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Abstract In this paper, we obtain two interesting results on homologically smooth
connected cochain DG algebras. More precisely, we show that any Koszul DG A-module
in Dfg(A) is compact, when A is a homologically smooth connected cochain DG algebra
with a Noetherian cohomology graded algebra H(A). We prove that the homologically
smoothness of A is equivalent to Dfg(A) = Dc(A), if A is a Koszul connected cochain
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DG algebra such that H(A) is a Noetherian graded algebra with a balanced dualizing
complex.
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1 QR
�
 � �	
�� 0 ��
	�, 
 A � � ��	����� DG �
. ���� A �

��
��


H(A) =
+∞⊕
i=0

ker(∂iA)
im(∂i−1

A )

�	��
��
. ��	 cocycle � z ∈ ker(∂iA), � �z� � z ����� H(A) �����.

�������� DG ���
�����, ������, ��� [2, 4, 15, 16].

� D(A) � DG A- ��������. �� DG A- � M ���� H(M) �
����

� H(A)- �, � M ������� DG A- �.  �������� DG A- �!�� D(A)

��� S���� Dfg(A). �!", �� DG A- � M ���� H(M) !T"� Hi(M) "


��, � M ���##��� DG A- �.  ����##��� DG A- ��!�� D(A)

��� S���� Dlf(A). $#, � D+(A), D−(A) $$ Db(A) 
%�% D(A) �  %�

�&�& DG A- �, ����& DG A- �&���& DG A- � %!�� S��.

 � [11, 12]���'��'('������()�*��+, ��(S HomD(A)(M,−)

)* D(A) ���'(', � DG A- � M �()�. ,� A �-+ DG �
, ,)� [10,

�* 5.3] +. DG A- � M �()�, -,-- M � D(A) �./ AA �U/� thick S�
��. 001.21�2/, DG A- ��()�-,--0+$�3��4�13, ��24!

556.  ��() DG A- �!�� D(A) ��� S���� Dc(A). 67� [8] ��28,

() DG A- �� DG ���
��9:;�!<73��'���=4"
��� presented

�.  � [15, 5> 3.3] +. DG A- � M �()�-,-- M �	�'���8V ��9
/8V �% FM . 
%", �� A W� DG Ae- ��() DG �, � A ���:; DG �


.  � [17, ?3 2.7], A ���:; DG �
-,-- � ∈ Dc(A).

�����<�() DG A- �=�������� DG A- �, 
>36	?78&93

@�:. ;�, � A @���:; DG �
, � A� ∈ Dfg(A) A A� �∈ Dc(A).

�
 A ����� DG �
, <5 H(A) � Noetherian 
��
B,!T gl.dimH(A) <

∞. � Eilenberg–Moore �%�C�;+.�'������� DG A- �=�()�, D


A���:;�. � [16, ; 3.12] �=C���:;����� DG�
0��
��
�'�

@�A%"
� Noetherian 
��
. ,E- H(A) �>

��
?, A ���:;;:@

<BA gl.dimH(A) <∞. CBCFVD"E�6.

XG A �
 A ���:;����� DG �
, H(A) �>

��
. �G�'��

����� DG A- �=�()� DG A- �?
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DG �
���:;;H�!<
��
�I�;H, �� DG �
�C�9:;H�J

JKK6LF�C�LM. � [6] 6N� Koszul DG �
��+B�=� Koszul, ��:;&

Gorenstein DG �
� Koszul �O�*. � [16] �=��:;���� DG �
 A ��@�

!< �, �Æ����@&� DG �
, B�=��:; DG �
 A � Ext- �
� Frobenius

�
-,-- Db
lf(A) & Db

lf(A
op) C� Auslander–Reiten ��. �� [18] �, Shklyarov �<�

�:; DG �
QM� Riemann–Roch �*. REN#, O�9:� DG �
���:;�. ;

�, Ginzburg �� [5] ��+ Calabi–Yau DG �
=���:;�. 
%",  � [14] & [13],

S1T�>
 DG down-up �
&S1T� DG �PP�
=� Calabi–Yau DG �
.

