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Abstract In this article, the authors investigate the regularity properties of the cen-
tered Kakeya (Nikodym) maximal operator KN (with N > 2) and its fractional vari-
ant Kα,N (with 0 < α < d). More precisely, the authors prove that, the operator
Kα,N is bounded and continuous from W 1,p(Rd) to W 1,q(Rd) for 1 < p < ∞ and
q = dp/(d − αp) with 0 ≤ α < d/p, and the operator KN is bounded and continu-
ous on the fractional Sobolev spaces W s,p(Rd), inhomogeneous Triebel–Lizorkin spaces
F p,q

s (Rd) and inhomogeneous Besov spaces Bp,q
s (Rd) for all 0 < s < 1 and 1 < p, q < ∞.

In addition, two pointwise estimates for the derivatives of the fractional Kakeya maxi-
mal functions and the regularity properties for the discrete versions of these operators
are also presented.

Keywords Kakeya maximal operator; fractional Kakeya maximal operator; Sobolev
space; Triebel–Lizorkin space; continuity
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1 RS
1.1 TUVW

�Æ��, �����������������. ������X����� ���X
�.��,!����"��,����#Y�$%&'������Z. ��, Hardy–Littlewood

��#Y [1, 12–14, 16–18, 22, 27–29, 33], �� ��#Y [6, 15], !(&��#Y [7, 20, 24, 25] )"�

���#Y [4, 8, 21, 23]. #*[�+ Kakeya (Nikodym) ��#Y"��� !,�$%&.

" 0 ≤ α < d � N > 2, $-�.�� Kakeya ��#Y Kα,N �/:

Kα,Nf(x) = sup
r>0

1
|Rr,N (x)|1−α/d

∫
Rr,N (x)

|f(y)|dy, (1.1)

�� Rr,N (x)%# Rd$�.0 x,�Æ%12\,�� d−13Æ&'0 2r,&4�3Æ�&'0

2Nr �'(,. 5(), * α = 0 ), #Y Kα,N 6+0�. Kakeya (Nikodym) ��#Y KN .

�� Kakeya ��#Y7*,��� ��#Y+,8�. $-*,��� ��#Y0
Mαf(x) = sup

r>0

1
|Br(x)|1−α/d

∫
Br(x)

|f(y)|dy,

�� 0 ≤ α < d, Br(x) %# Rd ��.0 x, --0 r �'.. |Br(x)| %# Br(x) �9.. /:

;<

Nα/d−1Mαf(x) �α,d Kα,Nf(x) �α,d N (d−1)(1−α/d)Mαf(x), ∀x ∈ Rd,

$=/0011 Mα �>2&32#* 1 < p < ∞, 0 ≤ α < d/p � q = dp/(d − αp) ),

Kα,N : Lp(Rd) → Lq(Rd) �>2�. �4 Kα,N : L1(Rd) → L
d

d−α ,∞(Rd) ?�>2�.

56��>7�+ ��3 KN � Lp 4�X0 N ����� [9, 11, 32]. #*Æ�Z�5
@�+ KN � Kα,N �$%&. A* [13, 15, 20, 28] � Mα : W 1,p(Rd) → W 1,q(Rd) �>2

48B�, �� 1 < p < ∞, 0 ≤ α < d/p � q = dp/(d − αp). C� Sobolev 9: W 1,p(Rd),

1 ≤ p ≤ ∞, $-0

W 1,p(Rd) := {f : Rd → R | ‖f‖1,p = ‖f‖Lp(Rd) + ‖∇f‖Lp(Rd) < ∞},
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�� ∇f = (D1f, . . . ,Ddf) 0�� f �=I'. �Æ��, Rd $&<9�=>&J�?.9@

K, A>&<9��Æ%12\. B2�� ��#Y Mα �$%&)" Kα,N � Mα L:�

�M, ��^��>7�NO��� Kakeya ��#Y�C>�P�$%&J, C�#*�[
�DE.

#*�[�1F%=�/:

_` 1.1 " 1 < p < ∞, 0 ≤ α < d/p � q = dp/(d − αp), % Kα,N �G W 1,p(Rd) �

W 1,q(Rd) �>28B#Y. 5(), ? f ∈ W 1,p(Rd), %

|Di(Kα,Nf)(x)| ≤ Kα,N (Dif)(x), ∀ i = 1, . . . , d � a.e. x ∈ Rd. (1.2)

_` 1.2 " f ∈ Lp(Rd), 1 < p < d � 1 ≤ α < d/p.

(i) =@H� Dl(Kα,Nf), l = 1, . . . , d =IJJK!. �4

|Dl(Kα,Nf)(x)| ≤ (d − α)N1/dKα−1,Nf(x), ∀ a.e. x ∈ Rd. (1.3)

(ii) " q = dp/(d − (α − 1)p), % Dl(Kα,Nf) ∈ Lq(Rd), l = 1, . . . , d. �4

‖Dl(Kα,Nf)‖Lq(Rd) �α,p,d,N ‖f‖Lp(Rd), ∀ l = 1, . . . , d. (1.4)

a 1.3 " 1 ≤ α < d. A (1.3) � Sobolev AB$C�

‖∇(Kα,Nf)‖
L

d
d−α (Rd)

�α,d,N ‖Kα−1,Nf‖
L

d
d−α (Rd)

�α,d,N ‖f‖
L

d
d−1 (Rd)

�α,d,N ‖∇f‖L1(Rd),

C%D f 	→ |∇(Kα,Nf)| �G W 1,1(Rd) � L
d

d−α (Rd) �>2#Y, �� 1 ≤ α < d.

_` 1.4 KN �LE Triebel–Lizorkin 9: F p,q
s (Rd) �LE Besov 9: Bp,q

s (Rd) $

�>28B#Y, �� 0 < s < 1, 1 < p, q < ∞.

a 1.5 $C 1.4 Q�� Korry [16], Luiro [29] )" Liu � Wu [27] 0F�RS. 2002 �,

Korry [16] <D��. Hardy-Littlewood ��#Y M (5T2 Mα � α = 0 !,) � F p,q
s (Rd)

� Bp,q
s (Rd) $�>2#Y, �� 0 < s < 1, 1 < p, q < ∞. 56, Luiro [29] )" Liu � Wu [27]

�(GH� M ! F p,q
s (Rd) � Bp,q

s (Rd) $�8B&, �� 0 < s < 1, 1 < p, q < ∞.

UI�W s,p(Rd)%#A BesselVJ$-��� Sobolev9:. A2W s,p(Rd) = F p,2
s (Rd)

5KW s > 0 � 1 < p < ∞ MNH)" W 0,p(Rd) = Lp(Rd). XO$C 1.1 � 1.4 YÆ2#/L

�ZM:

bc 1.6 #Y KN � W s,p(Rd) $�>28B#Y, �� 0 ≤ s ≤ 1, 1 < p < ∞.

1.2 deTU
#*N��5��+ OP[�.�� Kakeya ��#Y�$%&. " 0 ≤ α < d �

f : Zd → R ���OP��, $-OP�.�� Kakeya ��#Y Kα,N �/:

Kα,Nf(�n) = sup
r>0

1
N(Rr,N (�n))1−α/d

∑
�k∈Rr,N (�n)∩Zd

|f(�k)|,

�� N(Rr,N (�n)) %#P1 Rr,N (�n) ∩ Zd ��\]��. * α = 0 ), #Y Kα,N 6+0OP�

. Kakeya ��#Y KN . QR�

χ(0,1](r)+(2[r−1]+1)d−1(2[Nr−1]+1)χ(1,∞)(r) ≤ N(Rr,N (�n)) ≤ (2[r]+1)d−1(2[Nr]+1), (1.5)

�� [x] = max{k ∈ Z; k ≤ x}. A* [31] �

cd(r −
√

d/2)d ≤ N(Br(�n)) ≤ cd(r +
√

d/2)d, ∀�n ∈ Zd � r >
√

d/2, (1.6)



786 
 � � � O P Q 61�

�� cd = 2πd/2

Γ(d/2)d . A (1.5) � (1.6) �

N(Rr,N (�n)) ∼d,N N(Br(�n)), ∀�n ∈ Rd.

