
� 61�� 5� � � � � ��� Vol.61, No.5

2018� 9� ACTA MATHEMATICA SINICA, CHINESE SERIES Sep., 2018

����: 0583-1431(2018)05-0801-10 ����	: A


���� 2-Jordan�����

��� 	
�
��������� �� 030006

E-mail: qixf1980@126.com; 2377871502@qq.com

� � �������� k ≥ 1,� R  �! x, y � k-Jordan"#�$% {x, y}k =
{{x, y}k−1, y}1, &' {x, y}0 = x, {x, y}1 = xy + yx. () R *+,-./!012
3456!�7�. 89:;< R  �=> f =? {f(x), f(y)}2 = {x, y}2 �@-
x, y ∈ R ABCDECFG λ ∈ C (R �HIJ'K) D λ3 = 1, LMNOP1AB:
(1) Q R �RST% 2, U f(x) = λx �@- x ∈ R AB; (2) Q R �RS% 2, U
f(x) = λx + μ(x) �@- x ∈ R AB, &' μ : R → C *1VW>. X%YZ, M[<
\] von Neumann ^� _` abcW>�de.

��� \] von Neumann ^�; 7�; Jordan "#
MR(2010) f��� 47B49
Æ��� O177.1

Strong 2-Jordan Product Preserving Maps on Prime Rings

Xiao Fei QI Sheng Li WANG

Department of Mathematics, Shanxi University, Taiyuan 030006, P. R. China

E-mail : qixf1980@126.com; 2377871502@qq.com

Abstract For any k ≥ 1, k-Jordan product of two elements x, y in a ring R is defined
by {x, y}k = {{x, y}k−1, y}1, where {x, y}0 = x and {x, y}1 = xy+yx. Assume that R

is a unital prime ring with a nontrivial idempotent. It is shown that a surjective map
f : R → R satisfies {f(x), f(y)}2 = {x, y}2 for all x, y ∈ R if and only if there exists
some λ ∈ C (the extended centroid of R) with λ3 = 1 such that one of the following
statements holds: (1) if the characteristic of R is not 2, then f(x) = λx holds for all
x ∈ R; (2) if the characteristic of R is 2, then f(x) = λx + μ(x) holds for all x ∈ R,
where μ : R → C is a map. As an appication, such maps on factor von Neumann
algebras are characterized.

Keywords factor von Neumann algebras; prime rings; Jordan products
MR(2010) Subject Classification 47B49
Chinese Library Classification O177.1

����: 2016-11-28; ����: 2017-12-11

����: �	�	
������� (11671006); 
��� ����� (201701D211001)



802 � � � � g h i 61�

1 jk
� R �!���. ��" x, y ∈ R �#$� k, �% x, y � k- ��&� [x, y]k =

[[x, y]k−1, y]1, �' [x, y]0 = x, [x, y]1 = xy − yx ���� Lie �� (�� [9]). ��(�
f : R → R �)��" x, y ∈ R * [f(x), f(y)]k = [x, y]k ��, +� f ��� k- ��,. ��

�,  !��� k- ��,(����- .!""#/#01�$2, %$&!/#%&�
�. '�, � k = 1 (3, � [6] 4)!'*(*5�)+� R ,�-�*+�����,�(
� f ,*3. f(a) = λa + μ(a), �' λ /6 R �*07'8, 1�) λ2 = 1, μ �'89*
+(�. � [16] 23!+�,�����,�-4,���.. � k > 1 (3, � [17] /0!

+�,��� 2- ��,�-4,���., 4)!'*(*5:-51625�+�,;Æ
�(�,*3. a �→ αa + μ(a), �' μ ��"'89(�, α /6 R �*07'81�)7
3 α3 = 1. ��, � [13] &4!5<8&6�,��� 3- ��,�!7(��9: !, � [14]

+/0!89:=6�,��� k- ��,�!7(��,;3.. �6�<=$�, *��

[2, 7, 10–12] ;�<=�>.