��:; DG �
�9:;, U<QQRSR> A. ���3�=$&93 (��* 4.1) #


"�T�R> A.

Z[ A 
 A ���:;���� DG �
B, H(A) �>

��
, ��� Dfg(A)

��<� Koszul DG �=�()�.

\', �� DG A- � M �	�8V �%�8V �V��U��
�, � W DG A-

�� Koszul DG �. 
%", �� A� � Koszul DG �, � A �	 Koszul DG �
. CV�

< Koszul DG ���+@�<� [7, �+ 2.1] & [9, �+ 5.3], ,�QQ@:W�V���
�

0. ,)�+, +��'� Koszul DG A- �=� D+(A) ��	��*. �
 M � D+(A) ��

	� Koszul DG A- �, � � [15, 5> 2.4] +. M �	�9/8V �% FM , 08V �
V�<�
 inf{i |Hi(M) �= 0}. ,E, CV�< Koszul DG �
��+S� [6] & [9] ���+

�	)�.

� [9] �=� Dfg(A) & Dfg(Aop) �	��O. �X� H(A) C�1X�OYTC	Z#�

BA[, � [9] 56��� Dfg(A) � DG �� Ext & Castelnuovo–Mumford \T�9:93

(�� [9, �* 5.7]). U� [9] YQ, �=�&Z��* (��* 4.4).

Z[ B 
 A �	 Koszul ���� DG �
, H(A) �	C�1X�OYT�>

�

�
, � A ���:; DG �
-,-- Dc(A) = Dfg(A).

U[	Æ]�; 5.1, 5.2, 8=C�'�1X�OYT� >̂
� Â%"
@����
�

�
� Koszul, ��:;���� DG �
. QQ+$[�* B �93V76; 5.1 & 5.2. 


; 5.3 �� DG �
,��S Koszul ���:; DG �
, W\[�* A V76; 5.3.

2 DG ]^ Ext _ Castelnuovo–Mumford `a
�Æ[]^ DG �� Ext & Castelnuovo–Mumford \T. � [9] 6NBJJ� DG ��C

_�\`. ,�[ZX3�Y:, [Z[;"]^� [9] ��	\93.

Zb 2.1 [9] ��' M ∈ D(A), �+ M � Ext- \T

Ext.regM = − inf{i |Hi(RHomA(M,�)) �= 0},
�< M ∈ D(Aop) �7T, +$�!"�+. \' Ext.reg(0) = −∞.

- A ���:;���� DG �
?, A� & �A =�()�. 
 K & L 
%� A� & �A

�9/8V �%, �� D(A) �, 〈K〉 = 〈A�〉 $ 〈L〉 = 〈�A〉. �C]7T&, � [9, Setup 4.1]

�:.
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� D(A)�, a� N = 〈A�〉⊥ = 〈AK〉⊥, B�+ torsion & complete DG �� Dtors(A) =
⊥N , Dcomp(A) = N ⊥, �+5

Dtors(A) = 〈A�〉 = 〈AK〉.

 E = HomA(K,K) � K �V�^ DG �
. DG � K �_�9! A,EK, 
 K∗ =

HomA(K,A) �_�9! K∗
A,E . �+(S
T (−) = −L⊗EK,

R(−) = HomA(K,−) 
 K∗ L⊗A−,
C(−) = RHomE op(K∗,−)

+5 D(E op) & D(A) b�_`(S� (T,R) & (R,C). C��&��b�cd`e

Dcomp(A)
R ��

D(E op)
C

��
T ��

Dtors(A)
R

�� .


%", RC & RT `e< D(E op) ��a`(S, ,E��a�

Γ = TR, Λ = CR,

�+5 D(A) �V�^(S!�_`� (Γ,Λ) B,!T
Γ2 
 Γ, Λ2 
 Λ, ΓΛ 
 Γ, ΛΓ 
 Λ.

