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Abstract In this article, the authors investigate the regularity properties of the cen-
tered Kakeya (Nikodym) maximal operator J#y (with N > 2) and its fractional vari-
ant o n (with 0 < a < d). More precisely, the authors prove that, the operator
Ko n is bounded and continuous from W1P(RY) to WH4(R?) for 1 < p < oo and
q = dp/(d — ap) with 0 < a < d/p, and the operator %y is bounded and continu-
ous on the fractional Sobolev spaces W*?(R), inhomogeneous Triebel-Lizorkin spaces
FP4(R9) and inhomogeneous Besov spaces BP4(R%) forall0 < s < 1 and 1 < p, ¢ < oo.
In addition, two pointwise estimates for the derivatives of the fractional Kakeya maxi-
mal functions and the regularity properties for the discrete versions of these operators
are also presented.

Keywords Kakeya maximal operator; fractional Kakeya maximal operator; Sobolev
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JI'Zo

AR AL, PRI AT TR — D BB T RO B — 2R i B 2 ] e RO R
H. R, FEad Zefy— B4R B 2R E RS T 1 V2 5@, filn, Hardy-Littlewood
*&j(%(% [1, 12-14, 16-18, 22, 27-29, 33]’ ﬁ‘@[?ﬁﬂijﬁ%% (6, 15]’ géﬁﬁ*ﬁjﬁ%? [7, 20, 24, 25] u&,ﬁ\:
BT 8 20 28] A EERSE Kakeya (Nikodym) RS KA BOR B IE 9 IE NHE.

BO0<a<dfl N>2, &EXHO0EIR Kakeya lRITT Ao W
1

Ho,n f(x) = sup R (@) \/}%r,N(z) |f(v)|dy, (1.1)
H R v (2) TR R UG o, £ A7 T4l Hodt d—1 Z3BKER 2r, FlR—FH0KEN
2N WFFEE. Fhilth, 24 o = 0 B, 357 70 v IB4E A H0 Kakeya (Nikodym) #RKFEF .
SR Kakeya IR 5L MM BRI R VIS, 8 LA 3 BRI

S (@) =sup e | Sl

r>0
Hp 0 <a<d, Bo(x) Fm R sl o, 26428 r (FFER. | B (2)| FR B (x) IR 25
IHIE
N g F (1) Sad Hanf(2) Saq NEDO—D g £(2), Vo e RY
FIRARERGES A, WAEFRERERYS 1 < p < oo, 0 < a < d/p fl g =dp/(d—ap) B,
Hon : LP(RY) — LI(RY) R, W H Aoy : LY(RY) — L7T5(RY) QIR R,

Hl— A BB RR A oy /B LP JUEER N f— g © 1 32 Aoyt
GRWIE Ay F o N BIIERIE. B13C [13, 15, 20, 28] M1 A4, : WHP(RT) — WH(RY) ZAH R
H#EZR, Hf 1 <p<oo,0< a<d/pfilq=dp/(d—ap). XH Sobolev Z[a] WP (R?),
1<p<oo, EH

WHPRY) = {f : RT = R || fllnp = | fll e ey + IV fl|r@e) < o0},
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He VS = (Dif,....Daf) HEEL f IFBE. ABEHAL R R IFRE U ERE LR R
7%, BMER IR AT T4 T BRI Ao WIENIVERL K o2, v T A ZTEIHY
REFR, —A BIRTTA BRI 73 80K Kakeya BT 65 A SR IE AR BT, X243 3
B

AR FELERFARI T

FE 11 B 1<p<oo, 0<a<d/pflq=dp/(d—ap), W Ay N WP(RY) F]
Wha(RY) (g FESST. FeRlH, & f e WHe(RY), M

|Di(Hanf)(@)| < Hon(Dif)(z), Yi=1,...,dfl ae. z € R% (1.2)
FHE 1.2 #felP(RY), 1<p<dFf1<a<dp.
(i) 39MSE Di(Aanf), L =1,...,d JLFRAETE. T H

|Dy(Honf)(x)] < (d—a)NYiH, | yf(z), Vae zeR (1.3)
(i) % ¢ = dp/(d — (a = V)p), W Dy(Hon f) € LIRY), I =1,...,d. Til H.
I D1(Ha,n F)llLe@e) Sapd N |fllLe@ey, YIi=1,....d. (1.4)
1.3 & 1<a<d B (1.3) Fl Sobolev A & FEAI
HV(%,Nf)HLﬁ(Rd) Sed,N ||%—1,Nf||Lﬁ(Rd) Sa.d,N ||fHL#(Rd) Sad,N [Vl gay,

KEH f o V(A f)] B WHLRY) B L7 (RY) g4 RIS, B 1 <a <d.

FIE 1.4 Ay ZEFFIR Triebel Lizorkin %8[H] FP9(R?) FfldEFFIK Besov %8[H] BP4(R?) |-
A FELERT, HP 0<s<1,1<p, g < oo

1.5 EH 1.4 23T Korry 16 Luiro 29 DA K Liu 1 Wu 27 &2 A By 520, 2002 48,
Korry 161 SIEB] T Frl> Hardy-Littlewood # K3 4 (MW T Ay T o = 0 F5E) & FP9(RY)
Ml BPa(RY) FERSTF, HfP 0<s<1,1<p, ¢ <oo. HEJ, Luiro ) I} Liu fil Wu [27]
IAEESLT 4 FE FP(RY) il BP9(RY) FR#ELE, HP 0<s <1, 1 <p, ¢ < oo