Æ!>?, R '?*@>Æ#!@��, A Jordan ��. ��" x, y ∈ R, B {x, y} =

xy + yx � x : y � Jordan ��. Jordan ���8&6�,!@?@���, -*/#01
�;@��CA!BD (�� [3, 5, 15, 18] ;�<=�>). A k- ��&EB�CF, ��"
#$� k, DE*C@FG�% k-Jordan ��� {x, y}k = {{x, y}k−1, y}1, �' {x, y}0 = x,

{x, y}1 = xy + yx. H#, G(� f : R → R �) {f(x), f(y)}k = {x, y}k ��"5 x, y ∈ R �

�,+� f ��� k-Jordan��. 6�,!�DH�����I !�J6�,��� k-Jordan

���(�. E�KI, � [8] 4)!'*(*51JFL� 2 �� R ,��� Jordan ���

(� f ,*3. f(x) = f(1)x �K* x ��, �' f(1) �5>� 1 �'85.

2"4, LG k �LMH+, ��� k-Jordan ��(�� !NO&MPQN. R��O�

�I+�,/0��� 2-Jordan �����,; !.

P?�R��J@�.

KL 1.1 � R �'(*5:!-51625�+�. SQ f : R → R ���, + f ��

� 2-Jordan ��, A f �) {f(x), f(y)}2 = {x, y}2 �K* x, y ∈ R ��, T1UTVI λ ∈ C

(R �*07'8) 1 λ3 = 1, R&PSM!��:

(1) G R �JFL� 2, f(x) = λx �K* x ∈ R ��;

(2) G R �JF� 2, f(x) = λx + μ(x) �K* x ∈ R ��, �' μ � R 4 C ��"(�.

N6O& von Neumann 6��JFL� 2 �+ C∗- 6�, W+ C∗- 6��*07'8�
X�P C (�� [1, T3 2.3]). OH, P?�T3�UH�.

QR 1.2 � M �O& von Neumann 6�. SQ Φ : M → M ���, + Φ �)
{Φ(A),Φ(B)}2 = {A,B}2 �K* A,B ∈ M ��T1UTVI� λ ∈ {1, e 2πi

3 , e
4πi
3 }, R&

Φ(A) = λA �K* A ∈ M ��.

VRYMW, DEZ�!S[\:EB. � R ��, Z (R) ⊆ R ÆX R �'8. ��"
x ∈ R, GVITY�#$� n, R& nx = 0 ��, +� R �JF� n, B� charR = n. ��

;Æ� n LVI, +� R �JF� 0. ��" x, y ∈ R, G xRy = {0} U' x = 0 J1 y = 0,

Z[� R �+�. 2"4, +��JF@[�\, @[�!�+�. Q = Qmr(R) ÆX R �]
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eXc�. Q �'8 C �� R �*07'8. �� R �+�, Z[ C �!�P. �f#$6
+��,Y, �� [4].

P?/0R�J@��d 1.1 �4).

2 R Z[l\] 2 ^mZn_
ef, /0g�.d.

oL 2.1 � R �JFL� 2 1'*(*5 1 �+�, t ∈ R. �� {t, s}2 = ts2 + s2t +

2sts = 0 �K*�) s3 = 1 � s ∈ R ��, Z[ t = 0.

p` N6 {t, s}2 = ts2+2sts+s2t = 0,IH.aXggPh�C s,%2"473 s3 = 1,

*&

sts2 + 2s2ts + t = 0 � t + 2sts2 + s2ts = 0. (2.1)

HU' sts2 = s2ts, A& s2t = ts2. NH.6h2. (2.1) ', &4 4t = 0. N6 R �JFL�
2, KC t = 0. 4i.

P?�.d�D� [17].

oL 2.2 (�� [17, .d 2.4]) SQ R �'*(*5:!-51625 e �+�, + eRe

b�+�, 1�'8 Z (eRe) ⊆ C e.

iI/0�d 1.1 I R �JFL� 2 j�4).

KL 1.1 (1) cp` jP,UH. �6k@,, DENPlm4M.

P?dSQ f : R → R ���� 2-Jordan �����. � e ∈ R �-51625. B

e1 = e, e2 = 1−e,+ R *CPn� R = R11+R12 +R21 +R22,�' Rij = eiRej , i, j ∈ {1, 2}.
eqf f(1)3 = 1.