�&�%, C\(S�./(S�_`, 0��c_`(S�a_`(S�Z
Dcomp(A)

inc ��
D(A)

Λ
��

Γ ��
Dtors(A)

inc
�� .

� F = K∗L ⊗E K $$ D = F∨ = Hom�(F,�), +� F & D 
%�_�9! AFA & ADA.

,)�+, �

Γ(−) = F L⊗A − $ Λ(−) = RHomA(F,−).

Zb 2.2 (�� [9, �+ 5.1]) � M ∈ D(A), M � Castelnuovo–Mumford \T�

CMregM = sup{i |Hi(Γ(M)) �= 0}.
\': CMreg(0) = −∞.

d[ 2.3 (�� [9, 5> 5.6]) 
 A �	��:;���� DG �
, � M � D+(A) ��

	��*, ��

(1) CMregM �= −∞.

(2) Ext.regM ≤ CMregM + Ext.reg�.

(3) CMregM ≤ Ext.regM + CMregA.

d[ 2.4 (�� [9, (5.3) P]) 
 A ���:;���� DG �
, B, H(A) ��1X�

OYT�>

��
, �� Dfg(A) ���'Sf�* M , � −∞ < CMregM < +∞.

d[ 2.5 (�� [9, �* 5.7]) �
 A �$��:;���� DG �
B, H(A) ��1

X�OYT�>

��
, �� Dfg(A) ��	�Sf�* M , $&93�::

(1) � Ext.reg� <∞, � Ext.regM <∞.

(2) � A � Koszul DG �
B,C� t, <5 CMregM ≤ t, � M≥t �	� Koszul DG �.
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3 Æef DG ]^ DG ef class

�g3�, bc class 76b`Sh'�U];H�i�Ucdb. Carlsson �� [3] �6N

�
��PP7��+
� DG �� “V class” ��+. Avramov, Buchweitz & Iyengar �

� [1] �6N�je7��d
��V class, =4 class &1Æ class `@\`. U$��eY

Q, ��f	W��� [17] ��+�8V �� DG V class.

Zb 3.1 [17] 
�8V DG A- � F �	�8V i
0 = F (−1) ⊆ F (0) ⊆ · · · ⊆ F (n) ⊆ · · · .

�� F (i − 1) �= F ?, �: F (i− 1) �= F (i), ∀ i ≥ 0, � W8V i�fgh�-X�. �<

F �	�fg-X�8V i
0 = F (−1) ⊆ F (0) ⊆ · · · ⊆ F (n) ⊆ · · · .

��C�U� n, <5 F (n) = F B, F (n− 1) �= F , � Wfg-X�8V idb� n. �

�Cg�A
 n @C�, � Wfg-X�8V idb� +∞.

Zb 3.2 [17] 
 F �	8V DG A- �, �+ F � DG V class �

inf{n ∈ N ∪ {0} |F �	�fgi-�db� n �8V i}.
�� DGfree classAF .

Zb 3.3 [17] DG A- � M �gdb�+�
clAM = inf{DGfree classAF |F �→M � M�	�8V �%}.

DG A- ��gdbC	@\`� DG ���
��9:;&W7�!<Kj��73��
�=4"
 (�� [17]).

h 3.4 \' clAM +a� +∞. N�$ W\`� “gdb” �,�8V DG A- �+

 DG V A- ��3g!52456 (�� [17, 6* 4.1]), B,�' DG A- �=�8V �
%. ��'�() DG A- � M , M ���8V ��9/8V �% FM .  �+��

DGfree classAFM <∞,

D
 clAM <∞.