G�

Kα,Nf(�n) ∼α,d,N Mαf(�n), ∀�n ∈ Zd, (1.7)

�� Mα (0 ≤ α < d) �OP�.�� ��#Y, �$-0

Mαf(�n) = sup
r>0

1
N(Br(�n))1−α/d

∑
�k∈Br(�n)∩Zd

|f(�k)|.

(1.7) 11 Mα � �p → �q >2&3S Kα,N : �p(Zd) → �q(Zd) �>2�, �� 1 < p < ∞,

0 ≤ α < d/p, q = dp/(d − αp).

56OP��#Y�$%&?^'��!_`��Z [2, 5, 6, 19, 23, 26, 30, 34]. UIabTc

�"$-UQV�8�WR. �X), � �n = (n1, n2, . . . , nd)%# Zd ��dS. KT��OP�

� f : Zd → R, � �p(Zd)- 4� (1 ≤ p < ∞) $-0 ‖f‖�p(Zd) = (
∑

�n∈Zd |f(�n)|p)1/p, � �∞(Zd)-

4�$-0 ‖f‖�∞(Zd) = sup�n∈Zd |f(�n)|. ,0$, $-OP!,� Sobolev 9:0

W 1,p(Zd) := {f : Zd → R | ‖f‖1,p = ‖f‖�p(Zd) + ‖∇f‖�p(Zd) < ∞},
�� ∇f = (D1f(�n), . . . ,Ddf(�n)) �OP�� f �I', Dlf(�n) = f(�n + el)− f(�n) %# f �@

H�. C� el = (0, . . . , 0, 1, 0, . . . , 0) �Y l  B#dS, l = 1, 2, . . . , d. QR�

‖f‖�p(Zd) ≤ ‖f‖1,p ≤ (2d + 1)‖f‖�p(Zd), ∀ 1 ≤ p ≤ ∞. (1.8)

C%DOP[ Sobolev 9: W 1,p(Zd) � �p(Zd) �>0U4�.

ZV (1.8) � Kα,N �>2&/:�[ Kα,N �G W 1,p(Zd) � W 1,q(Zd) �>28B#Y,

�� 1 < p < ∞, 0 ≤ α < d/p, q = dp/(d − αp). * p = 1 ), UIGH�/1F.

_` 1.7 " d ≥ 2 � 0 ≤ α < d. W q ≥ 1 Xf q > d/(d − α + β) � 0 ≤ β ≤ 1, %#Y
f 	→ |∇(Kα,Nf)| �G �1(Zd) � �q(Zd) �>28B#Y. �4

‖∇(Kα,Nf)‖�q(Zd) �α,d,β,q N1/q‖f‖β
�1(Zd)

‖∇f‖1−β
�1(Zd)

, ∀ f ∈ �1(Zd).

X0$C 1.7 �YÆZM, >

bc 1.8 " 0 ≤ α < 1, %#Y f 	→ |∇(Kα,Nf)| �G �1(Zd) � �1(Zd) �>28B#Y.

�4

‖∇(Kα,Nf)‖�1(Zd) �α,d,q N‖f‖�1(Zd), ∀ f ∈ �1(Zd).

#*Y 2 YZ[\g'C, �2<D$C 1.1 �8B&. Y 3 Y<D$C 1.1, 1.2 � 1.4. Y

4 Y<D$C 1.7. $C 1.1 �>2&<D78B&<D�(Q��* [13, 28] �\]. ]^$

C 1.2 �1F�P2* [15, $C 3.1], _�UI�<D?* [15] �<D`^aYÆ. $C 1.7 �

<DQ��* [6] �\], _UI�<D<b�c_>d7* [6] /e. 5(), * [6, $C 3] �

8B&<De'f`2* [3] � Brezis–Lieb 'C�OP!,� Luiro 'C (a* [6, 'C 4, 5]),

��, !UI�<D�C"'C�/g��.

fgb*, �FK!��h� c > 0 hf`2 ϑ, >S A ≤ cB, O)Q A �ϑ B i B �ϑ A;

�F A �ϑ B �ϑ A, %Q A ∼ϑ B.
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2 hiRj
#Yjk�"\g'C, �Ic!$C 1.1 �8B&1F<D�li��de.

k` 2.1 (Kakeya ����� Lebesgue j�$C) " f ∈ Lp(Rd), 1 < p < ∞, %

lim
r→0

1
|Rr,N (x)|

∫
Rr,N (x)

f(y)dy = f(x), a.e. x ∈ Rd.

G�5=IJJ� x ∈ Rd, M> |f |(x) ≤ KNf(x) NH.

lm �<D'C 2.1, hg<

lim sup
r→0

∣∣∣∣ 1
|Rr,N (x)|

∫
Rr,N (x)

f(y)dy − f(x)
∣∣∣∣ = 0, a.e. x ∈ Rd. (2.1)

�Æ��, K!��f fk ∈ Cc(Rd), >S* k → ∞ ), ��f {fk} ) Lp(Rd) 4�gh2 f .

A KN � Lp >2&�, * k → ∞), > ‖KN (fk −f)‖Lp(Rd) → 0. G�K! {fk}�Yf {fnk
}

Xf5=IJJ� x ∈ Rd, * k → ∞ ), M> |fnk
(x) − f(x)| → 0 � KN (fnk

− f)(x) → 0 N

H. j$ k ≥ 1, >

lim sup
r→0

∣∣∣∣ 1
|Rr,N (x)|

∫
Rr,N (x)

f(y)dy − f(x)
∣∣∣∣

≤ lim sup
r→0

1
|Rr,N (x)|

∫
Rr,N (x)

|f(y) − fnk
(y)|dy

+ lim sup
r→0

1
|Rr,N (x)|

∫
Rr,N (x)

|fnk
(y) − fnk

(x)|dy + |fnk
(x) − f(x)|

≤ KN (fnk
− f)(x) + lim sup

r→0
sup

y∈Rr,N (x)

|fnk
(y) − fnk

(x)| + |fnk
(x) − f(x)|. (2.2)

A fnk
��k8B&�

lim sup
r→0

sup
y∈Rr,N (x)

|fnk
(y) − fnk

(x)| ≤ lim sup
r→0

sup
y∈B(d+N)r(x)

|fnk
(y) − fnk

(x)| = 0.

$=0Y11 (2.2) 3S (2.1). 'C 2.1 S<.

)/cm�* [28] ���"QV. " A ⊂ Rd � x ∈ Rd, $-

d(x,A) := inf
a∈A

|x − a| � A(λ) := {x ∈ Rd; d(x,A) ≤ λ}, λ ≥ 0.

� ‖f‖p,A %#�� fχA � Lp- 4�, �� A 0 Rd �3nYP. " f ∈ Lp(Rd), 1 < p < ∞. W

0 ≤ α < d/p � q = dp/(d − αp). 5KWj$�d x ∈ Rd, $-P1 B(f)(x) �/

B(f)(x) :=
{

r ≥ 0 : Kα,Nf(x) = lim sup
rk→r

1
|Rrk,N (x)|1−α/d

∫
Rrk,N (x)

|f(y)|dy, rk > 0
}

.

