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1 YZ
����������������, ��� O’Neill � Bishop [7] � ��!�����

��"�# �. !" ��#����$%&$, $'��%(�%&!���'( [5, 10].

O’Neill [14] (���" M � N ����)�������" M ×f N ���. Dobarro

� Lami [8] �*+������" M ×f N �,-��)'�-�" M � N .�,-��*
���/. Bertola � Gouthier [6] �0+�!������+1, -234!������
�".

"5, Asanov [1, 2] #��������$+6 Finsler �". Kozma, Peter � Varga [12]  
�+6 Finsler �"����. 78�*+6 Finsler ����" M ×f N .� Cartan 9:)
'�-�" M � N .� Cartan 9:*���/. Baagherzadeh � Rezaii [3] ;%+�!��
���,-���6 Finsler ����".

�!, &.�/'< [9] #��������$+( Finsler �", /=) �+( Finsler

>����", (>���*�+01+2?( Berwald ,-�!@-..

� Hermitian /&&, Hermitian �"���34A#+506+� � [13]. 1B7� �
>��� Hermitian�"�21��34,83 ��!�C4�����1, -234!�
>��� Hermitian �".

B95 2 67:8DE;� Hermitian /&�9:<F�(�;<. 5 3 6#�����

���$ Hermitian /&, =>�>��� Hermitian �".�?9:. 5 4 6�*+>���

Hermitian �" (f2M1 ×f1 M2, G) .��� (G?��, ? Ricci ���? Ricci ,-��) )
(M1, g) � (M2, h) .�('��*���/. 5 5 6*�+H=@<A�>��� Hermitian

�"�!�C4�����B:4!. 5 6 6 �+1,50�5C -234!�>���
Hermitian �".

2 Æ>[?
I (M,J,G) � dimCM = n J Hermitian �", '& J �(D+, G � Hermitian ,-. �

K@� p ∈ M , (LE T C
p M = TpM ⊗ C M�FN

T C

p M = T 1,0
p M ⊕ T 0,1

p M,

'& T 1,0
p M � T 0,1

p M � J ��G�'AOBC √−1 � −√−1 �OBP-.

1B&, ; ∂α = ∂
∂zα , ∂ᾱ = ∂

∂zα . I z = (z1, . . . , zn) N M .�QHC4DI, EP-J
(∂1, . . . , ∂n) +K T 1,0

p M �0L9.

� Hermitian C4P-E (T 1,0M,G) ., ?9: ∇ �R0�M) Hermitian ,-F)(D
+(S�9:. ?9:�/, (ÆMTNU) [11] N

Γ β
γα = Gβδ̄∂γGαδ̄, (2.1)

N'OG.

?��H- K (?9: ∇ ���H-) �/, [11] N

Kε
αγδ̄ = −∂γ̄Γ ε

γα, (2.2)

Kαβ̄γδ̄ = −Gεβ̄Kε
αγδ̄. (2.3)
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5EK<, 50? Ricci �� [13]

K(1) = −√−1K(1)

αβ̄
dzα ∧ dzβ , (2.4)

�) M �50?0 c1(M), '&
K

(1)

αβ̄
= Gγδ̄Kαβ̄γδ̄ = −∂2 log det(Gγδ̄)

∂zα∂zβ
. (2.5)

5C? Ricci �� K(2) = −√−1K(2)

αβ̄
dzα ∧ dzβ , '&
K

(2)

αβ̄
= Gγδ̄Kγδ̄αβ̄ . (2.6)

? Ricci �� K(1) � K(2) ZK0L,-�� SG:

SG = Gαβ̄K
(1)

αβ̄
= Gαβ̄K

(2)

αβ̄
(2.7)

STN?,-��.

L\ 2.1 [4] I (M,J,G,∇)�0L Hermitian�". GMN@UP- v = (vi, vi′) ∈ T 1,0
z M

�C4����U%N
KG(v) = − 1

G2(v, v̄)
Kαβ̄γδ̄v

αvβvγvδ. (2.8)

3 OPQR Hermitian S]
I (M1, g) � (M2, h) �[L Hermitian �", \ dimCM1 = m, dimCM2 = n, E M =

M1 × M2 �0LJ,N dimCM = m + n � Hermitian �".

I π1 : M → M1 � π2 : M → M2 �)T]^U, V�K@� z = (z1, z2) ∈ M , z1 =

(z1, . . . , zm) ∈ M1, z2 = (zm+1, . . . , zm+n) ∈ M2, ! π1(z) = z1 � π2(z) = z2 K*.