 � [15, 5> 2.4], Dfg(A) ���	�* M C�9/8V �% FM . 	�VD�R>�:

�G clAM = DGfree.classAFM?  �* 4.1 ��=+�C�R>S6h��R> A kli�.

mk�, - A �	���:;����� DG �
B, H(A) �>

��
?, �

clAM = DGfree.classAFM , ∀M ∈ Dfg(A),

�+5 Dfg(A) = Dc(A). - M �	�9/ Eilenberg–Moore �%?,  � [17, 5> 3.6] +5

clAM = DGfree.classAFM . �<	?7T, QQlnm�=. on�E, �3�=�* A & B,

���JJR> A �3o�a5�	\pM. ��]�C_��*��=, lY:i	\jp.

d[ 3.5 (�� [2, f 12 Æ, �* 3.2]) 
 F ����&&�8V DG A- �, �C� F

�	�9/8V �% G &	� 0 q� DG A- � Q, <5� DG A- ��! F ∼= G⊕Q.

d[ 3.6 (�� [2, f 8 Æ, ?3 4.3]) 
 f : F → F ′ �8V DG A- �b�	� DG �

�^, � f �	�c�!-,-- f �	�q`e.
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kG 3.7 
 A �	��� DG �
B,!T clAeA < +∞, ���' DG A- � M , �

clAM ≤ clAeA < +∞. 
,, - A ��:;, M � D+(A) ��	��*?, M C�	�&�

&�8V �% F , <5 inf{i |F i �= 0} = inf{i |Hi(M) �= 0} B,
DGfree classAF ≤ DGfree classAeP,

0� P � AeA �	�9/8V �%.

lm 
 clAeA = n.  gdb��+, DG Ae- � A �	�8V �% X, <5

DGfree classAeX = n.

C�= X �	�fgi-�8V i
0 ⊂ X(0) ⊂ X(1) ⊂ · · · ⊂ X(n) = X,

0� X(0) = Ae ⊗ V (0) B,"� X(i)/X(i− 1) ∼= Ae ⊗ V (i) � DG V Ae- �. 


Ei = {eij | j ∈ Ii}, i ≥ 0,

� V (i)�	n�. ��' i ≥ 1,�+ fi : Ae⊗Σ−1V (i) → X(i−1),<5 fi(Σ−1eij ) = ∂X(i)(eij ).

 � [17, 6* 4.1], X(i) ∼= cone(fi), i = 1, 2, . . . , n.

��' DG A- � M , 
 �M : FM →M � M �	�8V �%. W� DG A- �,

X(i) ⊗A FM ∼= cone(fi ⊗A idFM ),

i = 1, 2, . . . , n. ,� Ae ⊗A FM ∼= A⊗ FM , �

(Ae ⊗ V (i)) ⊗A FM ∼= A⊗ V (i) ⊗ FM , i = 0, 1, . . . , n.

ZaSV {m} ⊆ FM , <5�	 m � cocycle �B, {�m�} � �- j`rb H(FM ) �	n�.

�+ DG �^

φi : A⊗ V (i) ⊗H(FM ) → A⊗ V (i) ⊗ FM ,

<5 φi(a⊗ v ⊗ �m�) = a⊗ v ⊗m, ��' a ∈ A, v ∈ V (i) $$ �m�. ���� φi �c�!.

s&6, qt"�= clA(X(i) ⊗A FM ) ≤ i, i = 0, 1, . . . , n. ,�

φ0 : A⊗ V (0) ⊗H(FM ) → X(0) ⊗A FM
�	c�!, � clA(X(0) ⊗A FM ) = 0. qt�


clA(X(l) ⊗A FM ) ≤ l, l ≥ 0.

Y� clA(X(l + 1) ⊗A FM ) ≤ l + 1. ,� clA(X(l) ⊗A FM ) ≤ l, �$C�8V �%
ϕl : Fl

�→ X(l) ⊗A FM ,
<5 DGfree classAFl ≤ l. ,� A⊗ Σ−1V (l + 1) ⊗H(FM ) �8V �, �$C� DG ��^

ψl : A⊗ Σ−1V (l + 1) ⊗H(FM ) → Fl,

<5 ϕl ◦ ψl ∼ (fl ⊗A idFM ) ◦ Σ−1(φl+1).