$-�� ux,α,f : [0,∞) → R �/:

ux,α,f (0) :=

{
|f(x)|, ? α = 0;
0, ? 0 < α < d/p.

ux,α,f (r) :=
1

|Rr,N (x)|1−α/d

∫
Rr,N (x)

|f(y)|dy, ∀ r ∈ (0,∞).

ZW�)/ij: ux,α,f 5Æ> x ∈ Rd! (0,∞)$8B;5=IJJ� x ∈ Rd!d 0J8B. X

0 ux,α,f (r) ≤ (Nrd)−1/q‖f‖Lp(Rd)5Æ> r ∈ (0,∞)� x ∈ RdMNH,% limr→∞ ux,α,f (r) = 0,
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B(f)(x) 5Æ>� x ∈ Rd M�L9oP, �4

Kα,Nf(x) = ux,α,f (r), ? r ∈ B(f)(x) � r ∈ (0,∞), ∀x ∈ Rd;

Kα,Nf(x) = ux,α,f (0), a.e. x ∈ Rd, 0 ∈ B(f)(x).

k` 2.2 " 1 < p < ∞ � {fj} ) Lp(Rd) 4�gh� f . " 0 ≤ α < d/p � q =

dp/(d − αp). W λ > 0, Λ > 0 � �0 = (0, . . . , 0) ∈ Rd, %

lim
j→∞

|{x ∈ BΛ(�0) : B(fj)(x) � B(f)(x)(λ)}| = 0. (2.3)

lm /k�X&, l$ fj ≥ 0 � f ≥ 0. " λ > 0, Λ > 0 � ε ∈ (0, 1). A* [28, 'C 2.2]

�<D���PlM3�, 5KW j ≥ 1, P1 {x ∈ Rd; B(fj)(x) � B(f)(x)(λ)} M�3n�.

�45=IJJ� x ∈ BΛ(�0), K! γ(x) ∈ N\{0}, >S
ux,α,f (r) < Kα,Nf(x) − γ(x)−1, * d(r,B(f)(x)) > λ ). (2.4)

G�K! γ = γ(λ,Λ, ε) ∈ N\{0} �3nP E, Xf |E| < ε �

BΛ(�0) ⊂ {x ∈ Rd : ux,α,f (r) < Kα,Nf(x) − γ−1, ? d(r,B(f)(x)) > λ} ∪ E

⊂ A1,j ∪ A2,j ∪ A3,j ∪ E, (2.5)

��

A1,j := {x ∈ Rd : |Kα,Nfj(x) − Kα,Nf(x)| ≥ (4γ)−1},
A2,j := {x ∈ Rd : |ux,α,fj (r) − ux,α,f (r)| ≥ (2γ)−1, 5m� r >S d(r,B(f)(x)) > λ},
A3,j := {x ∈ Rd : ux,α,fj (r) < Kα,Nfj(x) − (4γ)−1, ? d(r,B(f)(x)) > λ}.

" Ā �Æ> fj � Lebesgue dpN�P1. m�, |Rd\Ā| = 0. /no�, A3,j ∩ Ā ⊂ {x ∈ Rd :

B(fj)(x) ⊂ B(f)(x)(λ)}. 11 (2.5) 3S

{x ∈ BΛ(�0) : B(fj)(x) � B(f)(x)(λ)} ⊂ A1,j ∪ A2,j ∪ E ∪ (Rd\Ā).

G�

|{x ∈ BΛ(�0) : B(fj)(x) � B(f)(x)(λ)}| ≤ |A1,j | + |A2,j | + ε. (2.6)

X0 {fj} ) Lp(Rd) 4�gh� f , %K! N0 = N0(ε, γ) ∈ N, >S

‖fj − f‖Lp(Rd) < γ−1ε, ∀ j ≥ N0. (2.7)

ZW�
max{|ux,α,fj (r) − ux,α,f (r)|, |Kα,Nfj(x) − Kα,Nf(x)|} ≤ Kα,N (fj − f)(x), ∀x ∈ Rd. (2.8)

(2.8) 11 (2.7) 3S

|A1,j | + |A2,j | ≤ 2(4γ)q‖Kα,N (fj − f)‖q
Lq(Rd)

�α,p,d,N γq‖fj − f‖q
Lp(Rd)

�α,p,d,N ε (2.9)

5KW� j ≥ N0 MNH. O) (2.3) 3A (2.6) � (2.9) S�. <q.

5KW h > 0 � f ∈ Lp(Rd), 1 < p < ∞, $-

f l
h(x) =

f l
τ(h)(x) − f(x)

h
� f l

τ(h)(x) = f(x + hel), l = 1, 2, . . . , d.

�Æ��, * 1 < p < ∞ ), f l
τ(h) ) Lp(Rd) 4�gh� f . * f ∈ W 1,p(Rd) ), f l

h ) Lp(Rd)

4�gh� Dlf (a* [10]).
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" A, B � Rd �p�YP, $-P1 A � B � Hausdorff qO0

π(A,B) := inf{δ > 0 : A ⊂ B(δ) � B ⊂ A(δ)}.
T�'C 2.2 �* [28, Y 247 n, Remark] ���PlM3S:

k` 2.3 " f ∈ Lp(Rd), 1 < p < ∞. " 0 ≤ α < d/p, q = dp/(d−αp),%5KW� Λ > 0,

λ > 0 � l = 1, 2, . . . , d, /L��oNH

lim
h→0

|{x ∈ BΛ(�0) : π(B(f)(x),B(f)(x + hel)) > λ}| = 0.

/L��� Kakeya �����H�r0, C�<D$C 1.1 �8B&1F�[���.

k` 2.4 " f ∈ W 1,p(Rd), 1 < p < ∞. " 0 ≤ α < d/p � q = dp/(d − αp), %5

l = 1, 2, . . . , d �=IJJ� x ∈ Rd, M>

Dl(Kα,Nf)(x) =
1

|Rr,N (x)|1−α/d

∫
Rr,N (x)

Dl|f |(y)dy, ∀ r ∈ B(f)(x) ∩ (0,∞); (2.10)

Dl(KNf)(x) = Dl|f |(x), ? α = 0 � 0 ∈ B(f)(x); (2.11)

Dl(Kα,Nf)(x) = 0, ? 0 < α < d/p � 0 ∈ B(f)(x). (2.12)

lm /k�X&, l$ f ≥ 0. X0? f ∈ W 1,p(Rd), %> |f | ∈ W 1,p(Rd). j$ Λ > 0

� l = 1, 2, . . . , d. A'C 2.3 �K!�f$p� {sk}k≥1, Xf sk → 0 � limk→∞ π(B(f)(x),

B(f)(x + skel)) = 0, 5=IJJ� x ∈ BΛ(�0) MNH. �4

‖f l
sk

− Dlf‖Lp(Rd) → 0 * k → ∞ ),

‖Kα,N (f l
sk

− Dlf)‖Lq(Rd) → 0 * k → ∞ ),

‖(Kα,Nf)l
sk

− Dl(Kα,Nf)‖Lq(Rd) → 0 * k → ∞ ).