N f ��%, DE* 4f(1)3 = {f(1), f(1)}2 = {1, 1}2 = 4. O� R �JFL� 2, KC
f(1)3 = 1.

egf ��"5 x, y ∈ R, DE* f(x + y) = f(x) + f(y), A f �*+�.

�$ x, y ∈ R, DE*
{f(x + y) − f(x) − f(y), f(1)}2 = {f(x + y), f(1)}2 − {f(x), f(1)}2 − {f(y), f(1)}2

= {x + y, 1}2 − {x, 1}2 − {y, 1}2 = 0.

�o.hi.d 2.1 :p!m, *& f(x + y) − f(x) − f(y) = 0.

ejf f(ei) ∈ Rii 1 f(ei)3 = ei, i = 1, 2.

N f �,Y, * 4f(e1)3 = {f(e1), f(e1)}2 = {e1, e1}2 = 4e1 ∈ R11. N6 R �JFL� 2,

OH f(e1)3 = e1.

B f(e1) = s11 + s12 + s21 + s22. 2"4
f(e1)3 = (s11 + s12 + s21 + s22)3

= s3
11 + s11s12s21 + s12s21s11 + s12s22s21 + s2

11s12 + s11s12s22

+ s12s21s12 + s12s
2
22 + s21s

2
11 + s22s21s11 + s21s12s21

+ s2
22s21 + s21s11s12 + s22s21s12 + s21s12s22 + s3

22.
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NH*&
s3
11 + s11s12s21 + s12s21s11 + s12s22s21 = e1, (2.2)

s2
11s12 + s11s12s22 + s12s21s12 + s12s

2
22 = 0 (2.3)

:
s21s

2
11 + s22s21s11 + s21s12s21 + s2

22s21 = 0. (2.4)

�$ x11 ∈ R11, N f ���,k, VI5 t ∈ R, R& f(t) = x11. N6
{x11, f(e1)}2 = {f(t), f(e1)}2 = {t, e1}2 = te1 + e1t + 2e1te1 ∈ R11 + R12 + R21,

KC
0 = e2{x11, f(e1)}2e2 = e2(x11f(e1)2 + f(e1)2x11 + 2f(e1)x11f(e1))e2 = 2s21x11s12.

HU' s21x11s12 = 0 �K* x11 ∈ R11 ��, A* s21xs12 = 0 �K* x ∈ R ��. O� R �

+�, KC*
s12 = 0 J1 s21 = 0. (2.5)

o.:2. (2.2) U'
s3
11 = e1. (2.6)

qG, �$ x22 ∈ R22. ki: x11 @F�4)>r, *4
0 = e2{x22, f(e1)}2e2 = e2(x22f(e1)2 + f(e1)2x22 + 2f(e1)x22f(e1))e2

= x22(s21s12 + s2
22) + (s21s12 + s2

22)x22 + 2s22x22s22.

o.:2. (2.5) �, &4

s2
22x22 + x22s

2
22 + 2s22x22s22 = 0 �K* x22 ∈ R22 ��. (2.7)

JhG, $ x22 = e2, *& 4s2
22 = 0, A& s2

22 = 0. ;Æ, 2. (2.7) ls� s22x22s22 = 0, A

s22xs22 = 0 �K* x ∈ R ��. m!tki R �+,, &4

s22 = 0. (2.8)

iI, �2. (2.3)–(2.5) :2. (2.8), &4 s2
11s12 = s21s

2
11 = 0. o.:2. (2.6) U'

s12 = s21 = 0. OW f(e1) = s11 ∈ R11 1�) f(e1)3 = e1.

�6 e2 �(3, @F*4.

enf f(Rii) ⊆ Rii, i = 1, 2.

�$ x22 ∈ R22, %B f(x22) = s11 + s12 + s21 + s22. Nplmk, *Q f(e1) = t11 1�)
t311 = e1. N6 {f(x22), f(e1)}2 = {x22, e1}2 = 0, 1

{f(x22), f(e1)}2 = s11t
2
11 + s21t

2
11 + t211s11 + t211s12 + 2t11s11t11,

KC
s11t

2
11 + t211s11 + 2t11s11t11 = 0 (2.9)

1

t211s12 = s21t
2
11 = 0. (2.10)
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2"4 R11 b�JFL� 2 �+�, 1(*5� e1. OH, �2. (2.9) hi.d 2.1, *&

s11 = 0. o2"4 t311 = e1. pk2. (2.10) U' s12 = s21 = 0. OW f(x22) = s22 ∈ R22.