�rsL�, � Q(l + 1) = A⊗ V (l + 1) $$ K(l + 1) = Ae ⊗ V (l + 1). � D(A) �, C�

�^

hl+1 : cone(ψl) → X(l + 1) ⊗A FM ,
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<5&k

Σ−1Q(l+1)⊗H(FM )
ψl ��

Σ−1(φl+1)

��

Fl

ϕl

��

τl �� cone(ψl)

∃hl+1

��

εl �� Q(l+1)⊗�H(FM )

φl+1

��
Σ−1K(l+1)⊗AFM −−−−−fl⊗AidFM �� X(l) ⊗A FM ιl �� X(l + 1) ⊗A FM πl �� K(l + 1) ⊗A FM

je.  6* 3.5, hl+1 D(A) ��	��!. C�=C�c�! g : Y → cone(ψl) $$

t : Y → X(l + 1) ⊗A FM ,
0� Y �U� DG A- �. ,E

clA(X(l + 1) ⊗A FM ) = clAY = clAcone(ψl) ≤ l + 1.

Cg, uqt"�=� clA(X ⊗A FM ) ≤ n. ,� FM 
 X ⊗A FM , D
 clAM ≤ n.

&Z, �
 A ��:;B, M ���&&. 
 α : P → AeA �	9/8V �%B,
b = inf{i |Hi(M) �= 0}.  � [15, 5> 2.4], � inf{i |P i �= 0} = 0B,+�
�Zl6� �M �

M �	�9/8V �%. ,� AeA �()�, P �	���8V �. �$ DGfree classAeP

��. 
 DGfree classAeP = t, � P �	�fgh�i-�8V i
0 ⊂ P (0) ⊂ P (1) ⊂ · · · ⊂ P (t) = P,

0� P (0) = Ae ⊗W (0), B,"� P (i)/P (i − 1) ∼= Ae ⊗W (i), i ≥ 1, � DG V Ae- �. 


Λi = {λij | j ∈ Ji}, i ≥ 0, W (i) �	n�. ��' i ≥ 1, �+ gi : Ae ⊗� Σ−1W (i) → P (i− 1),

<5 gi(Σ−1λij ) = ∂P (i)(λij ).  � [17, 6* 4.1] +. P (i) ∼= cone(gi), i = 1, 2, . . . , t. W� DG

A- �,

P (i) ⊗A FM ∼= cone(gi ⊗A idFM ), i = 1, 2, . . . , t.

�+	� DG ��^

ηi : A⊗W (i) ⊗H(FM ) → A⊗W (i) ⊗ FM ,

<5 ηi(a⊗ v ⊗ �m�) = a⊗ v ⊗m, ��'� a ∈ A, v ∈ V (i) $$ �m�. ���� ηi �	�c

�!. ,� P (0) ⊗A FM = A⊗W (i) ⊗ FM B, η0 : A⊗W (0) ⊗H(FM ) → A⊗W (0) ⊗ FM �

	8V �%, �$

DGfree classAA⊗W (0) ⊗H(FM ) = 0.


 G0 = A⊗W (0)⊗H(FM ),� inf{j |Gi0 �= 0} = b. qt�
 P (i)⊗AFM �	�8V �% ωi :

Gi → P (i)⊗A FM , 0� b = inf{j |Gji �= 0} B,- i ≤ r < t ?, DGfree classAGi ≤ i. Y:�=

P (r+1)⊗A FM �	�8V �% Gr+1, <5 b = inf{j |Gjr+1 �= 0}B, DGfree classAGr+1 ≤
r + 1. ,� A⊗ Σ−1W (r + 1) ⊗H(FM ) �8V DG A- �, C�	� DG ��^

βr : A⊗ Σ−1W (r + 1) ⊗H(FM ) → Gr,

<5 ωr ◦βr ∼ (gr⊗A idFM )◦Σ−1(ηr+1). 
 R(l+1) = A⊗W (l+1) , T (l+1) = Ae⊗W (l+1).