AT WP (RY) 5 i Bessel (e LA H0K Sobolev 78], HTF WP(RY) = FP2(RY)
SRR s > 0 Ml 1 < p < oo #BELLA K WOP(RY) = LP(RY). BHIERE 1.1 fl 1.4 BB R T
e

i 1.6 ST oy & WHP(RY) ERERESH T HP 0<s <1, 1<p< oo
1.2 BHER

AL —A H R R BB O B0R Kakeya HCRFEFAIENIME % 0 < o < d #
[ 2% — R ZE—AEHEREL, & SCEHRCTOEOR Kakeya KITLTF Ko v @17F:

Ko nf() =sup ! Z ‘f(E)L

r>0 Ny () 1=e/¢ keR, N (71)NZ¢
Het N(R, n(71) FREE Ren () N2 PRITCENEL 2 o = 0 B, 5T Ko v IR EHTT
> Kakeya KT Ky. WELH
X(0,1) (M) + L=+ 1) 2[Nr =1+ 1)X(1,00) (1) < N(Ry,n (7)) < (2[r]+1)7(2[N7]+1), (1.5)
Hop [2] = max{k € Z; k < x}. f13C [31] H0
ca(r —Vd/2) < N(B,.(7)) < ca(r +Vd/2)4, Vit €22 §l r > Vd/2, (1.6)
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Horft eq = 25 H (1.5) A (1.6) 41
N(R, n(7)) ~an N(B.(7)), ViR

PN}
Ko n f(7T) ~aan Mo f(71), Vi €Z°, (1.7)

Ht Mo, (0 < a < d) RO BRI, HE SOy

M, f(n) = sup 1 f k).
() =300 N (B, () B(Z)' "
(L7) 456 Mo Hy 07 — 09 FRAEFGE Kon 2 P(27) — (1(2%) ZERE), HF 1 < p < oo,
0<a<d/p, q=dp/(d—ap).

H AT B O R SR IE IR 5 | T AR i ot (25 6,19, 23, 26,30, 34] - g i1 SE [A]1Z
—EE Y SRR . — B, 7T = (na,na, ... ng) R 2 AL, ARE—AS BEHCR
Bf 24— R, H p(Z9)- 188 (1< p < 00) EXH | fllerzay = ez | F(@)P)P, H 0°(Z%)-
TEECE SO || fllese (z0) = supeza | £(7)|. TBA L, & LEBIBIEH Sobolev Z3[H] N

WHP(ZY) = {f 27 = R | ||fll1p = [ fllerzay + IV Fller ey < 00},

Herft Vf = (Dif(70),..., Daf (i) JEEHERE f BIBEEE, Dof (1) = f(7i + e) — f(71) TR f H91
SR X e =(0,...,0,1,0,...,0) 25 | IREARG, 1 =1,2,...,d. WEH

I fllerzay < N fllip < (2d+ V| fllepzay, V1< p < oo. (1.8)

XFHEIHUE Sobolev Z3[H] WL (Z4) fl 7(Z) HAFMIEEL

R4 (1.8) fl Kon HIEFVERGHGE Ko N WHP(Z) B Wh(Z9) i FES5 T
Hitl<p<oo,0<a<d/p, q=dp/(d—ap). 2 p=15, FATELMTER

EE 17 ®d>2M0<a<d £ q¢>1E ¢>d/(d—a+p8)Ff0< 8 <1, T
[ = V(Kan )] RN (24 B 092 fAa FESERT T H.

||V( «a Nf)”@‘?(Zd) ~o,d,3,q Nl/q”f”gl(zd ||vf||[1(Zd)7 Vf € él(Zd)'

VERERE 1.7 (I EHAS, A
it 1.8 W 0<a <L, WIHF fr [V(Kanf)| 2N (2 3] 0NZ) A FESEST
T H.
IV(KanHller@a) Sada NlIfle@n, Ve (Z).

ARSCH 2 WA RIS, I TUER R 10 AR 45 3 WIEMIERE 11, 1.2 1 14, 5
4 TEWIERR 17, R 11 A4 FHE N S SRS BRI T 3 (13, 28] MR K. RUE
P 1.2 B4 EARAITSC (15, FERE 3.1], (ERR (I IRYIERA HSe [15] AYTERTSE f e 4. e 1.7 /Y
SEWIZZE) T 3C (6] #9084, (BN AER I MBETS 4 453 (6] ARIL. FE3IH, 3C [6, 5 3]
HESEVEE I R BEAKH T3 (3] # Brezis—Lieb 5IFAIEHUELAY Luiro 513 (WL (6, 513 4, 5]),
BRI, ZERATAHE NP5 | B R R A 2.

B, MURGEE M ER e > 0 SUREIT 0, 578 A < cB, IS A <y B & B > A;
W A<y B <o A, T A~y B.
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2 HBH5 32

AT — AR B S |3, T THAE S 1.1 (Bt SF TR s EE A
|3 2.1 (Kakeya *&j{@%{é’] Lebesgue ff7rEF) & f € LP(RY), 1 < p < oo, M|

y)dy = f(z), ae. zcRL
TA’O |R7’N |/TN(13

N ILFAL AL = € RY, #BF | fl(2) < Hn f(x) BOL.
JEER  EUERAS(EE 2.1, HFFE

1
Trateal /R IR

AR A, FAERED fr € C.(RY), 152 k — oo B, ¥ {fi} LA LP(RY) {EROSLT f.
H Ay f LY AFAER, 2k — oo B, H [| AN (fi — )l Leeey — 0. INIAFFE {fu} BFF {fn, }
WEXTILTPALALE) = € RY, 24 k — oo I, #A |, (x) = f(2)] = Ol A (fn, — f)(x) — 0K
SRR > LA

lim sup =0, aec zeRL (2.1)

r—0

lim sup

1
=0 m /RT,N(x) fw)dy — § (@)