A$=�K! {sk}k≥1 �Yf {hk}k≥1 )"3nP A1 ⊂ BΛ(�0), Xf* k → ∞ )5KW�

x ∈ A1, M> |BΛ(�0)\A1| = 0, f l
hk

(x) → Dlf(x), Kα,N (f l
hk

− Dlf)(x) → 0, (Kα,Nf)l
hk

(x) →
Dl(Kα,Nf)(x); limk→∞ π(B(f)(x),B(f)(x + hkel)) = 0.

"

A2 := {x ∈ Rd : KNf(x) = f(x) ? 0 ∈ B(f)(x)};
A3 := {x ∈ Rd : Kα,Nf(x) = 0 ? 0 < α < d/p � 0 ∈ B(f)(x)};
A4 :=

⋂
k∈Z

{x ∈ Rd : KNf(x + hkel) = f(x + hkel) ? 0 ∈ B(f)(x + hkel)};

A5 :=
⋂
k∈Z

{x ∈ Rd : Kα,Nf(x+hkel) = f(x+hkel) ? 0 < α < d/p � 0 ∈ B(f)(x+hkel)};

A6 :=
{

x ∈ Rd : lim
r→0

1
|Rr,N (x)|

∫
Rr,N (x)

Dlf(y)dy = Dlf(x)
}

;

A7 := {x ∈ Rd : KNf(x) ≥ f(x)};
A8 :=

⋂
k∈Z

{x ∈ Rd : KNf(x + hkel) ≥ f(x + hkel)}.

ZV'C 2.1� |BΛ(�0)\(⋂8
i=1Ai)| = 0. " x ∈ ⋂8

i=1Ai� r ∈ B(f)(x). X0 limk→∞ π(B(f)(x),

B(f)(x + hkel)) = 0, %K! rk ∈ B(f)(x + hkel), Xf limk→∞ rk = r.
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no A r > 0. /k�X&l$Æ> rk > 0, 3S

Dl(Kα,Nf)(x) = lim
k→∞

1
hk

(Kα,Nf(x + hkel) − Kα,Nf(x))

≤ lim
k→∞

1
hk

(ux+hkel,α,f (rk) − ux,α,f (r))

= lim
k→∞

1
|Rrk,N (x)|1−α/d

∫
Rrk,N (x)

f l
hk

(y)dy

≤ 1
|Rrk,N (x)|1−α/d

∫
Rrk,N (x)

Dlf(y)dy. (2.13)

! (2.13) �ps��0Y��� limk→∞ rk = r, �* k → ∞ ) f l
hk

χRrk,N (x) → DlfχRr,N (x)

! L1(Rd) �gh. N�<L>

Dl(Kα,Nf)(x) = lim
k→∞

1
hk

(Kα,Nf(x + hkel) − Kα,Nf(x))

≥ lim
k→∞

1
hk

(ux+hkel,α,f (r) − ux,α,f (r))

= lim
k→∞

1
|Rr,N (x)|1−α/d

∫
Rr,N (x)

f(y + hkel) − f(y)
hk

dy

=
1

|Rr,N (x)|1−α/d

∫
Rr,N (x)

Dlf(y)dy. (2.14)

$=0Y11 (2.13) 3S (2.10) 5=IJJ� x ∈ BΛ(�0) MNH.

no B r = 0. * 0 < α < d ), > Kα,Nf(x) = 0, G� Kα,Nf(x) = 0. XO f(y) = 0 5

=IJJ� y ∈ Rd MNH. XO Kα,Nf(x) ≡ 0, Æ) Dl(Kα,Nf)(x) = 0. G� (2.12) NH.

/< (2.11). ?K!qr!� k, >S rk = 0, %>

Dl(KNf)(x) = lim
k→∞

1
hk

(KNf(x + hkel) − KNf(x))

= lim
k→∞

1
hk

(f(x + hkel) − f(x)) = Dlf(x). (2.15)

�FK! k0 ∈ N\{0}, >S* k ≥ k0 ), M> rk > 0, %A (2.13) 3S

Dl(KNf)(x) ≤ lim
k→∞

1
|Rrk,N (x)|

∫
Rrk,N (x)

f l
hk

(y)dy

≤ lim
k→∞

1
|Rrk,N (x)|

∫
Rrk,N (x)

Dlf(y)dy + lim
k→∞

KN (f l
hk

− Dlf)(x)

= Dlf(x). (2.16)

N�<L,

Dl(KNf)(x) = lim
k→∞

1
hk

(KNf(x + hkel) − KNf(x))

≥ lim
k→∞

1
hk

(f(x + hkel) − f(x)) = Dlf(x). (2.17)

(2.17) 11 (2.16) 3S (2.15) 52t!,NH. XO (2.11) 52=IJJ� x ∈ BΛ(�0) MNH.

X0 Λ �KW�, CrN�'C 2.4 �<D.
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3 qj 1.1, 1.2 r 1.4 stu
_` 1.1 vlm 5$C 1.1 �<D�0)/p�u�:

w 1 x <D>2&. UIc�* [13, $C 1.4] �<Dsts<D (1.2) 0. cÆ>>C�

tN�f {sk}k≥1, %>

Kα,Nf(x) = sup
k≥1

1
|Rsk,N (x)|1−α/d

∫
Rsk,N (x)

|f(y)|dy. (3.1)

$-#Y {Tk}k≥1 �/:

Tkf(x) = max
1≤i≤k

1
|Rsi,N (x)|1−α/d

∫
Rsi,N (x)

|f(y)|dy.

m�

|Tkf(x + h) − Tkf(x)| ≤ max
1≤i≤k

1
|Rsi,N (x)|1−α/d

∫
Rsi,N (x)

|f(y + h) − f(y)|dy, ∀h ∈ Rd.

G�

|Dl(Tkf)(x)| ≤ Tk(Dlf)(x) ≤ Kα,N (Dlf)(x), a.e. x ∈ Rd. (3.2)

AO3�, 5KW� k ≥ 1, M>

‖Tkf‖1,q ≤ ‖Tkf‖Lq(Rd) + ‖Dl(Tkf)‖Lq(Rd)

≤ ‖Kα,Nf‖Lq(Rd) + ‖Kα,N (Dlf)‖Lq(Rd) �α,p ‖f‖1,p.

C%D {Tkf}k≥1 0 W 1,q(Rd) ��vu>2vf4ydgh� Kα,Nf . A Sobolev 9:�=u

gh&� {Dl(Tkf)}k ! Lq(Rd) �=gh� Dl(Kα,Nf). 11 (3.2) 3S (1.2) 0, 52 i = l N

H, G� Kα,N : W 1,p(Rd) → W 1,q(Rd) �>2&3A (1.2) )" Kα,N � Lp → Lq >2&S�.

w 2 x <D8B&. " f ∈ W 1,p(Rd), 1 < p < ∞ � {fj} ) W 1,p(Rd) 4�gh� f . "

0 < α < d/p � q = pd/(d − αp). /k�X&l$Æ> fj ≥ 0 � f ≥ 0. m�

‖Kα,Nfj − Kα,Nf‖Lq(Rd) ≤ ‖Kα,N (fj − f)‖Lq(Rd) �α,p,d,N ‖fj − f‖Lp(Rd) → 0, * j → ∞.

XO, h�<

‖Dl(Kα,Nfj) − Dl(Kα,Nf)‖Lq(Rd) → 0, * j → ∞, ∀ l = 1, . . . , d. (3.3)

j$ l ∈ {1, 2, . . . , d} � ε > 0, K! Λ > 0, >S ‖Kα,N (Dlf)‖q,B1 < ε, �� B1 =

Rd\BΛ(�0). A.��v58B&�K! η > 0, >Sh� |A| < η w> ‖Kα,N (Dlf)‖q,A < ε, �

� A 0 BΛ(�0) �3nYP. �6Æ#, 3�5=IJJ� x ∈ Rd, �� ux,α,Dlf ! [0,∞) $�

k8B. XOK! δx > 0, >S

|ux,α,Dlf (r1) − ux,α,Dlf (r2)| < |BΛ(�0)|−1/qε, * |r1 − r2| < δx.