� D(A) �, C�	� DG ��^

θr+1 : cone(βr) → P (r + 1) ⊗A FM ,
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<5&k

Σ−1R(r+1)⊗H(FM )
βr ��

Σ−1(ηr+1)

��

Gr

ωr

��

νr �� cone(βr)

∃θr+1

��

γr ��R(r+1) ⊗H(FM )

ηr+1

��
Σ−1T (r+1)⊗AFM −−−−−−gr⊗AidFM �� P (r) ⊗A FM ιr �� P (r + 1) ⊗A FM πr �� T (r + 1) ⊗A FM

je.  6* 3.5, θr+1 D(A) �	��!. C�=C�c�! ρ : Z → cone(βr) &

χ : Z → P (r + 1) ⊗A FM ,
0� Z �U� DG A- �. ���� inf{i | cone(βr)i �= 0} = b. �$ Z ∈ D+(A) B, � [15,

5> 2.6] +. Z �	�9/8V �% ξ : FZ → Z. ,� ρ ◦ ξ : FZ → cone(βr) �8V DG

�b�	�c�!,  6* 3.6 +. ρ ◦ ξ �	�q`e. 
 σ : cone(βr) → FZ �0�qd, �

χ ◦ ξ ◦ σ : cone(βr) → P (r + 1) ⊗A FM
�	c�!B,� P (r + 1) ⊗A FM �	�8V �%. v Gr+1 = cone(βr). ,� qt�


DGfree classAGr ≤ r, � DGfree classAGr+1 ≤ r+ 1.  $�qt+., P (t)⊗A FM �	�8V
 �%

θt : F = Gt → P (t) ⊗A FM ,
<5 inf{i |F i �= 0} = b B, DGfree classAF ≤ t. ,�m4t�

P (t) ⊗A FM
α⊗idFM−−−−−−−→ AeA⊗A FM

�M−→M

�	c�!, �$ F � M �	�8V �%. �u.

kG 3.8 
 A ���:;���� DG �
, ��' Koszul DG � M =C�	�8V
 �% FM , <5

DGfree classAFM ≤ DGfree classAeP <∞,

0� P � AeA �	�9/8V �%.

lm  5> 3.7, M �	�&�&�8V �% F , <5

inf{i |F i �= 0} = inf{i |Hi(M) �= 0} = b

B,

DGfree classAF ≤ DGfree classAeP <∞,

0� P � AeA �	�9/8V �%.  5> 3.7 ��=+. F 	?@�9/�.  K.BA

M � Koszul DG �, �$ M �	�8V �V�<�
 b �9/8V �% FM . 6* 3.5,

F ∼= FM ⊕ Q, 0� Q � 0- q� DG A- �. 
 L = FM ⊕ Q B, DGfree classAF = t, �

DGfree classAL = t B, inf{i |Li �= 0} = b, �$ L �	�8V i
0 = L(−1) ⊂ L(0) ⊂ L(1) ⊂ · · · ⊂ L(t) = L,

� L �	n8V � E =
⊔t
i=0Ei, <5 ∂L(Ei) ⊆ A(

⊔i−1
j=0Ej) ��' i ∈ {1, 2, . . . , t}. 


Ei = {eλ |λ ∈ Ii}, Vi =
⊕
e∈Ei

ke $ V =
t⊕
i=0

Vi,
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� L# = A# ⊗ V . ,� L# = F#
M ⊕Q# 	&�&�
� A#- �, Q# �&�&�
�=4 A#-

�. �$ Q# �
�V A#- �. +�
 F#
M = A# ⊗W B, Q# = A# ⊗ U , �

A# ⊗ V = (A# ⊗W ) ⊕ (A# ⊗ U).

�3RS�
, � V b = W ⊕ U b. 
 V bi = V b ∩ Vi, i = 0, 1, . . . , t, �
t⋃
i=0

V bi =
t⋃
i=0

(V b ∩ Vi) = V b ∩
( t⋃
i=0

Vi

)
= V b.