1
<limsup ——— |f(y) = fri (y)|dy
r—0 |RT,N(J;)| RT,N("’U) *

+ limsup R @ o i (W) = fri (@) dy + | fry () — f ()]

<IN (foy = F)(@) +limsup  sup [ fo, (y) = i (@) + [foi () = f(2)]. (2.2)

r—0 yeR, y(x)
B [, BSOS

limsup sup |fn,(y) — fu,(2)] <limsup sup | i (Y) — fry ()] = 0.
r—0 yER, n(z) r—=0  yEBatn)r ()

FidATEE (2.2) WA (2.1). 5B 2.1 FHE.
PATTHERHISC (28] iy —290 5. i A C R fl 2z € R, @ X
d(z, A) := inf [z —a|  Ap):={z € R% d(z, A) < A}, A >0.

FI [1fllya R fra 9 LP- 680, 3okt A % RO BATIITR % £ € LP(RY), 1 < p < o0, 4
0<a<d/pHl q=dp/(d—ap). MERLEM S » c RY, EXES B(f)(z) T
B(f) () = { > 02 oy (o) = limsp o | Wiy, 7> o}.

o [Re N (@) 172/ g
X ﬁuzaf [OOO)_)RZZHT
. ‘f($)|, %‘a:O;
Ua,a,f (0) = { 0, 0 <a<dp.
1
T, =TS N d y A 0, .
s 1) = [ [, 1Sl V7€ (0,00
FEREFILA T up o p MHH z € RETE (0, 00) 355 SHLFAAMAY © € R 7E 4 0 dbisE. K
K o, 1 (1) < (NP TV f[| Lo ey MFFA 7 € (0,00) Fil @ € R FRHAL, W im0 10,7 (r) = 0,
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B(f)(x) MIAR © € R HZIEZS AL, T H.
HoN (@) = g0, (r), 7€ B(f)(x) Flre000), VoeRY
Hoan () =tz 0.7(0), ae zeRY 0€B(f)(2).

S 2.2 ¥ 1 <p<oofll {f;} Bh LP(RY) JEHORSKE] f. O < a<d/pflq=
dp/(d—ap). & X>0,A>0F 0=(0,.. O)GRd |

Jim [{w € BA(0) : (f;)(z) £ B(f) (@)} = 0. (2.3)

VEBA ARt R f, >0/ F>0. & A >0, A>0$ﬂ6€(0 1) 3 (28, 513 2.2]

FIER A ZAIHE P20, SRR > 1, B4 {z € RY x) € B(f) (@)}t BT
i HXHLFAb b 2 € Bo(0), 77E ~v(z) € N\{0}, {15

Ug o, f (1) < Han f(z) —y(@) 7" 2 d(r, B(f)(z) > X B (2.4)

MIHTE v = v(\, A, e) € N\{0} FIFJI4E B, W2 |E| < e fl
BA(0) C {z € RY s g a4 (r) < Hanf(a) —77", % d(r, Z(f)(2)) > N UE
CAjUA; UA3;UE, (2.5)

Hrp

Ay = {z e R | Hon fix) = Hanf(2)] > (49) 71,

Agji={z € R g af,(r) — taa,f(r)| = (29) 7", XEA r (75 d(r, B(f)(x)) > A},

Azji={x € R s up o, (r) < Hanfj(x) — (4y)71, % d(r, B(f)(2)) > A}
¥ A ZPrAH f; 1 Lebesgue SIS, B, IRNA| = 0. FHEEH], A5, NAC {zeR?:
B(fi)(x) C B(f)(x)n}- é%/a (2 5) CIEE:

{x € Bx(0) : z) € B(f)(x)n} C A1 UAs; UEU(RNA).
PN}
[{z € Ba(0): z) L B(f) (@)} < Ayl +[Az;] + e (2.6)
% {f;} BL LP(RY) m%ﬂw&cﬁﬁﬂ f, )FIIJT?E No = No(e,7) € N, {15
1fj = Fllreey <7~ 'e, Vj> No. (2.7)
HEER

max{|tz,a,f, (1) = Uz .a.f (r)|, [ Hon [ (2) = Han f(@)]} < Han(fi — )x), VoeR. (2.8)
(2.8) & (2.7) 7
| A1 51+ Az, < 204) | Han (f5 — P Tagay Sapan Y5 = Fliogey Sapane  (2.9)
MHEER § > No #RAGL. BLI (2.3) ATHy (2.6) F1 (2.9) 153 UEEE.
JHERE h >0 f f e LP(RY), 1 < p < oo, X

l —
f}i(x)_w Al f-zl—(h)(x):f(x+h6l)7 I=1,2,....d

AP 24 1 < p < oo W, fl,) BL LP(RY) JEBOKSE] f. 24 f € WHP(RY) |, f) DL LP(RY)
JERUELE] Dy f (W3 [10]).
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F(A,B) = inf{6 >0:AC B((;) Ml B C A((;)}
NG 2.2 FISC (28, 4 247 BT, Remark] FHEJZEEliie w15
BIIE 2.3 & felP(RY), 1<p<oo WO0<a<d/p q=dp/(d—ap), WXHEZH A >0,
A>0R/1=1,2,...,d, FHEHPIERA
lim [{z € Ba(0) : m(B(f)(x), B(f)(x + hey)) > A} = 0.
TR EIR Kakeya KRBT FEAR, XRIEEH 1.1 gt Ray 52 TH.