O)K!��xnP N , >S

BΛ(�0) =
( ∞⋃

i=1

{
x ∈ BΛ(�0) : δ(x) >

1
i

})
∪ N .

A$3�K! δ > 0, >S

|{x ∈ BΛ(�0) : |ux,α,Dlf (r1) − ux,α,Dlf (r2)| ≥ |BΛ(�0)|−1/qε 5m� r1, r2 Xf |r1 − r2| < δ}|
=: |B2| <

η

2
. (3.4)
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A'C 2.2 �K! j1 ∈ N, >S

|{x ∈ BΛ(�0);B(fj)(x) � B(f)(x)(δ)}| =: |Bj | <
η

2
, ∀ j ≥ j1. (3.5)

ZW� ‖Kα,N (Dlfj − Dlf)‖Lq(Rd) �α,p,d,N ‖Dlfj − Dlf‖Lp(Rd). G�K! j2 ∈ N, >S

‖Kα,N (Dlfj − Dlf)‖Lq(Rd) ≤ ε, ∀ j ≥ j2. (3.6)
A'C 2.4 �, 5=IJJ� x ∈ Rd )"Æ>� j ≥ j1, M>* r1 ∈ B(fj)(x) � r2 ∈ B(f)(x)

), /0NH:

|Dl(Kα,Nfj)(x)−Dl(Kα,Nf)(x)| = |ux,α,Dlfj (r1) − ux,α,Dlf (r2)|
≤ |ux,α,Dlfj (r1)−ux,α,Dlf (r1)|+|ux,α,Dlf (r1)−ux,α,Dlf (r2)|
≤ Kα,N (Dlfj − Dlf)(x) + 2Kα,N (Dlf)(x). (3.7)

? x /∈ B1 ∪ B2 ∪ Bj , 3wT r1 ∈ B(fj)(x) � r2 ∈ B(f)(x), >S |r1 − r2| < δ �

|ux,α,Dlf (r1) − ux,α,Dlf (r2)| < |BΛ(�0)|−1/qε.

ZW�, A (3.4) � (3.5) �5Æ>� j ≥ j1, M> |B2 ∪ Bj | < η. A (3.6) � (3.7) �, *

j ≥ max{j1, j2} ), >

‖Dl(Kα,Nfj) − Dl(Kα,Nf)‖Lq(Rd) ≤ ‖Kα,N (Dlfj − Dlf)‖Lq(Rd) + ‖2Kα,N (Dlf)‖q,B1

+ ‖2Kα,N (Dlf)‖q,B2∪Bj + ‖|BΛ(�0)|−1/qε‖q,BΛ(�0)

≤ 6ε.
$=0Yjk (3.3). $C 1.1 S<.

_` 1.2 vlm A$C 1.1 � Kα,N ∈ W 1,q1(Rd), �� q1 = dp/(d − αp). XO,

(Kα,Nf)l
h → Dl(Kα,Nf) ! Lq1(Rd) �, * h → 0 5Æ>� 1 ≤ l ≤ d (a* [10]). j$

1 ≤ l ≤ d, K!�f$p� {hk}, >S limk→∞ hk = 0 �

DlKα,Nf(x) = lim
k→∞

Kα,Nf(x + hkel) − Kα,Nf(x)
hk

(3.8)

5=IJJ� x ∈ Rd MNH. j$ x ∈ Rd,>S (3.8)5Æ> k ≥ 1NH. ZV Kα,Nf(x+hkel)

�$-, K!�f$p� {rj}j≥1, >S

Kα,Nf(x + hkel) ≤ 1
|Rrj ,N (x + hkel)|1−α/d

∫
Rrj ,N (x+hkel)

|f(y)|dy +
1
j
.

G�

Kα,Nf(x + hkel) − Kα,Nf(x) ≤ 1
|Rrj ,N (x + hkel)|1−α/d

∫
Rrj,N (x+hkel)

|f(y)|dy

− 1
|Rrj+hk,N (x)|1−α/d

∫
Rrj+hk,N (x)

|f(y)|dy +
1
j

≤ Nα/d−1(rα−d
j − (rj + hk)α−d)

∫
Rrj+hk,N (x)

|f(y)|dy +
1
j

≤ (d − α)Nα/d−1rα−d−1
j hk

∫
Rrj+hk,N (x)

|f(y)|dy +
1
j

≤ (d − α)N1/dhk

(
1 +

hk

rj

)d+1−α

Kα−1,Nf(x) +
1
j
. (3.9)
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3wTfw�� j, >S jhk ≥ k. O), A (3.9) �

Kα,Nf(x + hkel) − Kα,Nf(x) ≤ (d − α)N1/dhk(1 + hk)d+1−αKα−1,Nf(x) +
hk

k
.

$=0Y11 (3.8), 3S

|DlKα,Nf(x)| ≤ lim
k→∞

(d−α)N1/d(1+hk)d+1−αKα−1,Nf(x)+
1
k

= (d−α)N1/dKα−1,Nf(x).

C<S� (1.3) 0. (1.3) 11 Kα,N � Lp → Lq >2&3S (1.4).

_` 1.4 vlm A* [35, 'C 2.2] �∥∥∥∥
( ∑

j∈Z

‖M fj,ζ‖q
Lr(Rd)

)1/q∥∥∥∥
Lp(Rd)

≤ C

∥∥∥∥
( ∑

j∈Z

‖fj,ζ‖q
Lr(Rd)

)1/q∥∥∥∥
Lp(Rd)

(3.10)

5Æ>� 1 < p, q, r < ∞ MNH, �� Rd = {ζ ∈ Rd; 1/2 < |ζ| ≤ 1}. (3.10) 11ij

KNf ≤ C(d)Nd−1M f , 3S∥∥∥∥
(∑

j∈Z

‖KNfj,ζ‖q
Lr(Rd)

)1/q∥∥∥∥
Lp(Rd)

≤ C

∥∥∥∥
( ∑

j∈Z

‖fj,ζ‖q
Lr(Rd)

)1/q∥∥∥∥
Lp(Rd)

(3.11)

5Æ>� 1 < p, q, r < ∞ MNH. N�<L, /:;<

Δζ(KNf)(x) ≤ KN (Δζf)(x), ∀x, ζ ∈ Rd (3.12)

�

|KNf − KNg| ≤ KN (f − g) (3.13)

5KW$-! Rd $��� f, g MNH. �� Δζf(x) = f(x + ζ) − f(x). A (3.11)–(3.13) )"

* [27, $C 1 � 3] �<D���PlM3S$C 1.4.