 Ibi ⊂ Ii, <5 Ebi = {eλ |λ ∈ Ibi } � V bi �	n�. ��' λ ∈ Ibi , C� ωλ ∈ W & uλ ∈ U b,

<5 eλ = ωλ + uλ. D
��' λ ∈ Ibi , � ∂L(eλ) ∈ L(i− 1)b+1, B,

∂FM (ωλ) + ∂Q(uλ) = ∂L(eλ) =
i−1∑
j=0

∑
λ∈Ib

j

aλeλ + χλ

=
i−1∑
j=0

∑
λ∈Ib

j

aλωλ +
i−1∑
j=0

∑
λ∈Ib

j

aλuλ + χλ,

0� aλ ∈ A 1 B, χλ ∈ (A # ⊗ V ≥b+1) ∩ L(i− 1)b+1. ,� W V�<�
 b, �$ χλ ∈ Q. v

∂FM (ωλ) =
i−1∑
j=0

∑
λ∈Ib

j

aλωλ (3.1)

B,
∂Q(uλ) =

i−1∑
j=0

∑
λ∈Ib

j

aλuλ + χλ.



W≤j =

j∑
i=0

∑
λ∈Ib

i

�ωλ, j = 0, 1, . . . , t.

 (3.1), "� A⊗W≤j =� FM � DG S�B,
0 ⊆ A⊗W0 ⊆ A⊗W≤1 ⊆ · · · ⊆ A⊗W≤t = FM

� FM �	�8V i. ,E

DGfree.classAFM ≤ t.

�u.

4 opqrst
�Æ]�n:93. V75> 3.8, �=&Z��*B#
"wxR> A.

Z[ 4.1 
 A ���:;���� DG �
, H(A) �>

��
, � Dfg(A) ���

	 Koszul DG �=�()�.

lm  5> 3.8, M �	�9/8V �% FM , <5

DGfree classAFM ≤ DGfree classAeP <∞,

0� P � AeA �	�9/8V �%. 
 DGfree classAFM = t, �C� FM �	�8V i
0 = FM (−1) ⊂ FM (0) ⊂ FM (1) ⊂ · · · ⊂ FM (t) = FM .
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"� FM (i)/FM (i− 1) = A⊗Wi =�	n cocycle �V ��� DG V A- �, i = 0, 1, . . . , t.

Y:�="� Wi =���"j`rb. 
 {ei,j | j ∈ Ii} � Wi �	n�, i = 0, 1, . . . , t. 


ι0 : FM (0) → FM

�./m4. ,� imH(ι0)� H(FM )�	�
� H(A)-S�B, H(A) �>

��
, �$

imH(ι0) ∼= H(FM (0))
kerH(ι0)

o����� H(A)- �. 


imH(ι0) = H(A)f0,1 +H(A)f0,2 + · · · +H(A)f0,n.

,� H(FM (0)) ∼= ⊕
j∈I0H(A)e0,j�V 
�H(A)-�,C� I0���SV J0 = {i1, i2, . . . , il},

<5

f0,s =
l∑
t=1

aste0,it , s = 1, 2, . . . , n,

0�"� ast ∈ H(A). � V (0)�@�"�,� I0 & I0 \J0 =�@�V. ,E,��' j ∈ I0\J0,

� e0,j ∈ kerH(ι0). ,�� H(FM ) � [ι0(e0,j)] = [e0,j ] = 0, C� x0,j ∈ FM , <5 ∂FM (x0,j) =

e0,j . CS FM �9/;wy. ,E W0 ���"�B, FM (0) ∈ Dfg(A).

qt�
K� W0, . . . ,Wi−1 ���"�, ��' FM (j)/FM (j − 1) (j = 0, 1, . . . , i − 1) �

Dfg(A) ��	��*, B,�3&Z�cItx

0 −→ FM (j − 1) −→ FM (j) −→ FM (j)/FM (j − 1) −→ 0, j = 1, . . . , i− 1

\qt"�="� FM (j) (j = 0, 1, . . . , i− 1) =� Dfg(A) ���*.

�!",  cItx

0 −→ FM (i− 1) −→ FM −→ FM/FM (i− 1) −→ 0,

o+�= FM/FM (i − 1) o� Dfg(A) ���*. $	rZ, �� FM/FM (i − 1) o�9/8V
 DG A- �B,0�	�8V i

FM (i)/FM (i− 1) ⊆ FM (i+ 1)/FM (i− 1) ⊆ · · · ⊆ FM (n)/FM (i− 1) = FM/FM (i− 1).