I dπ1 : T 1,0(M) → T 1,0M1 � dπ2 : T 1,0(M) → T 1,0M2 �G�)V π1 � π2 W>�
C4LX_. E�K@� v = (v1, v2) ∈ T 1,0

z (M), '& v1 = (v1, . . . , vm) ∈ T 1,0
z1

M1, v2 =

(vm+1, . . . , vm+n) ∈ T 1,0
z2

M2, ! dπ1(z, v) = (z1, v1) � dπ2(z, v) = (z2, v2) K*.

L\ 3.1 I (M1, g) � (M2, h) �[L Hermitian �", f1 : M1 → (0,+∞) � f2 : M2 →
(0,+∞) �[LWXY,. >��� Hermitian �" (f2M1 ×f1 M2, G) �ZYG` Hermitian ,

- G : M → R
+ �[��" M = M1 × M2:

G(z, v) = (f2 ◦ π2)2(z)g(π1(z), dπ1(v)) + (f1 ◦ π1)2(z)h(π2(z), dπ2(v)), (3.1)

'& z = (z1, z2) ∈ M � v = (v1, v2) ∈ T 1,0
z M . T G N,- g � h �>���,-, T f1 �

f2 N��Y,.

G\ f1 ≡ 1 ) f2 ≡ 1 !\a!0LK*, E'N]��� Hermitian �". G\ f1 ≡ 1 \

f2 ≡ 1, E'N[� Hermitian �". G\ f1 � f2 ^Æ_`A�,, ET*N@<A�>��
� Hermitian �".

1B&, bcdÆZe[I α, β, γ abcfN 1 $ m + n; bcgdZe[I i, j, k, s, t a

bcfN 1 $ m; eh<�bcgdZe[I i′, j′, k′ abcfN m + 1 $ m + n. ) (M1, F1)

� (M2, F2) !��/&-, �G�'\.-f[I 1 � 2 ])iG, G
1

Γ i
jk �

2

Γ i′
j′k′ .
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;

gij̄ =
∂2g

∂vi∂vj
, hi′ j̄′ =

∂2h

∂vi′∂vj′ , (3.2)

E G �91H-j^N
(Gαβ̄) =

(
∂2G

∂vα∂vβ

)
=

(
f2
2 gij̄ 0
0 f2

1 hi′ j̄′

)
, (3.3)

'kj^ (Gβ̄α) N

(Gβ̄α) =
(

f−2
2 gj̄i 0

0 f−2
1 hj̄′i′

)
. (3.4)

^_ 3.2 I (f2M1 ×f1 M2, G) �0L>��� Hermitian �", E G � Hermitian 9:

/,G`:

Γ i
jk =

1

Γ i
jk, Γ i

j′k = 2f−1
2

∂f2

∂zj′ δ
i
k, Γ i′

jk′ = 2f−1
1

∂f1

∂zj
δi′
k′ , Γ i′

j′k′ =
2

Γ i′
j′k′ ,

Γ i
jk′ = Γ i

j′k′ = Γ i′
jk = Γ i′

j′k = 0.

_` gl (2.1), (3.3) � (3.4), !
Γ i

jk = Gis̄Gks̄;j + Gis̄′
Gks̄′;j = f−2

2 gis̄f2
2 gks̄;j =

1

Γ i
jk .

0m), M]h$#$ 3.2 &�'n`o. ai.

4 OPQR Hermitian S]bc Ricci deQf
16g:�>>��� Hermitian �"�?��j? Ricci ���? Ricci ,-��.

gl (2.2) �#$ 3.2, phklqMh
^_ 4.1 I (f2M1 ×f1 M2, G) �0L>��� Hermitian �", E

Kt
kjs̄ =

1

Kt
kjs̄, Kt

kj′s̄′ = −2
∂2 ln f2

∂zj′∂zs′ δ
t
k, Kt′

k′js̄ = −2
∂2 ln f1

∂zj∂zs
δt′
k′ , Kt′

k′j′s̄′ = f2
1

2

Kt′
k′j′s̄′ ,

Kt
k′js̄ = Kt

kj′s̄ = Kt
kjs̄′ = Kt

k′j′s̄ = Kt
k′js̄′ = Kt

k′j′s̄′ = 0,

Kt′
kjs̄ = Kt′

kj′s̄ = Kt′
kjs̄′ = Kt′

k′j′s̄ = Kt′
kj′s̄′ = Kt′

k′js̄′ = 0.

gl (2.3) �#$ 4.1, r8!G`#$.