@F*4 f(R11) ⊆ R11.

eqf ��"5 xij ∈ Rij (1 ≤ i �= j ≤ 2), DE* f(x12) = f(e1)x12 : f(x21) =

x21f(e1).

mHr/0(3 {i = 1, j = 2} �4), Æ!(3@F*4.

��"5 x12 ∈ R12, B f(x12) = s11 + s12 + s21 + s22. mQ f(e1) = t11 1�) t311 = e1.

DE*
{f(x12), f(e1)}2 = {x12, e1}2 = x12

�

{f(x12), f(e1)}2 = s11t
2
11 + s21t

2
11 + t211s11 + t211s12 + 2t11s11t11.

,?g.U'
s11t

2
11 + t211s11 + 2t11s11t11 = 0, (2.11)

s21t
2
11 = 0 (2.12)

�

x12 = t211s12. (2.13)

�2. (2.11) si.d 2.1 *& s11 = 0; 2. (2.12) :no t311 = e1 U' s21 = 0; 2. (2.13)

:no t311 = e1 U' s12 = t11x12 = f(e1)x12.

�9�om�4), mtu4 s22 = 0. �H, �$p. {f(x12), f(e2)}2 = {x12, e2}2 = x12

CA@F6 s11 = 0 �4)>r, p4 s22 = 0. om��.

evf VI R �07'85 λ ∈ C 1 λ3 = 1, R& f(e1) = λe1.

��"5 x12 ∈ R12 � x11 ∈ R11, Npqurm*
x2

11x12 = {x12, x11}2 = {f(x12), f(x11)}2 = f(x11)2f(e1)x12,

A*
(f(x11)2f(e1) − x2

11)xe2 = 0 �K* x ∈ R ��.

Z[, R �+,U' f(x11)2f(e1) − x2
11 = 0. I2.ggsjX� f(e1)2, *&

f(x11)2 = x2
11f(e1)2. (2.14)

Æ!>?, m�$5 y21 ∈ R21. Np8mupqm�prm, *
2y21x11x12 = e2{x11, x12 + y21}2e2

= e2{f(x11), f(x12) + f(y21)}2e2 = 2f(y21)f(x11)f(x12)

= 2y21f(e1)f(x11)f(e1)x12.

O� R �JFL� 2, KC y21f(e1)f(x11)f(e1)x12 = y21x11x12, A* e2y(f(e1)f(x11)f(e1) −
x11)xe2 = 0 �K* x, y ∈ R ��. gtki R �+,, *4

f(e1)f(x11)f(e1) = x11 �K* x11 ∈ R11 ��.
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I,.aXggsj�C f(e1)2, %2"4 f(e1)3 = e1, &4 f(x11) = f(e1)2x11f(e1)2, CW

* f(x11)2 = f(e1)2x11f(e1)x11f(e1)2. o.:2. (2.14) �A& f(e1)2x11f(e1)x11f(e1)2 =

x2
11f(e1)2. ggs�C f(e1), *&

x11f(e1)x11 = f(e1)x2
11 �K* x11 ∈ R11 ��.

I,.'i x11 + e1 6t x11 %$d, &4

x11f(e1)x11 + x11f(e1) = f(e1)x2
11 + f(e1)x11.

CW&4 f(e1)x11 = x11f(e1) �K* x11 ∈ R11 ��. iki.d 2.2 k, f(e1) ∈ Z (R11) ⊆
C e1. HU'VI λ ∈ C , R& f(e1) = λe1.

Tv, 2"4 f(e1)3 = e1(plmk). OW λ3 = 1.

ewf ��"5 xij ∈ Rij , DE* f(xij) = λxij , 1 ≤ i, j ≤ 2.

