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1 ]^_`Æ
� b����� 2�	
, D1,D2 ⊆ {0, 1, . . . , b−1}, � N��	
	, S1, S2 ⊆ N� S1, S2


�. �

E :=

{ ∑
k∈N

xk

bk
: xk∈D1� k ∈ S1; xk ∈D2� k∈S2; xk ∈{0, 1, . . . , b − 1}� k∈��

}
, (1.1)


��� b,D1,D2 � S1, S2 ���
���	.
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����: ��������� �� (11301162)
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�
Nk = (�D1)�(S1∩{1,...,k})(�D2)�(S2∩{1,...,k})b�((N\(S1∪S2))∩{1,...,k}), (1.2)

δk = b−k, �"# �A �$	� A ��
. � E ��
%&��
E =

∞⋂
k=0

Ek, (1.3)

�' Ek � Nk � � δk �!("�#, Ek �$%("
� E � k &��(".

Bishop ' Peres )" [1] '*+( b = 2, D = {0} ,)-�
���	� Hausdorff .
,

/�0*.
'1+.
. Dai �2)" [2] '*+( b ≥ 2, D ⊆ {0, 1, . . . , b − 1}, S ⊆ N ,)
-�
���	�/ Assouad .
. �"# dimH , dimB , dimB , dimP ,-�$ Hausdorff�0
*�/*�1+.
 (�
�" [3]). �" [1] �.3*+/ [10] 4005�.
1&.

de 1.1 � b ≥ 2, D1,D2 ⊆ {0, 1, . . . , b − 1}, S1, S2 ⊆ N � S1, S2 
�. � E 6� (1.1)

,���
���	, 78

dimH E = dimBE = d(S1, S2,D1,D2) ' dimP E = dimBE = d(S1, S2,D1,D2),

�'

d (S1, S2,D1,D2)

= 1− lim sup
k→∞

((
1− log(�D1)

log b

)
�(S1 ∩ {1, . . . , k})

k
+

(
1− log(�D2)

log b

)
�(S2 ∩ {1, . . . , k})

k

)
,

d (S1, S2,D1,D2)

= 1− lim inf
k→∞

((
1− log(�D1)

log b

)
�(S1 ∩ {1, . . . , k})

k
+

(
1− log(�D2)

log b

)
�(S2 ∩ {1, . . . , k})

k

)
.

05*+� (1.1)&,���293�
���	�/ Assouad.
'0 Assouad.
 (,
-4
�/.
�0.
). :56/.
�0.
��
 [4]. � B(x, r) �$; x �'< r �7
8�!=. � r > 0, F ⊆ R

n, 0"'# Nr(F ) �$	� F '9� r- ,:	��
, �'
	
� A ⊂ F � r- ,:�, >;)?@ x, y ∈ A, x �= y 8 |x − y| ≥ r; 
 r- ,:	 A ⊂ F �9�
�, >; A ∪ {x}, x ∈ F 
6 r- ,:�.

df 1.2 � F ⊆ R
n, s > 0. 
 F 6 s- /AB�, >;<)=
 c, ρ ∈ (0,+∞), C0)?

@� x ∈ F, )?@� 0 < r < R ≤ ρ, 8 Nr(B(x,R) ∩ F ) ≤ c(R
r )s. �

dimA F = inf{s : F � s- /AB�},

�� F �/.
.

df 1.3 � F ⊆ R
n, s > 0. 
 F 6 s- 0AB�, >;<)=
 c, ρ ∈ (0,+∞), C0)?

@� x ∈ F, )?@� 0 < r < R ≤ ρ, 8 Nr(B(x,R) ∩ F ) ≥ c(R
r )s. �

dimL F = sup{s : F � s- 0AB�},

�� F �0.
.

	��/.
'0.
>8DE)FB, �G,-?H(	�'�@,A�gBI�g
B
IC,�BJ. /�0.
6KD,%	�DEAB�ELF>. G�	��/.
'0.
�
MGKD��" [4–9]. �"NL*+ (1.1) ,���
���	�/�0.
, 0H(
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de 1.4 � b ≥ 2, D1,D2 ⊆ {0, 1, . . . , b − 1}, S1, S2 ⊆ N � S1, S2 
�. � E 6� (1.1)

,���
���	, 78

dimA E = 1 + lim sup
m→∞

sup
k≥1

((
log(�D1)

log b
−1

)
�(S1 ∩ {k + 1, . . . , k + m})

m

+
(

log(�D2)
log b

−1
)

�(S2 ∩ {k + 1, . . . , k + m})
m

)
.

de 1.5 � b ≥ 2, D1,D2 ⊆ {0, 1, . . . , b − 1}, S1, S2 ⊆ N � S1, S2 
�. � E 6� (1.1)

,���
���	, 78

dimL E = 1 + lim inf
m→∞ inf

k≥1

((
log(�D1)

log b
−1

)
�(S1 ∩ {k + 1, . . . , k + m})

m

+
(

log(�D2)
log b

−1
)

�(S2 ∩ {k + 1, . . . , k + m})
m

)
.