^_ 4.2 I (f2M1 ×f1 M2, G) �0L>��� Hermitian �", E
Kkījs̄ = f2

2

1

Kkījs̄, Kkīj′s̄′ = −2f2
2

∂2 ln f2

∂zj′∂zs′ gkī, (4.1)

Kk′ ī′j′s̄′ = f2
1

2

Kk′ ī′j′s̄′ , Kk′ ī′js̄ = −2f2
1

∂2 ln f1

∂zj∂zs
hk′ ī′ , (4.2)

Kk′ ījs̄ = Kkīj′s̄ = Kkījs̄′ = Kk′ īj′s̄ = Kk′ ījs̄′ = Kk′ īj′s̄′ = 0, (4.3)

Kkī′js̄ = Kkī′j′s̄ = Rkī′js̄′ = Kkī′j′s̄′ = Kk′ ī′j′s̄ = Kk′ ī′js̄′ = 0. (4.4)

(gsg2

L = −Gβ̄α ∂2

∂zαzβ
(4.5)

�0L�!WX/,�Cmtiuv�qj.
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`B&, (
1

L= gs̄j ∂2

∂zj∂zs
�

2

L= hs̄′j′ ∂2

∂zj′∂zs′

�G�) M1 � M2 .�(gsg2qj.

^_ 4.3 I (f2M1 ×f1 M2, G) �0L>��� Hermitian �", K
(1)

αβ̄
� K

(2)

αβ̄
�G�)5

0? Ricci ���5C? Ricci ���/,, E!

K
(1)

kī
= f−2

2

1

K
(1)

kī
−2f−2

1 f2
2 gkī

2

L (ln f2) , K
(1)

k′ ī = 0, (4.6)

K
(1)

k′ ī′ = f−2
1

2

K
(1)

k′ ī′ −2f2
1 f−2

2 hk′ ī′
1

L (ln f1) , K
(1)

kī′ = 0 (4.7)

�

K
(2)

kī
= f−2

2

1

K
(1)

kī
−2f−2

1 f2
2 gkī

∂2 ln f1

∂zk∂zi
, K

(2)

k′ ī = 0, (4.8)

K
(2)

k′ ī′ = f−2
1

2

K
(2)

k′ ī′ −2f2
1 f−2

2 hk′ ī′
∂2 ln f2

∂zk′∂zi′
, K

(2)

kī′ = 0. (4.9)

_` V (2.5) � (3.4), !
K

(1)

kī
= Gγδ̄Kαβ̄γδ̄ = Gjs̄Kkījs̄ + Gj′s̄′

Kkīj′s̄′ . (4.10)

gl (3.4) � (4.1), Mh

Gjs̄Kkījs̄ = f−2
2 Kkījs̄ = f−2

2

1

K
(1)

kī
, (4.11)

Gj′s̄′
Kkīj′s̄′ = f−2

1 hj′s̄′ · 2f2
2

∂2 ln f2

∂zj′∂zs′ gkī = −2f−2
1 f2

2 gkī

2

L (ln f2) . (4.12)

# (4.11) � (4.12) n (4.10), Mh (4.6) &�50L`o. 0m), Mh#$ 4.3 &�'n`
o. ai.

L_ 4.4 I (f2M1 ×f1 M2, G) �0L>��� Hermitian �", E G M@UP-
v = (vi, vi′) ∈ T 1,0

z M

�?,-��N

SG(v) = Sg(v1) + Sh(v2) − 2f−2
2

1

L (ln f1) − 2f−2
1

2

L (ln f2) , (4.13)

'& Sg(v1) � Sh(v2) �G� g � h �?,-��.

_` gl (2.7) � (3.4), G �?,-��N

SG = Gαβ̄K
(1)

αβ̄
= GkīK

(1)

kī
+ Gk′ ī′K

(1)

k′ ī′ . (4.14)

'( (3.4) � (4.6), !
GkīK

(1)

kī
= Sg(v1) − 2f−2

1

2

L (ln f2) . (4.15)

0m), V (3.4) � (4.7), !
Gk′ ī′K

(1)

k′ ī′ = Sh(v2) − 2f−2
2

1

L (ln f1) . (4.16)

# (4.15) � (4.16) n (4.14), Mh (4.13). ai.
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5 k`lmnopQfbOPQR Hermitian S]
16#�>>��� Hermitian �"�C4����, =h$'N�,�B:4!.