Nprm:pumk, ��"5 x12 ∈ R12 : x21 ∈ R21,

f(x12) = λx12 1 f(x21) = λx21. (2.15)

��"5 x11 ∈ R11, kipqm, *
4x11 = {x11, e1}2 = {f(x11), f(e1)}2 = {f(x11), λe1}2 = 4λ2f(x11).

N6 R �JFL� 2 1 λ3 = 1, ,.AU' f(x11) = λx11.

��"5 x22 ∈ R22, ki$p. {x22, x12 + x21}2 = {f(x22), f(x12) + f(x21)}2 :2.
(2.15), s(w8*& x12(λ2f(x22) − x22)x21 = 0. �o.gtki R �+,, A4 f(x22) =

λx22. om��.

exf ��"5 x ∈ R, DE* f(x) = λx. �d��.

��"5 x ∈R, �p8uvm, pu4om��, 9�! R �JFL� 2 j�d 1.1 �

4).

3 R Z[l] 2 Z^mZn_
RYN/0 R �JF� 2 j�d 1.1 �4).

oL 3.1 (�� [17,.d 2.2]) � R �+�. Z[ Z (R) = {z ∈ R : [z, x]2 = 0�K* x ∈
R ��}.

2"4, G+� R �JF� 2, Z[��"5 x, y ∈ R, [x, y]2 = 0 T1UT {x, y}2 = 0. O
H, N.d 3.1 A*&P?�3.

oL 3.2 � R �JF� 2 �+�. Z[, Z (R) = {z ∈ R : {z, x}2 = 0 �K* x ∈
R ��}.

KL 1.1 (2) cp` mH, jP,�UH�, rt4)k@,. Plm4M.

eqf ��"5 x, y ∈ R, VIyw6 x, y �'85 zx,y ∈ Z (R), R& f(x + y) =

f(x) + f(y) + zx,y.

�$5 x, y, z ∈ R. N f ���,, VI t ∈ R, R& f(t) = z. DE*
{f(x + y) − f(x) − f(y), z}2 = {f(x + y), z}2 − {f(x), z}2 − {f(y), z}2

= {x + y, t}2 − {x, t}2 − {y, t}2 = 0.
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iki.d 3.2 k, f(x + y) − f(x) − f(y) ∈ Z (R), AVIyw6 x, y �'85 zx,y ∈ Z (R),

R& f(x + y) = f(x) + f(y) + zx,y. om��.

egf f(Z (R)) = Z (R).

�$ z ∈ Z (R). ��"5 x ∈ R, N f ���,k, VI t ∈ R, R& f(t) = x. ki R �

JF� 2 �,Y, DE*
0 = 2zt2 = {z, t}2 = {f(z), x}2.

iIki.d 3.2, *& f(z) ∈ Z (R), A f(Z (R)) ⊆ Z (R). Æ!x'$p@F*4.

ejf ��"5 x ∈ R, VI5 0 �= λ, μ ∈ C , R& f(e1) = λe1 + μ.

B f(e1) = s11 + s12 + s21 + s22. ef�$ x12 ∈ R12. N f ���,k, VI5 t =

t11 + t12 + t21 + t22, R& f(t) = x12. DE*
{x12, f(e1)}2 = {t, e1}2 = t12 + t21 ∈ R12 + R21

�

{x12, f(e1)}2 = (x12s21s11 + x12s22s21) + (s21s11x12 + s22s21x12)

+ (x12s
2
22 + x12s21s12 + s12s21x12 + s2

11x12) ∈ R11 + R22 + R21.

�,?g.*& x12s21s11 + x12s22s21 = 0, A*
e1xe2(s21s11 + s22s21) = 0 �K* x ∈ R ��.

N6 R �+�, ,.U'
s21s11 + s22s21 = 0. (3.1)

�t, ��"5 x21 ∈ R21 y$:,?@F�>r, *&

s11s12 + s12s22 = 0. (3.2)

qG, �$ x11 ∈ R11. N f ���,k, VI5 z = z11 + z12 + z21 + z22 ∈ R, R&

f(z) = x11. +*
{x11, f(e1)}2 = {z, e1}2 = z12 + z21 ∈ R12 + R21.