4 qj 1.7 stu
$C 1.7 �<D3�0)/p�u�:

w 1 x >2&�<D. " q ≥ 1 Xf q > d/(d − α + β) � 0 ≤ β ≤ 1. " f ∈ �1(Zd). /

k�X&, l$ f ≥ 0. �<

‖Dl(Kα,Nf)‖q
�q(Zd)

�α,β,d,q N‖Dlf‖(1−β)q

�1(Zd)
‖f‖βq

�1(Zd)
(4.1)

5Æ>� 1 ≤ l ≤ d MNH. UI/< (4.1) 5 l = d NHA3, ��!,�PlM. W �n =

(n′, nd) ∈ Zd, �� n′ = (n1, . . . , nd−1) ∈ Zd−1. 5y� n′ ∈ Zd−1, W

Xn′ = {nd ∈ Z : Kα,Nf(n′, nd + 1) = Kα,Nf(n′, nd)},
X+

n′ = {nd ∈ Z : Kα,Nf(n′, nd + 1) < Kα,Nf(n′, nd)},
X−

n′ = {nd ∈ Z : Kα,Nf(n′, nd + 1) > Kα,Nf(n′, nd)}.
O)3x

‖Dd(Kα,Nf)‖q
�q(Zd)

=
∑

n′∈Zd−1

∑
nd∈X+

n′

(Kα,Nf(n′, nd) − Kα,Nf(n′, nd + 1))q

+
∑

n′∈Zd−1

∑
nd∈X−

n′

(Kα,Nf(n′, nd + 1) − Kα,Nf(n′, nd))q.
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XO�< (4.1), hg<∑
n′∈Zd−1

∑
nd∈X+

n′

(Kα,Nf(n′, nd) − Kα,Nf(n′, nd + 1))q �α,β,d,q N‖Ddf‖(1−β)q

�1(Zd)
‖f‖βq

�1(Zd)
; (4.2)

∑
n′∈Zd−1

∑
nd∈X−

n′

(Kα,Nf(n′, nd + 1) − Kα,Nf(n′, nd))q �α,β,d,q N‖Ddf‖(1−β)q

�1(Zd)
‖f‖βq

�1(Zd)
. (4.3)

Æ/sh< (4.2), (4.3) �<D�P. " r > 0, $-�� Ar(f) : Zd → R �/

Ar(f)(�n) =
1

N(Rr,N (�n))1−α/d

∑
�k∈Rr,N (�n)∩Zd

f(�k), ∀�n ∈ Zd.

X0 f ∈ �1(Zd), % limr→∞ Ar(f)(�n) = 0. G�5y� �n = (n′, nd) ∈ Zd, �� nd ∈ X+
n′ , K!

r(�n) > 0, >S Kα,Nf(�n) = Ar(�n)(f)(�n). XO3S

Kα,Nf(�n)−Kα,Nf(�n + ed) ≤ Ar(�n)(f)(�n) − Ar(�n)(f)(�n + ed)

=
1

N(Rr(�n),N (�n))1−α/d

∑
�k∈Rr(�n),N(�n)∩Zd

f(�k)

− 1
N(Rr(�n),N (�n + ed))1−α/d

∑
�k∈Rr(�n),N (�n+ed)∩Zd

f(�k)

≤ 1
N(Rr(�n),N (�n))1−α/d

∑
�k∈Rr(�n),N (�n)∩Zd

|Ddf(�k)|. (4.4)

N�<L>

Kα,Nf(�n + ed) ≥ 1
N(Rr(�n)+ 1

N ,N (�n + ed))1−α/d

∑
�k∈R

r(�n)+ 1
N

,N
(�n+ed)∩Zd

f(�k)

≥ 1
N(Rr(�n)+ 1

N ,N (�n))1−α/d

∑
�k∈Rr(�n),N (�n)∩Zd

f(�k)

≥ N(Rr(�n),N (�n))
N(Rr(�n)+ 1

N ,N (�n))
Ar(�n)(f)(�n).

G�

Kα,Nf(�n) − Kα,Nf(�n + ed)

≤ (N(Rr(�n),N (�n))−1 − N(Rr(�n)+ 1
N ,N (�n))−1)N(Rr(�n),N (�n))α/d

∑
�k∈Rr(�n),N (�n)∩Zd

f(�k). (4.5)

(4.5) 11 (4.4), 3z�xS

(Kα,Nf(�n) − Kα,Nf(�n + ed))q

≤
(

1
N(Rr(�n),N (�n))1−α/d

∑
�k∈Rr(�n),N (�n)∩Zd

|Ddf(�k)|
)q(1−β)

×
(
(N(Rr(�n),N (�n))−1−N(Rr(�n)+ 1

N ,N (�n))−1)N(Rr(�n),N (�n))α/d
∑

�k∈Rr(�n),N (�n)∩Zd

f(�k)
)qβ

. (4.6)
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y�{z�|#3S

N(Rr,N (�n))−1 − N(Rr+ 1
N ,N (�n))−1

≤ χ(0, 1
N ](r) + γ(2Nr − 1)−2χ( 1

N ,1− 1
N ](r) + 2(d − 1)

[
r +

1
N

]
(2[Nr] − 1)−1χ(1− 1

N ,1](r)

+ (d − 1)N−1r−d−1χ(1,∞)(r)

≤ χ(0, 1
N ](r)+N−2r−2χ( 1

N ,1− 1
N ](r)+24(d − 1)N−1χ(1− 1

N ,1](r)+(d−1)N−1r−d−1χ(1,∞)(r).

$=0Y11 (1.6) 3S

N(Rr,N (�n))(N(Rr,N (�n))−1 − N(Rr+ 1
N ,N (�n))−1)

≤ (2[r] + 1)d−1(2[Nr] + 1)(χ(0, 1
N ](r) + N−2r−2χ( 1

N ,1− 1
N ](r) + 24(d − 1)N−1χ(1− 1

N ,1](r)

+ (d − 1)N−1r−d−1χ(1,∞)(r))

≤ χ(0, 1
N ](r) + 3(Nr)−1χ( 1

N ,1− 1
N ](r) + 26drχ(1− 1

N ,1](r) + 3d(d − 1)r−1χ(1,∞)(r)

≤ 26(d − 1)χ(0,1](r) + 3d(d − 1)r−1χ(1,∞)(r). (4.7)
/:;<

N(Rr,N (�n)) ≥ χ(0,1](r) + (2[r − 1] + 1)d−1(2[Nr − 1] + 1)χ(1,∞)(r)

≥ χ(0,1](r) + 2−(d+1)Nrdχ(1,∞)(r). (4.8)
(4.8) 11 (4.7), 3S

N(Rr,N (�n))(α/d−1)q(N(Rr,N (�n))(N(Rr,N (�n))−1 − N(Rr+ 1
N ,N (�n))−1))qβ

≤ (χ(0,1](r) + 2−(d+1)Nrdχ(1,∞)(r))(α/d−1)q(26(d − 1)χ(0,1](r) + 3d(d − 1)r−1χ(1,∞)(r))qβ

≤ (26(d − 1))qβχ(0,1](r) + 2(d+1)(1−α/d)q2qdβ(d − 1)qβN (α/d−1)qr−q(d+β−α)χ(1,∞)(r)

=: F (r). (4.9)
(4.9) 11 (4.6), 3S

(Kα,Nf(�n) − Kα,Nf(�n + ed))q

≤ ‖Ddf‖(q−1)(1−β)

�1(Zd)
‖f‖(q−1)β

�1(Zd)

( ∑
�k∈Rr(�n),N (�n)∩Zd

|Ddf(�k)|
)(1−β)( ∑

�k∈Rr(�n),N (�n)∩Zd

f(�k)
)β

×N(Rr(�n),N (�n))(α/d−1)q(N(Rr(�n),N (�n))(N(Rr(�n),N (�n))−1−N(Rr(�n)+ 1
N ,N (�n))−1))qβ

≤F (r(�n))‖Ddf‖(q−1)(1−β)

�1(Zd)
‖f‖(q−1)β

�1(Zd)

( ∑
�k∈Rr(�n),N (�n)∩Zd

|Ddf(�k)|
)(1−β)( ∑

�k∈Rr(�n),N (�n)∩Zd

f(�k)
)β

. (4.10)