G324 # feWPRY, 1<p<oo BO0<a<dpflq=dp/(d-ap), MKt
1=1,2,....d BULPLLME = € RY, #A

1
DHe ) = (e [, DI, Y7 e BP@NO); @10
Dt P)(x) = Dilfl(z). % o =01 0 € B(f)(x): (211)
Di(Hanf)(x) =0, ZHO0<a<d/pHl0ecB(f)(r). (2.12)

W ARR—tE, BE f > 0. By f e WHP(RY), M |f| € WHP(RT). 45 A >0
fl=12,...,d B3 2.3 FIFAE—FIEBEL {sk}es1, W2 sp — 0 M limy—o0 7(B(f) (@),
B(f)(z + sker)) = 0, SILTALALAY © € B (0) #RAL. T H.

Ifor = DifllLo@ay — 0 4 &k — oo i,
Ao (FL = Dif)llagay — 0 24 k — oo B,
Il( OLNf)sk Dy(Hanf)llLamay — 0 Wk — oo .
H ERATEFE {sebrm1 BT {hahrs1 AKATINAE Ay C BA(0), W24 k — oo BHAHEREAY
x € Ay, BA |BA(O\A1| = 0, f} (x) — Dif(x), Han(fl, — Dif)(z) — 0, (Fanf)h, (x) —
Dy(Ho,n f)(@); limg oo m(B(f)(x), Z(f) (2 + hier)) = 0.
1«,1
Ay :={z eRY: Anf(zx) = f(z) % 0 € B(f)(x)};
Az :={z e R*: Ao n f(x) =04 0 < a < d/p f1 0 € B(f)(x)};
Ay = ({z € RY: A f(a + hier) = f(z + hrer) # 0 € B(f) (@ + hyer)};

kEL
Ay = ﬂ {x e RY: Ao v f(a+hye) = f(athye) 0 < a < d/p Ml 0 € B(f)(v+hrer)};
ke
1
Ag = {mERd }11% B @) Ja oo sz(y)dyZsz(x)};

A7 = {z e R : Ay f(z) > f(2)};
As:= (V{z e R : Ay f(z + hier) > f(z + hier)}.

kEZ
A1 2.1 8 [ BA(O)\(Mi=, 40)| = 0. Bt o € i, A Al r € B(f) (). BN Lm0 7(B(f) (),
%(f)(ﬂ? + hkel)) =0, I)_”JT?T;E TR € %(f)(l’ + hkel) {Fﬁ/@ limg oo = 7.
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8 A r> 0. RE—BRIEBRETA re > 0, Al
DUt 1)(a) = Jim o (Ko f(o -+ hacr) = Ha f(2)
1
< kh—{go h_k(uw+hk€z,0¢’f(rk) - ul”a,f(r))
= lim —1 !
= kl_)OO Ry~ (@)|i-a/d /I%Tk,N(z) fhe (W)dy
1
< _|Rrk7N(x)|1fa/d /Rrk,N(x) Dy f(y)dy. (2.13)
£ (2.13) FlR/E— AR TFHENT limg ooy = 7, FI1% & — 00 B [} XR, n@) = DifXR, x()
e L1 (RY) et 5
Do F)@) = Jim (Ao o+ hner) = Ha f ()
> i o (e (1) = (1)
T S fly + hier) = f(y)
= I G e
— e [ D (2.14)
B |RT,N(x)|1ia/d Ry n(x) Y. .
ERRTAS (2.13) T (210) $ILTLAY o € Ba0) R
W B r=0 % 0<a<dif, f Aoy /() =0, Tl Ao n () = 0. HEL Fy) = 0 4
JUTALALAY y € BY AP I o F () = 0, FTBL Dy () = 0. AT (2.12) B
FIE (211). BEERFE b, W78 v = 0, WA
Dy(Hao ) (@) = Jim (i (o -+ her) = oy f(z)
= lim 2 (f (a4 hyer) — £ () = Dif (). (215)
INSEFAE ko € N\{O}, 7% k> ko B, 47 re > 0, M (2.13) 7178
. 1 I
D)= i g [ Tl
. 1 . !
- ki»H;o |Rrk,N(96)| /RTka(CE) Dufly)dy + klingo %N(fh’“ ~Dif))
— Dif(). (2.16)
51,
D30 ) (@) = Jim (i S (o + huer) = oy f(2)
> li L
> Jim
(2.17) 454

(f(z + hrer) — f(x)) = Dif (z). (2.17)
(2.16) A[78 (2.15) MFIZEHRL. B (2.11) 3 FILFALLR 2 € Ba(0) #BRL.
BA A BAEER, X5 T 512 2.4 AIERA.
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3 TIE 1.1, 1.2 & 1.4 §45EEH

FIE 1.1 §9iFER  SHEEE 1.1 AYIEEA KL T AN
%1% AR FROTERSC (13, R 1.4) BERH BAESKIERT (1.2) . B ra A R
HERL—3 {sk}r>1, WA
1

Ha,N f(x) = sup Ro w(@)i-o7d /R “ |f(y)|dy. (3.1)

k>1 |Rs N () o

FESXTF {Th o1 WT:

1
T, - _ .
kf(@) 1255k | Ry, v (z)[1-074 /RSI_YN(m)lf(y)Idy
! d
- < - 3
[ Tief(x+h) = Tf ()] < max R v @7 /R%N(I) If(y+h) — f(y)dy, VheR
M

|Di(Ty f) ()] < Ti(Dif)(x) < Hon(Dif)(z), ae. zeR (3.2)
B ATHL, AMEREW k> 1, &
1Tk fll1,q < Tk fllaay + 1Di(Ti )l Laray
< N Han fllLaway + [, (Duf)l|Laray Saw | fll1p-
XRW {Tif i1 A WHIRY) FRERE A 78 HB s CSE] Ao v f. B Sobolev 73 [a] (55 %
WCSEA {Dy(To f) e 7E LURY) FREIUSIE] Dy(Hon f). B55 (3.2) A5 (1.2) 2, XWF i =1 %
S, NI A,y WEP(RY) — WHI(RY) G RHERTH (1.2) BAK o N ) LP — L A FEA55]
E 28 IEMESME & fe WHP(RY), 1 <p < oo Ml {f;} L WHP(RY) JEXOKSE f. &%
0<a<d/pflq=pd/(d—ap). RE-BIREHAE f; >0F f>0. B
| Ha,N fi — Han fllLoway < | Han(fi = HllLaway Sapan |fj = fllor@ey — 0, 24 j — oo.
R, HEHIE
| Di(Han f;) — Di(Han )l pagay = 0, % j —o00, Vi=1,....d. (3.3)
gl e {1,2,...,d} il e >0, FF7E A > 0, 7% | A n(Dif)llgm, < & HH Bi =
RABA(0). B LXELEVERITEAE 1 > 0, (5 HE |A| < 8 | Aan(Dif)llga <e H
H A g Ba(0) BRI 4. WETHTR, ATRIXHLPALAE © € RY, BH up a,pp 7E [0,00) E—
HoELL. HMAFTE 0. > 0, {15
|Uw,oc,sz(T1) - uw,a,sz(r2)| < |BA(6)|_1/Q€7 4 |ry — 1| < da
WRHRTE— M 7, (15
BA(ﬁ) = <U {$ € BA(6) 20(x) > 1}) /S
=1
B _EFRIFFAE 6 > 0, ffif5
{a € BA(0) : [tg.0,p, £ (11) = Uz 0,0 £ (r2)| > |Ba(0)] /%€ JEHAS vy, 7o WHAE 11 — 72| < 6}
= |Bs| < 7. (3.4)
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IR 2.2 FITFTE 1 € N, {78

{ € BA0): B(£i)(2) £ B(f) (@)} = |B| < T, ¥j = ji. (3.5)
FHEER | AN (Difj — Dif)lpawey Sapd. N 1Difi — Difllpemay. WIFELE j2 € N, {15
[ Za,n(Dif; = Dif)lpaey <€, Vi = o (3.6)

5 2.4 41, SHL AL © € RY DLRFFER § > j1, #5624 1 € B(f;)(x) Fl ro € B(f)(2)
B, AL
|Di(Ha,n f7)(@)=Di(Ha,N [)(@)] = [tz,a,p £ (1) — Ua,a,p,£(72)]
S ‘uz,a,lej (Tl)_uw,a,le(rl)|+|uw,a,le(r1)_ux,a,le(T2)|
< HaN(Difj — Dif)(x) + 2H6 N (Dif) (). (3.7)
A x ¢ BiUByUB, W 1 € B(f;)(x) Fl ro € B(f) (), M7 |r1 —ra| <5 F
[t 0,0, 1 (71) = 0,0, (r2)| < [BA(0)| /%
TERER, B (3.4) Ml (3.5) FIMPrAR j > j1, #A [BaUB/| < n. H (3.6) Fl (3.7) A, 24
J > max{ji,j2} B, f
I Di(Han fi) — Di(Han )l Laray < [ #a,n(Difj — Dif)llaway + 126,58 (Dif)lg,5,
+ 1120, N (Dif)lg. 8,05 + I|BA(0)| /%€l 5, @)
< 6e.
A4 (3.3). EH 11 RIE
FIE 1.2 B9 R 11 W ANy € WheRY), HA ¢ = dp/(d — ap). I,
(Hanf)h = Di(Hanf) FE LORY) 1, 2% b — 0 WA 1 <1 <d (W3 [10]). 4
Honf(x+ hper) — Hanf(z)
hy
LA « € RYFOL. 455E « € RY, 515 (3.8) MBA k > 1 0L 48 Ao n f(z+heer)
W8 X, FAAE—FNIEHZEEL {r;}j>1, 75

Dy f() = lim. (3.8)

1
Ha,N [+ hier) < / f(y)|dy + =.
I ) S R e oo YT
PN}
1
Ky T+ hpe)) — Ky r) < / d
Nf( Ket) N f(z) Ry (@t e/ Rrj,N(erhkel)'f(y)' Yy
1 /
- - |f(y)ldy + =
|R7’j+hk,N($)|1 o/d Ry tny, v (2) J
— a— a— 1
< NI — (ry + hy,)* ) |f(y)|dy+;

RT'j‘Fhk,N(J;)
< (d— a)Na/d—lr;xfdflhk/

Rrjthy, N (2)

h d+1—a 1
< (d—a)NYp, (1 + —’“) Ko nf(2)+ = (3.9)
J

Tj

1
|f(y)\dy+3



531 X WA Kakeya SRS B MO ARE A IE NI 793

AIEBUR KA j, (615 jhe > k. B, HY (3.9) A1
Hon [+ hier) = Ho N f(2) < (d— )Ny (14 hy) 0w f () + %
ERXFHE (3.8), WG
Dt f(@)] < lim (d—a)Nl/%1+hk>d+1-%_1,Nf<x>+% = (d-)NY Ay f(2).
XIS T (1.3) . (1.3) 45F Han B LP — L9 HRYERG (1.4).
EIE 1.4 BOIEEA  Hi5C (35, B3 2.2] 40