2 hOijklmn
Tyson ' Fraser ,-)" [4, 8]'56(/.
'0.
�9X��BY, �PQ�RS�

TR56/.
'0.
�9EZ[. " [8]'U\	�'@�]^BZ[( R
n '/.
_� 1

�	�,05V`93a%,WZ[/.
_� s0 �	�.:569X�X,�	
 n ≥ 1, b ≥ 2,

)?@� m ∈ N, j1, . . . , jn ∈ Z, �
Q(j1, . . . , jn;m) =

{
(x1, . . . , xn) ∈ R

n :
jk

bm
≤ xk ≤ jk + 1

bm
, k = 1, . . . , n

}

�$ m- & b- YZ[. )?5�9� m- & b- YZ[ Q, \8 bn � (m + 1)- & b- YZ[
Q1, . . . , Qbn ⊂ Q,
�� Q�0&bZ[. ) n = 1�a%, b-Y(" I = [c, d]�0&b("�

Ij =
[
c +

j(d − c)
b

, c +
(j + 1)(d − c)

b

]
, j = 0, 1, . . . , b − 1.

� Q(x, r) �$ R
n '; x �'< r �Æ �!Z[, c@H)� R

n �	�, �
 1 ' 2 '�
= B(x, r)�;]%Z[ Q(x, r). 0"'# |F |�$	� F �d8, # s(Q)�$Z[ Q�Æ .

df 2.1 �	� F ⊆ R
n, n ≥ 1, b ≥ 2, k ∈ {0, 1, . . . , bn − 1}, �)?@ b- YZ[ Q, e

^8 Q � k �0&bZ[f F M�, 7
 F � (b, k) ]^	.

oX 2.2 �8_	 F ⊆ R
n, n ≥ 1, s0 ∈ (0, n], 7<) b ≥ 2, k < bs0 , C0 F � (b, k) ]

^	`�a` dimA F < s0.

pq (⇒)
b� |F | = 1. �<) b ≥ 2, k < bs0 ,C0 F 6 (b, k)]^	,0g F � ( log k
log b )-

/AB�, �c dimA F ≤ logb k < s0. )?@ x ∈ F , ?@ 0 < r ≤ R < 1, � G � Q(x,R) ∩ F

�?@ r- ,:b	. ) r,R, <) l,m ∈ N, C0 b−l < r ≤ b−l+1; b−m−1 ≤ R < b−m. �c G

e^de) 2n � m- & b- YZ[', � G '
h�@i�
h� (l + 1)- & b- YZ[, fg�
F � (b, k) ]^	0

�G ≤ 2nkl+1−m ≤ 2nk3+logb
R
r = 2nk3

(
R

r

)logb k

.

Yc Nr(Q(x,R) ∩ F ) ≤ 2nk3(R
r )logb k, W0 F � ( log k

log b )- /AB�.
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(⇐) � dimA F < s0, j s ∈ (dimA F, s0), C0 F � s- /AB�, 7)?@ x ∈ F , ?@

0 < r ≤ R < 1, 8 Nr(Q(x,R) ∩ F ) ≤ c(R
r )s, �' c ��8�=
. �c) F Æd8
hi R

� r- ,:b	 G, 8 �G ≤ c(R
r )s.

k b 69�lj��F
. � Q 69� b- YZ[, � Q1, Q2, . . . , Qbn � Q �0&bZ[,

mXbZ[�;k,� 2n �bn F1,F2, . . . ,F2n , ol i = 1, 2, . . . , 2n, Fi de ( b
2 )n �bZ

[� Fi '?@l�bZ[�"�m:���� s(Q)
b . �c� F � s-/AB0 Fi Æf E ��

bZ[�
e^� c(|Q|/ s(Q)
b )s = c(b

√
n)s. Yc Q Æf E ��bZ[�
e^� 2nc(b

√
n)s.

W0 F 6 (b, k) ]^	, �' k = c2nn
s
2 bs, �` b +,�, s < s0 p, k < bs0 . gn.