A (4.10) )"�2{y p = 1
1−β � p′ = 1

β � Hölder /00, 3S∑
n′∈Zd−1

∑
nd∈X+

n′

(Kα,Nf(n′, nd) − Kα,Nf(n′, nd + 1))q

≤ ‖Ddf‖(q−1)(1−β)

�1(Zd)
‖f‖(q−1)β

�1(Zd)

( ∑
n′∈Zd−1

∑
nd∈X+

n′

F (r(n′, nd)
∑

�k∈Rr(n′,nd),N (�n)∩Zd

|Ddf(�k)|
)1−β

×
( ∑

n′∈Zd−1

∑
nd∈X+

n′

F (r(n′, nd)
∑

�k∈Rr(n′,nd),N (�n)∩Zd

f(�k)
)β

. (4.11)
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m� ∑
n′∈Zd−1

∑
nd∈X+

n′

F (r(n′, nd))
∑

�k∈Rr(n′,nd),N (�n)∩Zd

|Ddf(�k)|

≤
∑

�k∈Zd

|Ddfμ(�k)|
∑

�n∈Zd

F (r(�n))χ{Rr(�n),N (�k)}(�n). (4.12)

j$ �k ∈ Zd, >∑
�n∈Zd

F (r(�n))χRr(�n)),N (�k)(�n)

≤
∑

�n∈Zd

F (r(�n))χ{max{|n1−k1|,...,|nd−1−kd−1|, |nd−kd|
N }<r(�n)}(r(�n))

≤
∑

�n∈Zd

F (r(�n))χ{max{|n1−k1|,...,|nd−1−kd−1|, |nd−kd|
N }≤1}(r(�n))χ(0,1](r(�n))

+
∑

�n∈Zd

F (r(�n))χ{max{|n1−k1|,...,|nd−1−kd−1|, |nd−kd|
N }≤1}(r(�n))χ(1,∞)(r(�n))

+
∑

�n∈Zd

F (r(�n))χ{1<max{|n1−k1|,...,|nd−1−kd−1|, |nd−kd|
N }<r(�n)}(r(�n)). (4.13)

A (1.7) �∑
�n∈Zd

F (r(�n))χ{max{|n1−k1|,...,|nd−1−kd−1|, |nd−kd|
N }≤1}(r(�n))χ(0,1](r(�n))

≤ (26(d − 1))qβ
∑

�n∈Zd

χ{max{|n1−k1|,...,|nd−1−kd−1|, |nd−kd|
N }≤1}(�n) �β,q,d N. (4.14)

∑
�n∈Zd

F (r(�n))χ{max{|n1−k1|,...,|nd−1−kd−1|, |nd−kd|
N }≤1}(r(�n))χ(1,∞)(r(�n))

≤ 2(d+1)(1−α
d )q2qdβ(d − 1)qβN ( α

d −1)q
∑

�n∈Zd

χ{max{|n1−k1|,...,|nd−1−kd−1|, |nd−kd|
N }≤1}(�n)

�β,q,d N. (4.15)

X0 q(d + β − α) > d, %∑
�n∈Zd

F (r(�n))χ{1<max{|n1−k1|,...,|nd−1−kd−1|, |nd−kd|
N }<r(�n)}(r(�n))

�α,β,q

∑
�n∈Zd

(
max

{
1, |n1 − k1|, . . . , |nd−1 − kd−1|, |nd − kd|

N

})−q(d+β−α)

�α,β,q

( d−1∏
i=1

∑
ni∈Z

(max{1, |ni|})−(1+γ)

) ∑
nd∈Z

(
max

{
1,

|nd|
N

})−q(d+β−α)

�α,β,d,q N. (4.16)

A (4.13)–(4.16) �

sup
�k∈Zd

∑
�n∈Zd

F (r(�n))χRr(�n)),N (�k)(�n) �α,β,d,q N. (4.17)

(4.17) 11 (4.12) 3S∑
n′∈Zd−1

∑
nd∈X+

n′

F (r(n′, nd))
∑

�k∈Rr(n′,nd),N (�n)∩Zd

|Ddf(�k)| �α,β,d,q N‖Ddf‖�1(Zd). (4.18)



5� � �6: Kakeya 7�D]8;9
:<E;FGH 797

�P3< ∑
n′∈Zd−1

∑
nd∈X+

n′

F (r(n′, nd)
∑

�k∈Rr(n′,nd),N (�n)∩Zd

f(�k) �α,β,d,q N‖f‖�1(Zd). (4.19)

z (4.2) 3A (4.11), (4.18) � (4.19) S�.

w 2 x 8B&�<D. " f ∈ �1(Zd) � {fj} ) �1(Zd) 4�gh� f . X0
∣∣|fj | − |f |∣∣ ≤

|fj − f |, 3l$Æ> fj ≥ 0 � f ≥ 0. {��<

lim
j→∞

‖Dl(Kα,Nfj) − Dl(Kα,Nf)‖�q(Zd) = 0 (4.20)

5y� l = 1, 2, . . . , d MNH. hg< (4.20) 5 l = d NHA3, ��!,3�PlM. /:;<

|Kα,Nfj(�n) − Kα,Nf(�n)| ≤ Kα,N (fj − f)(�n) ≤ ‖fj − f‖�1(Zd), ∀�n ∈ Zd.

AO3S Kα,Nfj(�n) ydgh� Kα,Nf(�n), 4>

Dd(Kα,Nfj)(�n) → Dd(Kα,Nf)(�n) * j → ∞, ∀�n ∈ Zd. (4.21)

AY 1 u��>2&1F� Dd(Kα,Nf) ∈ �q(Zd). Kj ε ∈ (0, 1), K! Λ > N +
√

d, >S

max{‖Dd(Kα,Nf)χ{|�n|≥3Λ}‖�q(Zd), ‖fχ{|�n|≥Λ}‖�1(Zd)} < ε � Λd−q(d+β−α) < ε. A (4.21) �K!

N1 = N1(ε,Λ) > 0, >S

|Dd(Kα,Nfj)(�n) − Dd(Kα,Nf)(�n)| ≤ ε

(N(B3Λ(�0)))1/q
, ∀ j ≥ N1 � ‖�n‖ ≤ 3Λ.

1F

‖Dd(Kα,Nfj) − Dd(Kα,Nf)‖�q(Zd) ≤ ‖(Dd(Kα,Nfj)−Dd(Kα,Nf))χ{|�n|≤3Λ}‖�q(Zd)

+ ‖(Dd(Kα,Nfj)−Dd(Kα,Nf))χ{|�n|>3Λ}‖�q(Zd)

≤ 2ε + ‖Dd(Kα,Nfj)χ{|�n|>3Λ}‖�q(Zd), ∀ j ≥ N1. (4.22)

5$= ε ∈ (0, 1), K! N2 = N2(ε) > 0, >S

‖fj − f‖�1(Zd) < ε � ‖fj‖�1(Zd) ≤ ‖f‖�1(Zd) + 1, ∀ j ≥ N2. (4.23)

3Q

‖Dd(Kα,Nfj)χ{|�n|>3Λ}‖q
�q(Zd)