1/q
(S 1sicltn, )

JEZL
MR 1 < poa,r < oo WL, Hob R = {C € RG1/2 < [¢] < 1} (3.10) G545
Ay f < CAN A f, T

(3.10)

1/q
(S 1sicltoony )

Lr(R4) } JEL

Lr(R4)

(= ||foj,<||zr(md)>1/q <o (Sl (md))”q (3.11)
JEZ Lr(R?) JEZ Lr(R?)
METAR 1< p, q, 7 < oo FROL. FH—I7H, 25 5IE
At F)(@) < An(Acf)(@), Vo, C € R (3.12)
A
| AN — Hngl < Hn(f —9) (3.13)

Xﬂf%ﬁ%ﬁ(f R LEeREL f, g BGL. i Acf(z) = f(z +¢) — f(2). 1 (3.11)-(3.13) BLK
3C [27, 1M 3] BYUER AR EIHE AR 1.4,

4 FIE 1.7 BYiEEH
SEFR 1.7 BRI AT 2 AT A3
F185 AREYIEY. B e 102 ¢>d/(d-a+p) MO<B <1 & fetl(Z). R
F—fRetE, RE f > 0. BHiE
DU F) ) Sewpaia NUDLFN A2
YA 1 <1 <d#or. EOTFUE (4.1) X 1 = d ®oLRI], HEHERLiTe. £ a =
(n',nqg) € 2%, H n' = (n1,...,nq_1) € Z41. XA n' € 2471, &
Xp ={nqg € Z: Ko N f(n',na+1) = Ko nf(n,na)},
XL ={na€Z: Konf(n',ng+1) < Ko nf(n',na)},
X, ={na€Z:Konf(n',ng+1)>Kynf(n',ng)}

—
>~
—_

N

BT
HDd( ocNf H(q(Zd) Z Z aan nd) a,Nf(nland+1))q

n/€Zd—1 nd6X+

+ Z Z aan ng+1) — a,Nf(nlvnd))q'

n/€z4-1 na€X’,
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HIESIE (4.1), HFE
S Y (Kanf(na) = Kan f(0',na + 1) Sasaq NIDaf |G g I 15z (42)

n/€zd-1 ndeXJr
1-B)q

Z Z K., Nf( n ;g +1) — oc,Nf(nland))q A<Ja,,6,d,q NIIDdeél(Zd ||f||41(zd)' (4.3)

n/ €z~ lndGXn
PR FGIE (4.2), (4.3) IERAZALL. ¥ r > 0, & RE 7, (f) : 2% — R W
. 1 .
,(f)(7) = N (R ()7 S fk), viez?

N
keRT‘N(ﬁ)mZd
F f e ez, W nmww )(7) = 0. IITIFEA 77 = (n/,ng) € 27, Hort ng € X, 174E
r(i) > 0, {§i1% Koy f(7) = i) (f)(7). BT

Ko nf() =Ko nf(7+ea) < i) (f)(7) — Ly () (7 + ea)

1 -
BRI DR

gGRT(ﬁ)VN(ﬁ)ﬂZd

1 -
N (R, (7),n (78 + €q))t—o/d > f(k)

EE€R, (ay, N (i+eqa)NZe

1 N
Daf(F)]. (4.4)
N(R 1—a/d Z |
( T( )N( )) kGRT(ﬁ),N(ﬁ)ﬁZd

IN

A—ITHAH

1 N
Kanf(i+eq) = = — > f(k)
N(Rr(ﬁ)Jr%,N(n“red))l /d FeR N N(nJred)mzd

r(i)+

1 N
e D DR

L -
+N’N kGRT(ﬁ%N(ﬁ)ﬁZd

N Ry (1) .
> N Gy e (DD,

Y

NIl)
Koz,Nf(ﬁ) - Ka,Nf(ﬁ+ 6,1)

< (N(Rp(ay v ()7 = N(Ry iy 25 (7)) TN (R v (7)) > fk).  (45)
EER,(m), N (R)NZ

(4.5) 4545 (4.4), WiE—15
(Kanf(7) — Ko f(7i+eq))?

1 . q(1-5)
= (N(Rr(n)N( fi))i-e/d 2 |Ddf(k)|>

k€R7»(ﬁ) N (7)NZ

0\ 98
(V0 ()N Ry, BN R )50 1) (09

EGR’V'(’!—L) N (7)NZe
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541

IR AR ST R A

N(Rn (1) = N(Byy (7))
< Xo410) + AN = 1 g a4 2= 1) | CINT = D7 )

N~ 1 X(l,oo)(r)
2= DN )+ d=DN I ()

+(d-1)
<X(0 1y(r)+N" 2 X(&1-%
& (1.6) A%
N (R n () (N(Ryn ()" = N(R,p 1 (7))
( [r] + D RINT] + D(x0,21(r) + N2 2 x (2 1oy (r) + 28 (d = )N x_ 1 yy(r)
+(d =N X (1,00 (1)
< X(0,41(r) +3(NT) T X o1y (r) + 2%drx -1y (r) +3%(d — 1)r X (1,000 (7)
< 2%(d — 1)x(0,11(r) + 3%(d = 1)r™ " X(1,00) () (4.7)
*’?%LIIE
N(R, v (1) > x(01)(r) + 2[r = 1]+ D)7 2[Nr — 1] + 1)x(1,00)(7)
(4.8)

> X0.1)(r) + 27Ny (4 ) (7).