2"4, ki2. (3.1) �2. (3.2) *&

{x11, f(e1)}2 = (x11s
2
11 + x11s12s21 + s2

11x11 + s12s21x11)

+ x11(s11s12 + s12s22) + (s21s11 + s22s21)x11

= x11s
2
11 + x11s12s21 + s2

11x11 + s12s21x11 ∈ R11.

,?g.U' z12 = z21 = 0. OH
f(z11 + z22) = x11. (3.3)

Æ!>?, 2"4 R �JF� 2, DE*
s11x

2
11 + s21x

2
11 + x2

11s11 + x2
11s12 = {f(e1), x11}2 = {e1, z11 + z22}2 = 0.

OH
x2

11s12 = s21x
2
11 = 0 (3.4)
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�

s11x
2
11 + x2

11s11 = 0 (3.5)

�K* x11 ∈ R11 ��. I2. (3.4) '$ x11 = e1, *& s12 = s21 = 0; 2"4 R11 b�JF
� 2 �+�, �2. (3.5) ki.d 3.2 �.d 2.2, *& s11 = λ1e1, �' λ1 ∈ C .

iI, ��"� x22 ∈ R22, ki:2. (3.5) @F�4), *4VI μ ∈ C , R& s22 = μe2.

KC f(e1) = λ1e1 + μe2 = λe1 + μ1, �' λ = λ1 − μ.

Tvmtu4 λ �= 0. z+, G λ = 0, Z[ f(e1) = μ1 ∈ C ∩ R = Z (R). kip8m&
e1 ∈ Z (R), x{. om��.

2"4 C �P. OH λ ∈ C *y. B α = λ−1.

enf ��"5 xij ∈ Rij , VI5 μij(xij) ∈ C , R& f(xij) = α2xij + μij(xij) ��, �

' 1 ≤ i �= j ≤ 2.

;z, r/0 x12 �4). �6 x21, 4)@F, |{|M.

�$ x12 ∈ R12, � f(x12) = s11 + s12 + s21 + s22. Nplm*
x12 = {x12, e1}2 = {f(x12), f(e1)}2 = {f(x12), λe1 + μ1}2 = λ2(s21 + s12).

OH λ2s21 = 0 1 λ2s12 = x12. HPhU'
s21 = 0 : s12 = α2x12. (3.6)

��"5 y = y11 + y21 + y22 ∈ R, f ���,U'VI5 t = t11 + t12 + t21 + t22 ∈ R, R

& f(t) = y. N6
t12 + t21 = {t, e1}2 = {y, λe1 + μ}2 = λ2y21,

KC
t12 = 0 1 λ2y21 = t21. (3.7)

Æ!>?, N2. (3.6) �2. (3.7) *
{f(x12), f(t)}2 = {x12, t}2

= λ2x12(t22y21 + y21t11) + λ2(t22y21 + y21t11)x12 + (x12t
2
22 + t211x12)

�

{f(x12), f(t)}2 = s11y
2
11 + α2x12(y21y11 + y22y21) + y2

11s11 + y2
11s12 + s12y

2
22

+ s22y21y11 + s22y22y21 + y21y11s11 + y22y21s11

+ s22y
2
22 + y2

22s22 + α2(y21y11 + y22y21)x12.

�,?g.*&

s11y
2
11 + y2

11s11 = x12(λ2t22 − α2y22)y21 + x12y21(λ2t11 − α2y11) (3.8)

:
s22y

2
22 + y2

22s22 = (λ2t22 − α2y22)y21x12 + y21(λ2t11 − α2y11)x12. (3.9)

JhG, I2. (3.8), (3.9) '$ y21 = 0, *& s11y
2
11 + y2

11s11 = {s11, y11}2 = 0 � s22y
2
22 +

y2
22s22 = {s22, y22}2 = 0 �K* y11 : y22 ��. iki.d 3.2 � 2.2, DE&4VI5

μ1, μ2 ∈ C , R& s11 = μ1e1 � s22 = μ2e2.