≤
∑

|n′|≥2Λ

∑
nd∈Z

|Dd(Kα,Nfj)(�n)|q+
∑

n′∈Zd

∑
|nd|≥2Λ

|Dd(Kα,Nfj)(�n)|q

=: A1,j + A2,j . (4.24)

j$ j ≥ N2. 5y� n′ ∈ Zd−1 Xf |n′| ≥ 2Λ, Q

Yn′ = {nd ∈ Z : Kα,Nfj(n′, nd + 1) = Kα,Nfj(n′, nd)},
Y +

n′ = {nd ∈ Z : Kα,Nfj(n′, nd + 1) < Kα,Nfj(n′, nd)},
Y −

n′ = {nd ∈ Z : Kα,Nfj(n′, nd + 1) > Kα,Nfj(n′, nd)}.
3S

A1,j ≤
∑

|n′|≥2Λ

∑
nd∈Y +

n′

(Kα,Nfj(n′, nd) − Kα,Nfj(n′, nd + 1))q

+
∑

|n′|≥2Λ

∑
nd∈Y −

n′

(Kα,Nfj(n′, nd + 1) − Kα,Nfj(n′, nd))q. (4.25)
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Æ/s�< ∑
|n′|≥2Λ

∑
nd∈Y +

n′

(Kα,Nfj(n′, nd) − Kα,Nfj(n′, nd + 1))q �α,β,d,q,N,f ε; (4.26)

∑
|n′|≥2Λ

∑
nd∈Y −

n′

(Kα,Nfj(n′, nd + 1) − Kα,Nfj(n′, nd))q �α,β,d,q,N,f ε. (4.27)

h< (4.26), (4.27) 3�P<D. X0 fj ∈ �1(Zd), %5y�� (n′, nd) ∈ Zd Xf nd ∈ Y +
n′ ,

K! r(n′, nd) > 0, >S Kα,Nfj(n′, nd) = Ar(n′,nd)(fj)(n′, nd). � (4.11) ��PlM3S∑
|n′|≥2Λ

∑
nd∈Y +

n′

(Kα,Nfj(n′, nd) − Kα,Nfj(n′, nd + 1))q

≤ ‖Ddfj‖(q−1)(1−β)

�1(Zd)
‖fj‖(q−1)β

�1(Zd)

( ∑
|n′|≥2Λ

∑
nd∈Y +

n′

F (r(n′, nd))
∑

�k∈Rr(n′,nd),N (n′,nd)∩Zd

|Ddfj(�k)|
)1−β

×
( ∑

|n′|≥2Λ

∑
nd∈Z+

n′

F (r(n′, nd)
∑

�k∈Rr(n′,nd),N (n′,nd)∩Zd

fj(�k)
)β

. (4.28)

ZW� ∑
|n′|≥2Λ

∑
nd∈Y +

n′

F (r(n′, nd))
∑

�k∈Rr(n′,nd),N (�n)∩Zd

|Ddfj(�k)|

=
∑

�k∈Zd

|Ddfj(�k)|
∑

|n′|≥2Λ

∑
nd∈Y +

n′

F (r(n′, nd))χRr(n′,nd),N (�k)(�n)

≤
∑
|�k|≥Λ

|Ddfj(�k)|
∑

|n′|≥2Λ

∑
nd∈Y +

n′

F (r(n′, nd))χRr(n′,nd),N (�k)(�n)

+
∑
|�k|<Λ

|Ddfj(�k)|
∑

|n′|≥2Λ

∑
nd∈Y +

n′

F (r(n′, nd))χRr(n′,nd),N (�k)(�n). (4.29)

A (4.17) � (4.23) �∑
|�k|≥Λ

|Ddfj(�k)|
∑

|n′|≥2Λ

∑
nd∈Y +

n′

F (r(n′, nd))χRr(n′,nd),N (�k)(�n)

�α,β,d,q N‖Ddfjχ{|�k|≥Λ}‖�1(Zd) �α,β,d,q,N ‖fjχ{|�k|≥Λ}‖�1(Zd)

�α,β,d,q,N (‖fj − f‖�1(Zd) + ‖fχ{|�k|≥Λ}‖�1(Zd)) �α,β,d,q,N ε. (4.30)

* |�k| < Λ � j ≥ N2 ), >∑
|n′|≥2Λ

∑
nd∈Y +

n′

F (r(n′, nd))χRr(n′,nd),N (�k)(�n)

≤
∑

|�n−�k|≥Λ

F (r(�n))χ{|�n−�k|≤(N+
√

d)r(�n)}(�n)

≤ 2(d+1)(1−α
d )q2qdβ(d − 1)qβN ( α

d −1)q
∑

|�n−�k|≥Λ

( |�n − �k|
N +

√
d

)−q(d+β−α)

�α,β,d,q,N

∑
|�n|≥Λ

|�n|−q(d+β−α). (4.31)

" �n ∈ Zd, W Q(�n) = {x ∈ Rd : −1/2 < xi − ni ≤ 1/2, 1 ≤ i ≤ d}. m�, Q(�n) ∩ Q(�l) = ∅
5y� �n �= �l MNH,

⋃
|�n|≥Λ, �n∈Zd Q(�n) ⊂ {x ∈ Rd : |x| ≥ Λ/2}. * �x ∈ Q(�n) � |�n| ≥ Λ ), >
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|�x| ≤ |�x − �n| + |�n| ≤ √
d/2 + |�n| ≤ 2|�n|. G�∑

|�n|≥Λ
�n∈Zd

(|�n|)−q(d+β−α) ≤
∑
|�n|≥Λ
�n∈Zd

∫
Q(�n)

∣∣∣x
2

∣∣∣−q(d+β−α)

dx ≤
∫
|x|≥Λ/2

∣∣∣x
2

∣∣∣−q(d+β−α)

dx

≤ 2γ

∫
|x|≥Λ/2

|x|−q(d+β−α)dx �α,β,d,q Λd−q(d+β−α) �α,β,d,q ε.

$=0Y11 (4.31) 3S∑
|n′|≥2Λ

∑
nd∈Y +

n′

F (r(n′, nd))χ{Rr(n′,nd),N (�k)}(�n)

≤
∑

|�n−�k|≥Λ

F (r(�n))χ{|�n−�k|≤(N+
√

d)r(�n)}(�n) �α,β,d,q ε. (4.32)

A (4.29), (4.30) � (4.32) �∑
|n′|≥2Λ

∑
nd∈Y +

n′

F (r(n′, nd))
∑

�k∈Rr(n′,nd),N (�n)∩Zd

|Ddfj(�k)| �α,β,d,q,N ε. (4.33)

�P3S ∑
|n′|≥2Λ

∑
nd∈Y +

n′

F (r(n′, nd))
∑

�k∈Rr(n′,nd),N (�n)∩Zd

fj(�k) �α,β,d,q,N ε. (4.34)

A (4.23), (4.28) � (4.33), (4.34) �∑
|n′|≥2Λ

∑
nd∈Z+

n′

(Kα,Nfj(n′, nd) − Kα,Nfj(n′, nd + 1))q

�α,β,d,q,N ‖Ddfj‖(q−1)(1−β)

�1(Zd)
‖fj‖(q−1)β

�1(Zd)
ε �α,β,d,q,N,f ε,

A$=0Y3S (4.26). A (4.25)–(4.27) �

A1,j �α,β,d,q,N,f ε. (4.35)

�P2 (4.35) �<D3S
A2,j �α,β,d,q,N,f ε. (4.36)

A (4.22), (4.24) � (4.35), (4.36) 3S ‖Dd(Kα,Nfj) − Dd(Kα,Nf)‖�q(Zd) �α,β,d,q,N,f ε, ∀ j ≥
max{N1, N2}. G� (4.20) NH. $C 1.7 S<.

z{ ||}}~}��!�{H, ?||~~F�.zk��g.
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