" [8] 'q6)	� F ⊆ R
n, dimA F < n `�a` F �^o	, �'
	� F � R

n

'�^o	, >;<)=
 0 < τ ≤ 1, C0) R
n '?@= B(x, r), \<) z ∈ B(x, r) ol

B(z, τr) ∩ F = ∅. )Fp, �;U\�9rst [5] Z[ R
n '	��0.
.

df 2.3 � X �RSq", >;<)=
 C ≥ 1, C0)?@� x ∈ X, ?@� r > 0, `
X\B(x, r) �= ∅ p, B(x, r)\B(x, r/C) �= ∅, 7
 X �9rst�.

oX 2.4 �r	 F ⊆ R
n, 7 dimL F > 0 `�a` F �9rst	.

pq (⇒)� dimL F > 0,0g F �9rst	,�
u,)?@ C ≥ 1,<) x ∈ F, r > 0,

C0st F\B(x, r) �= ∅, u6 B(x, r)\B(x, r/C) Æv8 F '�@, �c B(x, r) ∩ F � r
C - ,

:b	W� {x}. � s ∈ (0,dimL F ), 7 F � s- 0AB�, �c Nr/C(B(x, r) ∩ F ) ≥ cCs, ` C

+,�p cCs > 1, wv.

(⇐) � F �9rst�r	, �" [5, wx 13.1 '�x 13.5], F /yyzR μ ol<)=

 c ≥ 1, α, β > 0, C0)?@ x ∈ F, 0 < r ≤ R < |F |, 8 c−1( r

R )α ≤ μ(B(x,r))
μ(B(x,R)) ≤ c( r

R )β . �
{x1, x2, . . . , xn}� B(x,R)∩F �9� r-,:b	,7 B(xi, 2R) ⊃ B(x,R), i = 1, 2, . . . , n.Yc

μ(B(x,R)) ≤ μ

( n⋃
i=1

B(xi, r)
)

≤
n∑

i=1

μ(B(xi, r)) ≤
n∑

i=1

c

(
r

R

)β

μ(B(xi, R))

≤ nc22α

(
r

R

)β

μ(B(x,R)).

f Nr(B(x,R)∩F ) = n ≥ c−22−α(R
r )β, W F � β- 0AB�, 7��
 1.3 0 dimL F ≥ β > 0.

gn.

3 rs 1.4 t 1.5 luv
de 1.4 wpq k

s∗ = 1 + lim sup
m→∞

sup
k≥1

((
log(�D1)

log b
− 1

)
�(S1 ∩ {k + 1, . . . , k + m})

m

+
(

log(�D2)
log b

− 1
)

�(S2 ∩ {k + 1, . . . , k + m})
m

)
.

{9|gz dimA E ≤ s∗. )�?@� s > s∗, � s∗ ��
<) m(s), C0 m > m(s) p,

ms log b − m log b ≥ sup
k≥1

(�(S1 ∩ {k + 1, . . . , k + m})(log(�D1) − log b)

+ �(S2 ∩ {k + 1, . . . , k + m})(log(�D2) − log b)).
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{� S1, S2 
�, f m− �(S1∩{k+1, . . . , k+m})− �(S2∩{k+1, . . . , k+m}) = �((N\(S1∪
S2)) ∩ {k + 1, . . . , k + m}). �c)�?@� k ≥ 1, ?@� m > m(s), 8

bms ≥ (�D1)�(S1∩{k+1,...,k+m})(�D2)�(S2∩{k+1,...,k+m})b�((N\(S1∪S2))∩{k+1,...,k+m}). (3.1)
)�?@� R ∈ (0, b−m(s)) <) K1 ≥ m(s), C0

b−K1−1 ≤ 2R < b−K1 . (3.2)
)�?@� r ∈ (0, b−K1−m(s)−1) <) K2 ≥ m(s) + 1, C0

b−K1−K2−1 ≤ r < b−K1−K2 . (3.3)
)�?@� x ∈ E, � (3.2) & B(x,R) e^fl� K1 &��("M�, g� (1.2) & B(x,R)

e^f
2NK1+K2+1

NK1
= 2(�D1)�(S1∩{K1+1,...,K1+K2+1})(�D2)�(S2∩{K1+1,...,K1+K2+1})

·b�((N\(S1∪S2))∩{K1+1,...,K1+K2+1})
� K1 + K2 + 1 &��("M�. � F � B(x,R) ∩ E � r- ,:b	, 7� (3.3) &|�
K1 + K2 + 1 &��("e^8l� F '�@. g� (3.1)–(3.3) &, 8

Nr(B(x,R) ∩ E)

≤4(�D1)�(S1∩{K1+1,...,K1+K2+1})(�D2)�(S2∩{K1+1,...,K1+K2+1})b�((N\(S1∪S2))∩{K1+1,...,K1+K2+1})

≤4b(K2+1)s = 4b2s

(
b−K1−1

b−K1−K2

)s

≤ 4b2s

(
2R
r

)s

= 2s+2b2s

(
R

r

)s

.

�c dimA E ≤ s, � s �?@B0 dimA E ≤ s∗.