5� ]^V^: __`a`a 2-Jordan bcdWb 809

�!9�om�4), mtu4 μ1 = μ2. �H, ki,?4)�.&: R �JF� 2 ;!
no, *&

0 = {t, x12}2 = {f(t), f(x12)}2

= (μ1 + μ2)α2x12y21 + (μ1 + μ2)α2y11x12

+ (μ1 + μ2)α2x12y22 + (μ2
1 + μ2

2)y21 + (μ1 + μ2)α2y21x12.

OH* (μ2
1+μ2

2)y21 = 0,A (μ2
1+μ2

2)ye1 = 0�K* y ∈ R ��. HU' μ2
1+μ2

2 = (μ1+μ2)2 = 0.

OWk* μ1 = μ2. i� μ12(x12) = μ1 = μ2, Z[

f(x12) = α2x12 + μ12(x12),

om��.

eqf ��"5 xii ∈ Rii, VI5 μii(xii) ∈ C , R& f(xii) = λxii + μii(xii) ��, �'
i = 1, 2.

��"5 xii ∈ Rii (i = 1, 2), � f(xii) = s11 + s12 + s21 + s22. O�
λ2(s21 + s12) = {f(xii), f(e1)}2 = {xii, e1}2 = 0,

1 λ *y, DE*
s21 = s12 = 0.

�$ yjj ∈ Rjj (i �= j). N2. (3.3) : (3.7) �4)*kVI5 t = t11 + t22 ∈ R, R&

f(t) = yjj. 2"4
sjjy

2
jj + y2

jjsjj = {s11 + s22, yjj}2 = {f(xii), f(t)}2 = {xii, t11 + t22}2 = xiit
2
ii + t2iixii.

o.U' sjjy
2
jj + y2

jjsjj = 0 �K* yjj ∈ Rjj ��. ki.d 3.2 kVI μii(xii) ∈ C , R&

sjj = μii(xii)ej .

i�$ yij ∈ Rij (i �= j). Np!muplm�pqm&4
xiiyij = {xii, yij + e1}2 = {f(xii), f(yij + e1)}2

= {sii + μii(xii)ej , α
2yij + λe1 + μ + z}2

= α(siiyij + μii(xii)yij),

�' z ∈ Z (R). $d*& (xii − αsii − αμii(xii)ei)yej = 0 �K* y ∈ R ��. R �+,U'
sii = λxii − μii(xii)ei. CW*

f(xii) = λxii + μii(xii).

evf λ3 = 1, 1��"5 x ∈ R, VI(� μ : R → C , R& f(x) = λx + μ(x) ��. �

d&4.

ef4) λ3 = 1. �H, �$5 x12 ∈ R12 : x21 ∈ R21. kip!m:pqm, VI'85
z ∈ Z (R), R&

x21 + x21x12 + x12x21 = {x21, x12 + e1}2 = {f(x21), f(x12 + e1)}2

= {α2x21 + μ21(x21), α2x12 + μ12(x12) + λe1 + μ + z}2

= x21 + α3x21x12 + α3x12x21.
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HU' (α3 − 1)x12x21 = 0 �K* x12 ∈ R12 � x21 ∈ R21 ��. �� α3 �= 1, + α3 − 1 *y.

CW&4 x12x21 = 0 �K* x12 ∈ R12 � x21 ∈ R21 ��, x{. OH α3 = 1, A λ3 = 1.

iI, ��"5 x = x11 + x12 + x21 + x22 ∈ R, kipqm:prm*&
f(x11) + f(x12) + f(x21) + f(x22) = λx11 + μ11(x11) + λx12 + μ12(x12)

+ λx21 + μ21(x21) + λx22 + μ22(x22)

= λx + (μ11(x11) + μ12(x12) + μ21(x21) + μ22(x22)).

Æ!>?, Np!mk, VI zx ∈ Z (R), R&

f(x) − f(x11) − f(x12) − f(x21) − f(x22) = zx.

�%(� μ : R → C �: ��" x ∈ R * μ(x) = (μ11(x11)+μ12(x12)+μ21(x21)+μ22(x22))+zx.

�,?g.A4 f(x) = λx + μ(x) �K* x ∈ R ��. �d 1.1 (2) 4i.

rs }z}~~�0�"�:�{.
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