ⋂
j∈Z

Vj . *W f = 0. 10- ε > 0, 7

|, g ∈ L2(R+), H& ‖f − g‖L2(R+) < ε, �\ g el supp(g) ⊂ [0, N), N ∈ N. 9�7&

‖f‖L2(R+) = ‖Pjf‖L2(R+) ≤ ‖Pj(f − g)‖L2(R+) + ‖Pjg‖L2(R+)

≤ ‖f − g‖L2(R+) + ‖Pjg‖L2(R+)

< ε+ ‖Pjg‖L2(R+). (2.14)
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1�, 0?9W2dzW2
lim

j→−∞
‖Pjg‖L2(R+) = 0.

*W limj→−∞ ‖Pjg‖L2(R+) = 0. 9� {Tkφ : k ∈ Z+} 0 V0 � Parseval ��, > D "Z�. 1

F, 1 j ∈ Z, G {φj,k : j ∈ Z+} 0 Vj � Parseval ��. 9�7&, 1 j ∈ Z, G

‖Pjg‖2
L2(R+) =

∑
k∈Z+

|〈Pjg, φj,k〉L2(R+)|2 =
∑

k∈Z+

|〈g, φj,k〉L2(R+)|2

≤ ‖g‖2
∑

k∈Z+

∫
[0,N)

|φj,k(x)|2dx. (2.15)

9� limj→−∞ pjN = 0, xj� j0 ∈ N, H&1 j < −j0, G pjN < 1. 1 k ∈ Z+ $4}� j, G

pj [0, N) � k = pj [0, N) + k̃,

�\ k̃ = �k. l9 �Z+ = Z+ 7H: 1 j < −j0, G
‖Pjg‖2

L2(R+) = ‖g‖2
∑

k∈Z+

∫
pj [0,N)+k

|φ(x)|2dx

= ‖g‖2

∫
R+

χUj (x)|φ(x)|2dx.

~Æ-C1 a.e. � x ∈ R+\Z+, G limj→−∞ χUj (x) = 0. 9 Lebesgue }a{|/�7&
lim

j→−∞
‖Pjg‖2

L2(R+) = 0.

Ww.

in 1.6 xy 9� φ 0 Walsh p- #aA�8�. x1 j ∈ Z, G Vj ⊂ Vj+1. 9�7&1

0- f , G f ∈ Vj0 , j0 ∈ N. x1 k ∈ Z+, G Tkf ∈ Vj0 . 9�7H: 1 k ∈ Z+, G

Tk

( ⋃
j∈Z

Vj

)
⊂

⋃
j∈Z

Vj , T�k

( ⋃
j∈Z

Vj

)
⊂

⋃
j∈Z

Vj .

1F, 1 k ∈ Z+ G

Tk

( ⋃
j∈Z

Vj

)
=

⋃
j∈Z

Vj .

5!�6, 9 Vj �/J7H: D(
⋃

j∈Z
Vj) =

⋃
j∈Z

Vj . l9 D $ Tk, k ∈ Z+ z0ZD`
7H

⋃
j∈Z

Vj 0 Walsh p- #a+%`��. �", V�� 2.5 7H: 1el pΩ = Ω �7aN

Ω ⊂ R+, G ⋃
j∈Z

Vj = F̃L2(Ω). (2.16)

*W Ω =
⋃

j∈Z
pjsupp(F̃φ). 9�1 j ∈ Z, G

Djφ ∈
⋃
j∈Z

Vj $ supp(F̃Djφ) = supp(D−jF̃φ) = pjsupp(F̃φ).

xrV (2.16) G ⋃
j∈Z

pjsupp(F̃φ) ⊂ Ω. (2.17)
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10- f ∈ ⋃
j∈Z

Vj , G f ∈ Vj0 , j0 ∈ Z. 9�7H

supp(F̃f) ⊂ pj0supp(F̃φ) ⊂
⋃
j∈Z

pjsupp(F̃φ).

{F10- f ∈ ⋃
j∈Z

Vj , G

supp(F̃f) ⊂
⋃
j∈Z

pjsupp(F̃φ).

1F ⋃
j∈Z

Vj ⊂ F̃L2

( ⋃
j∈Z

pjsupp(F̃φ)
)
.

1F, V (2.16) 7&

F̃L2(Ω) ⊂ F̃L2

( ⋃
j∈Z

pjsupp(F̃φ)
)
.

lDO (2.17) 7&

Ω =
⋃
j∈Z

pjsupp(F̃φ).

Ww.

z{ |�~}��~�-!.

| } ~ �
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