{}|gz dimA E ≥ s∗. 
bk s∗ > 0. )�?@� 0 < s < s∗, � s∗ ��
, <)b}
{ml}l≥1, C0)?@� l ≥ 1, 8

mls log b − ml log b ≤ sup
k≥1

(�(S1 ∩ {k + 1, . . . , k + ml})(log(�D1) − log b)

+ �(S2 ∩ {k + 1, . . . , k + ml})(log(�D2) − log b)).
Yc<)b}, 
b�� {kl}l≥1, C0)?@� l ≥ 1 8

bmls ≤ (�D1)�(S1∩{kl+1,...,kl+ml})(�D2)�(S2∩{kl+1,...,kl+ml})b�((N\(S1∪S2))∩{kl+1,...,kl+ml}). (3.4)
� x � E �gxÆ�9�@ (W E 'g_�
), j

R = b−kl , r = b−kl−ml , (3.5)
7 B(x,R) � E �9� kl &��(", � (1.2) & B(x,R) Æde8

Nkl+ml

Nkl

= (�D1)�(S1∩{kl+1,...,kl+ml})(�D2)�(S2∩{kl+1,...,kl+ml})b�((N\(S1∪S2))∩{kl+1,...,kl+ml})

� kl + ml &��(", ~("�x�@$%�	��9� r- ,:�. �cg� (3.4), (3.5), 8

Nr(B(x,R) ∩ E) =
Nkl+ml

Nkl

≥ bmls =
(

b−kl

b−kl−ml

)s

=
(

R

r

)s

.

~{� R/r = bml → ∞, l → ∞, ,; dimA E ≥ s, � s �?@B�0 dimA E ≥ s∗. gn.

de 1.5 wpq k

s∗ = 1 + lim inf
m→∞ inf

k≥1

((
log(�D1)

log b
− 1

)
�(S1 ∩ {k + 1, . . . , k + m})

m

+
(

log(�D2)
log b

− 1
)

�(S2 ∩ {k + 1, . . . , k + m})
m

)
.
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{9|gz dimL E ≤ s∗. )�?@� s > s∗, � s∗ ��
, <)b} {ml}l≥1, {kl}l≥1, C

0)�?@� l ≥ 1, 8

bmls ≥ (�D1)�(S1∩{kl+1,...,kl+ml})(�D2)�(S2∩{kl+1,...,kl+ml})b�((N\(S1∪S2))∩{kl+1,...,kl+ml}). (3.6)

h�x 1.4�{}|gz, � x � E �gxÆ�9�@, j R = b−kl , r = b−kl−ml . B(x,R)

Æ9� r- ,:	��
�
Nkl+ml

Nkl

= (�D1)�(S1∩{kl+1,...,kl+ml})(�D2)�(S2∩{kl+1,...,kl+ml})b�((N\(S1∪S2))∩{kl+1,...,kl+ml}).

�cg� (3.6) &, �0
Nr(B(x,R) ∩ E) =

Nkl+ml

Nkl

≤ bmls =
(

b−kl

b−kl−ml

)s

=
(

R

r

)s

.

~{� R/r = bml → ∞, l → ∞, ,; dimL E ≤ s, � s �?@B0 dimL E ≤ s∗.

{}|gz dimL E ≥ s∗. 
bk s∗ > 0, )�?@� 0 < s < s∗. h�x 1.4 �{9|g
z, � s∗ ��
<) m(s), C0)�?@� m > m(s), ?@� k ≥ 1, 8

bms ≤ (�D1)�(S1∩{k+1,...,k+m})(�D2)�(S2∩{k+1,...,k+m})b�((N\(S1∪S2))∩{k+1,...,k+m}). (3.7)

)�?@� x ∈ E, ?@� r,R ∈ (0, δm(s)), r < R, <) K1 ≥ m(s), K2 ≥ m(s) + K1,

b−K1−1 ≤ R < b−K1 , b−K1−K2−1 ≤ r < b−K1−K2 . (3.8)

�c B(x,R) Æe�e9� K1 + 1 &(", Yce�e NK1+K2
NK1

= (�D1)�(S1∩{K1+1,...,K1+K2})·
(�D2)�(S2∩{K1+1,...,K1+K2})b�((N\(S1∪S2))∩{K1+1,...,K1+K2}) � K1 + K2 &(", mX("�x�
@y%�	�6 r- ,:�. fg� (3.7), (3.8) &, 0

Nr(B(x,R) ∩ E) ≥ NK1+K2

NK1

≥ (bK2)s =
(

b−K1

b−K1−K2

)s

>

(
R

r

)s

.

,; dimL E ≥ s, � s �?@B0 dimL E ≥ s∗. gn.
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