(4.8) G (4.7), TS
N(Re v () @4 DUN (R (7)) (N (R () ™ = N(Ryy g v (7))
< (x(o,1(r) + 27(d+1>N7”dX(1,oo)( ))le/d=1a(28(d — Dx0,11(r) +3%(d — 1)r ™ X (1,00) (1)) 7"
< (25(d —1))98 0.1(r) + old+1)(1—a/d)agad (g _ 1)ab y(a/d=1)a,—a(d+5 a)X(lm)(T)
=: F(r). (4.9)
(4.9) 454 (4.6), FIfF
a,N f(7+eq))?
A\
@)

(Ko nf() — K, s
)(1— 1 "%
<t (X ) (
%ERT(ﬁ)YN(ﬁ)ﬂZd EERT(E)7N(ﬁ)ﬁZd
i 71_N(Rr(ﬁ)+%,N(ﬁ))7l))qﬂ

SN (Ryty 0 (7)) /D8N (B (7)) (N (B ()
N8 N

“Hlﬁ)llfll('ﬂ( 3 |Ddf<k>) ( 3 f(k)) - (4.10)

KR, (7, v () NZ4

<F ))HDdegl Zd) 01 (z4)
KR, (5, n (R)NZ4
=5 Ml o = § ) Holder REFR, 15

B (4.10) AR ETFHER p =
a,Nf(n , Nd + 1))q

> Y (Banf nd)
n/€zd— 1nd€X+
1-8
1)(1— "X
< | Daf I ||f||g1(Zd)( )OI DTV I DRG]
n'€Z ngext, RER, (1 ). n (R)NZA
B
( S Y R ) 3 f(k;)). (411)
keRr(n’,nd),N(ﬁ)mZd

n/€Zd—1 ndEXI
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keRT(ﬂ ng), N (7)NZ2
(4.12)

n’€Zi-1 ndEX:

< Z |Ddfu | Z X{Rr(n)N(k)}( )

kezd nezl

ez
+ Z F(r(ﬁ))X{max{\nlfkl\,M‘nd_rkd_l"\nded‘}Sl}( (7)) X (1.00) ((77))
fezd
+ gz:dF(T(ﬁ))x{1<max{|n1—k1|,...,|nd71_kd71|)Ind ity oy (7)) (4.13)
B (1.7) 41
Z F(r(ﬁ))x{max“nlfkl‘ ,,,,, |nd_1,kd_1|,le;kdl}§1}( (1)) x (0,11 (r(77))
i : (4.14)

neL
= (26(d N 1))qﬁ Z X{max{|n1—k1|,-~-7|nd71—k471|7—‘nd;rkd‘}Sl}( ) Spaa N

nezd
> F(r(i

YA X{max{|n1 kil,-.slna—1—ka—1l, Ing 2 kd|}<1}( ( ))X(l OO)( (n))

< 2(d+1)(1—%)q2qd5(d_ 1)qﬁN(%—1)q Z X{max{|n1—k1|,--<,|nd—l_kd71‘vlnd kd\}gl}( )
(4.15)

A
Se.q.d N.
B q(d+ 38 —a) >d,
Z Fr()X (1 comastin -k o fma 1 —ka_a], ma=Ealy <oy (7(7)
— Ky }) —q(d+B—a)

nezd

Nq
Saﬁ’q Z (maX{L'nl - k1|7'~'a|nd*1 - kd71|7 | N

ReL
Ing —q(d+B-a)
Sa.8.q (H Z (max{1, |n;|})~ H'V) Z (max{l,w}>
i=1n;EZ ng€Z
SenB,dq N (4.16)
My (4.13)(4.16) %1
sup 3 P ()X, iy () S N (4.17)
keZd fega
(4.17) 455 (4.12) W] 4%
1Daf (k)| Sapaq NIIDaflleza)- (4.18)

Z Z F(r(n',ng)) Z

RER, (1 ), n (R)NZA
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HATHE
Yo > Fr(ng) M F() Sapaa NIFlo - (4.19)

n €24 ngext, keRr(n/,nd%N(ﬁ)ﬁZd
B (4.2) ATH (4.11), (4.18) M1 (4.19) 155,
2% BEEFEMIED. B fe (2 M {f;} L2 TBSE] £ (1S - If]] <
|y — fl, AMBEI A f; > 0/ f > 0. 4 EHIE
Jim [ Dr(Kan f5) = Di(Kon f)lleazay = 0 (4.20)
XA 1 =1,2,...,d #EL HFFIE (4.20) X 1 = d BOZEIW], e STe. 2 55k
|Ka.n f5(71) = Ka N f(7)| < Kan(f5 = £ (@) < 1f5 = Flo@ay, Vi ez
LA Ko N f;(7) ZSWEE] Ko N f(7), BHA
Da(Ka,n f3) () = Da(Kanf) (D) 4 j— oo, ViieZ, (4.21)
HEE 1 O H RAEGRH Da(Kanf) € (029, {145 e € (0,1), f77E A > N + Vd, {15
max{[| Da(Ka,n f)X{j712303 leazay, 1/ XQazayllo ey} < e Il AdTaldT87e) < e fy (4.21) FIFEFE
N1 = Ni(e,A) > 0, it

) |Da(Ka,n fi) (1) — Da(Ka,n f) ()] < W, Vj >Ny Al | < 3A.
ghIL
[Da(Ka,nfi) = Da(Ka,N )lleazay < (Da(Ka,n fj)—=Da(Ka,n f))X{171<3} 00 (z4)
+ 1(Da(Ka,n fi)=Da(Ka,n )X {i)>30} lea(ze)
< 2¢ + | Da(Ka,n fi)X {71530 lea(zey, VJ=>Nioo (4.22)
Xt Bk e € (0,1), FAFE No = Na(e) > 0, ffif5

I1f; = fllerzay < € B fillerzay < N fllerzay +1, Vj > Na. (4.23)
Ad
IDa(Kan )X gm0 [y < D D DalKanf) @)+ D> Y [DalKan f7)()]
[n/|>2An4€Z n! €74 |ng|>2A
=: A1 J + A2 NE (424)

Yi5E 7> No. XA ' € Z91 W2 /] > 24, 38
Vi ={nqg € Z: Kanfj(n',na+1) = Ko n f;(n',na)},
Vi ={ng €Z: Konfi(n' ,na+1) < Ko nfi(n',na)},
Y ={na €Z: Ko nfi(n',na+1) > Ko nfi(n,n4)}.