L_ 5.1 I (f2M1 ×f1 M2, G) �0L>��� Hermitian �", E G MN@UP- v =

(vi, vi′) ∈ T 1,0
z M �C4����N

KG(v) =
1

G2(v, v̄)

(
f2
2 g2Kg(v1)−2f2

1 h
∂2 ln f1

∂zjzs
vjvs−2f2

2 g
∂2 ln f2

∂zj′zs′ vj′
vs′+f2

1 h2Kh(v2)
)

. (5.1)

_` gl (2.8), (4.3) � (4.4), G �A Chern–Finsler 9:�C4����N

KG(v) = − 1
G2(v, v̄)

× (
Kkījs̄v

kvivjvs+Kkīj′s̄′vkvivj′
vs′+Kk′ ī′js̄v

k′
vi′vjvs+Kk′ ī′j′s̄′vk′

vi′vj′
vs′). (5.2)

V (4.1) Mh

Kkījs̄v
kvivjvs = f2

2

1

Kkījs̄ vkvivjvs = −f2
2 g2Kg(v1). (5.3)

- gkīv
kvi = g, !

Kkīj′s̄′vkvivj′
vs′ = 2f2

2

∂2 ln f2

∂zj′∂s̄′
gkīv

kvivj′
vs′ = 2f2

2 g
∂2 ln f2

∂zj′∂s̄′
vj′

vs′ . (5.4)

0m), V (4.2) Mh

Kk′ ī′js̄v
k′

vi′vjvs = f2
2 g

∂2 ln f2

∂zj′zs′ vj′
vs′ , (5.5)

Kk′ ī′j′s̄′vk′
vi′vj′

vs′ = −f2
1 h2Kh(v2). (5.6)

# (5.3)–(5.6) n (5.2), ah (5.1). ai.

L_ 5.2 [4] I M ��!,- G �H= Hermitian �", E M �!�C4���� κ �

B:4!�� M �w03o^!`oK*:

Θαβ̄γδ̄ = −1
2
κ

(
Gαβ̄Gγδ̄ + Gαδ̄Gγβ̄

)
, (5.7)

'&
Θαβ̄γδ̄ =

1
4

(
Kαβ̄γδ̄ + Kγδ̄αβ̄ + Kαδ̄γβ̄ + Kγβ̄αδ̄

)
. (5.8)

gl (5.8) �#$ 4.2, pphklqMh`��#$.

^_ 5.3 I (f2M1 ×f1 M2, G) �0L>��� Hermitian �", E
Θkījs̄ = f2

2

1

Θkījs̄, Θk′ ī′j′s̄′ = f2
1

2

Θk′ ī′j′s̄′ , (5.9)

Θk′ ī′js̄ = Θk′s̄jī′ = Θkī′j′s̄ = Θjs̄k′ ī′ = −1
2

(
f2
1

∂2 ln f1

∂zj∂zs
hk′ ī′ − f2

2

∂2 ln f2

∂zj′∂zs′ gkī

)
, (5.10)

Θk′ ījs̄ = Θkīj′s̄ = Θkījs̄′ = Θk′ īj′s̄ = Θk′ īj′s̄′ = 0, (5.11)

Θkī′js̄ = Θkī′js̄′ = Θkī′j′s̄′ = Θk′ ī′j′s̄ = Θk′ ī′js̄′ = 0. (5.12)

L_ 5.4 I (f2M1 ×f1 M2, G) �0LH=@<A�>��� Hermitian �", E G �!
�C4���� κ �B:4!� κ ≡ 0, \]`-qK*⎧⎨

⎩
1

Θkījs̄ =
2

Θk′ ī′j′s̄′ = 0,

f2
1

1

L (ln f1) + f2
2

2

L (ln f2) = 0.
(5.13)
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_` glU$ 5.2, (f2M1 ×f1 M2, G) �!�C4�����B:4!�⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Θkījs̄ = −κ(GkīGjs̄ + Gks̄Gjī),

Θk′ ī′j′s̄′ = −κ(Gk′ ī′Gj′s̄′ + Gk′s̄′Gj′ ī′),

− 1
2

(
f2
1

∂2 ln f1

∂zj∂zs
hk′ ī′ − f2

2

∂2 ln f2

∂zk′∂zi′
gjs̄

)
= −κ(Gk′ ī′Gjs̄ + Gk′s̄Gjī′),

(5.14)

'`rA]`-q ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1

Θkījs̄ = −κf2
2 (gkīgjs̄ + gks̄gjī),

2

Θk′ ī′j′s̄′ = −κf2
1 (hk′ ī′hj′s̄′ + hk′s̄′hj′ ī′),

f2
1

1

L (ln f1) + f2
2

2

L (ln f2) = 2κf2
1 f2

2 .