I
am

i< DY (Kanfi(n',na) = Ko n f5(n',na +1))°

[n'[22A ngey

+ 3> Kanfi(n',ng+1) — Kanfi(n',na))". (4.25)

|n |>2A ’I’LdEY
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P T OREIE
> Y Kawfin'ing) = Kaw f5(n'sna + 1) Sapaan.s (4.26)
[n'|>2A ngey,
Z Z Kanfi(n',ng+1) = Ko n fij(n',14))? Sapidan,s € (4.27)

|n/|>2A nd€Yn
FUIE (4.26), (4.27) AIZRALER. B f; € (4(Z7), MME—A (n/,nq) € 29 Wi na €Y},
FEAE r(n',ng) > 0, 15 Ko N f5(0',nd) = Sy gy (f5)(0),0a). A0 (4.11) BIZRALHEFTS
Z Z Ko nfj(n',ng) — Ko nfj(n',ng+1))7

"”L |Z2A nd€Y+

1-p
SN T (D DD DA T IS S IDafy B

|n/‘>2And€Y: kERT(n/md)ﬁN(n’,nd)ﬂZd
B
(XX Fewa ) H®) - (1.28)
|”/‘22And€Z:/ EGRT.(,L“"{”YN(n/,nd)ﬂZd
R
Yo > Fetna) D0 |Dafi(k)]
\n/|>2And€y+ keRr(n nd)N(ﬁ)”Zd
= DafR) D D7 F@r(nna) IXEy 1 1y ()
kezad In'[>22A ngey
< 2 Dafi®l Y0 Y Fe®ma)xg,, ()
|E|>A In/\>2/\ndey+
+ D Dtk Yo D F(na)xg,, () (4.29)
|k|<A \n’\>2/\ndey+

H1 (4.17) FI (4.23) 401

> IDafiR) DS Y F(r(n',na) XR, s (B ()

|E|>A |22 ngey?
Saﬁ,d,q N||Ddij{|E|ZA}H£1(Zd) Sa,ﬁ,d,q,f\’ ||ij{|E|ZA}||€1(Zd)
SasdaN (15 = flle@ay + 11 xgrsaylle @) Sapsden € (4.30)
B k| < ARG = No B A

Z Z n nd XRT(n,,nd).N(E) (ﬁ)

In'[ 228 nyev,

< Z F(T(ﬁ))X{\ﬁ_E|§(N+\/3)T(ﬁ)}(ﬁ)

iR A
(d+1) (1§ )a9adB a8 N (5-Dg 7t — K|\ T
<2 —§)audB (g _ )18 N (G~
B (= AZ <N+ x/8>
li—F|2A
Segdqn Y |71, (4.31)
R
Biezl, 5 Q) ={reR: —1/2 <2 —n; <1/2,1<i<d}. BIR, QR)NQU) =0
WA 1 # UL, Upajsa, neze Q) C {z € RY: 2] > A/2}. 24 & € Qi) Ml |fi] > A i,
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|7 < |7 — 7| + || < Vd/2 + |7i] < 2|7 i
—q(d+p—a) q(d+p—a)
I (ap-a@i-e) < 3 / z da:</ ‘ ‘ da
[7]>A 17=A Y Q(7R) 2 |z|>A/2 2
nezd nezd
< 27/ ‘x|*q(d+ﬁ ) do Safdg Ad—a(d+B—a) gaﬁdq €.
lz|>A/2 T
FRK TS (4.31) A7
Y. D FoWna)xg,, . @)
[n/|>2A ndEY+
< Y FO@Xga-i< vy () Sopda (4.32)
|i—Fk|>A
i (4.29), (4.30) fI (4.32) 40
S Fr(nna) > 1Dafi(K)| Sapaqn e (4.33)
[n'[>22A ngev s, EER, (11 n ), n (A)NZE
e EIEES .
Z Z r(n',ng ) Z i (k) Sap.dqN € (4.34)
In'[22A ngeY, RER, (1 .y, n (R)NZA
HT (4.23), (4.28) Fl (4.33), (4.34) %0
S Y (Kanfi(n'ing) = Kanfi(n',ng + 1))
In'122A nyez?,
y(1—
Sa.6,d,a,N ||Ddfj||g1(zd) 7 Hf]”gl(zd) Sa.8,d,a,N,f €
RS T (4.26). 1 (4.25)-(4.27) &1
A17j S,a,ﬁ,d,q,N,f €. (435)
FAUT (4.35) BIUERT AT A5
Az’j ,Soz,ﬁ,d,q,N,f €. (436)

Hi (4.22), (4.24) il (4.35), (4.36) A1 || Da(Ka,n fi) — Da(Ka,nf)lleaze) Sapdans € Vi >
(z4)

max{Ny, No}. ST (4.20) BOL. & BE 1.7 FHIE.

Bt JRUHE KRR AR T, QR R TR A0 R B
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