(5.15)

x6., # (3.3) � (5.9) �Gn (5.14) �50L�5CL`o, M�Gh$ (5.15) �50L
�5CL`o. #o (3.3) � (5.10) n (5.14) �5yL-q, Mh

−1
2

(
f2
1

∂2 ln f1

∂zj∂zs
hk′ ī′ − f2

2

∂2 ln f2

∂zk′∂zi′
gjs̄

)
= −κf2

1 f2
2 hk′ ī′gjs̄. (5.16)

(5.16) (s) hī′k′
� gs̄j z=, =q@$

1

L= gs̄j ∂2

∂zj∂zs
�

2

L= hī′k′ ∂2

∂zk′∂zi′
,

Mh (5.15) �5yL-q.

G\ κ = 0, \ (5.13) &�-qK*. rÆa (5.15) &�-qK*, V (f2M1 ×f1 M2, G) �

!�C4���� κ.

`�a#t:3. uI κ �= 0, VA 1

Θkījs̄ � gkīgjs̄ +gks̄gjī st{A z1, vh� f2 � M2 .

_N�,. 0m), V (5.15) �5CL-q, Mh f1 � M1 ._N�,, u) (f2M1 ×f1 M2, G)

�0L@<A�>��� Hermitian �"|w. -x κ ≡ 0, \ (5.15) Mb7N (5.13). ai.

6 vawxyz
L\ 6.1 [4] I (M,J,G)�0L Hermitian �",G\'50 (�5C)? Ricci ��H-�

!�- λG(p), '& λ �0L6Y,, ET Hermitian ,- G 1,50 (�5C)  -234!.

I (M1, g)� (M2, h)1,50 (5C) -234!,0LT]�}~�>��� Hermitian

�" (f2M1 ×f1 M2, G) �y{1,50 (5C)  -234!. 16#�x}~|�Fz.

L_ 6.2 G\
1

L (ln f1) = 0 �
2

L (ln f2) = 0 K*, E>��� Hermitian �" (f2M1 ×f1

M2, G) 1,50 -234!`rA (M1, g) � (M2, h) ^1,50 -234!.

_` glU% 6.1, (f2M1 ×f1 M2, G) 1,50 -234!{\a{ K
(1)

αβ̄
= λ(z)Gαβ̄,

u`rA`oK* {
K

(1)

kī
= λ(z)Gkī,

K
(1)

k′ ī′ = λ(z)Gk′ ī′ .
(6.1)

-N Kk′ ī(1) = λ(z)Gk′ ī = 0 � K
(1)

kī′ = λ(z)Gkī′ = 0 K*. # (4.6), (4.7) n (6.1). Fq@$
1

L (ln f1) = 0 �
2

L (ln f2) = 0
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K*, Mh ⎧⎪⎪⎨
⎪⎪⎩

1

K
(1)

kī
= λ(z)gkī,

2

K
(1)

k′ ī′ = λ(z)hk′ ī′ .

(6.2)

-N
1

K
(1)

kī
� gkī st{A z1, -x, gl (6.2) &�50L-qM< λ(z) a) z1 !�. 0m),

V (6.2) �5CL-q, M< λ(z) s) z2 !�. v|h< λ(z) ��,. -x, gl (6.2) &�5
0L�5CL-qM�G�� (M1, g) � (M2, h) 1,50 -234!. ai.

0m), V (4.8), (4.9) �U% 6.1, Mh`�U$.

L_ 6.3 G\ ln f1 � ln f2 �G�M1 �M2 .�08}~�Y,,E>��� Hermitian

�" (f2M1 ×f1 M2, G) 1,5C -234!`rA (M1, g) � (M2, h) ^1,5C -23
4!.

U$ 6.2 � 6.3 �GN+21,50�5C -234!� Hermitian �"��+01}
�!@�-..
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