 ιi : FM (i)/FM (i − 1) → FM/FM (i − 1) �./m4. ,� imH(ιi) � H(FM/FM (i − 1)) �

	�
� H(A)- S�B, H(A) �>

��
,

imH(ιi) ∼= H(FM (i)/FM (i− 1))
kerH(ιi)

o�	����� H(A)- �. 
 imH(ιi) = H(A)fi,1 +H(A)fi,2 + · · · +H(A)fi,m. ,�

H(FM (i)/FM (i− 1)) ∼=
⊕
j∈Ii

H(A)ei,j

�	
�V H(A)- �, C� Ii �	���SV Ji = {s1, s2, . . . , sr}, <5

fi,l =
r∑
t=1

al,tei,st , l = 1, 2, . . . ,m,

0�"� alt ∈ H(A). � Wi �	@�"rb, � Ii & Ii \ Ji =�@�V. ,E��'�

j ∈ Ii \ Ji, � ei,j ∈ kerH(ιi). ,�� H(FM/FM (i − 1)) � [ιi(ei,j)] = [ei,j ] = 0, C�

xi,j ∈ FM/FM (i− 1), <5 ∂FM (xi,j) = ei,j . CS FM �9/;wy. ,E Wi "
��.
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Cg, uqt"�=�"� Wi (i = 0, 1, . . . , n) =���"�. �$ FM �	n��8V 
�, D
 M �()�. �u.

,�QQ� Dfg(A) �� DG �X� Koszul BA, �$5> 4.1 W�#
"�T�6h�

�R> A. U� [9, �* 5.7] YQ, [ Koszul BAX6��:; DG �
�. - DG �
 A

� Koszul ��:; DG �
B, H(A) �'�1X�OYT�>

��
?, QQpq�=

Dfg(A) = Dc(A). �E, r�=&Z�6*&5>.

d[ 4.2 
 A �	���� DG �
, �
 F� � �A �	�9/8V �%. � M �

&�&� DG A- �, <5 F� ⊗AM ���f, � M ����f� DG �.

lm � M @����f� DG �, �C� b ∈ Z, <5 b = inf{i |Hi(M) �= 0}.  � [15,

5> 2.4], M �	�9/8V �% FM , <5

F#
M

∼=
∐
i≥b

Σ−i(A#)(Λ
i),

CV"� Λi �	szV. D


H(F� ⊗AM) = H(�L⊗AM) = H(�⊗A FM ) =
∐
i≥b

Σ−i(�)(Λ
i) �= 0.

CSK.BA F� ⊗AM ���fwy. ,E M ����f� DG �. �u.

kG 4.3 
 A � Koszul, ��:;���� DG �
B, H(A) ��1X�OYT�>



��
, � Dfg(A) ���'Sf�*=�() DG �.

lm ,� A � Dfg(A) ��Sf�*,  6* 2.4 +. −∞ < CMregA <∞. ��'�S

f�* M ∈ Dfg(A),  6* 2.3 �

CMregM ≤ Ext.regM + CMregA.

 �
 A � Koszul DG �
, � Ext.regA� = 0 < ∞ B, 6* 2.5 +. Ext.regM < ∞. ,

E CMregM ��B,C�U� t, <5 CMregM ≤ t.  6* 2.5, M≥t � Koszul DG �.

��' i ∈ Z, �- j`rb M i +
��

Bi ⊕Hi ⊕ Ci & Bi ⊕Hi = Ker ∂iM , Ci
∼=→ Bi+1 = Im ∂iM

B, Hi ∼= Hi(M). 56 M �	� DG A- S�
τ≥iM : · · · → 0 → Hi ⊕ Ci

∂i
M−−→M i+1

∂i+1
M−−−→M i+2

∂i+2
M−−−→ · · · ,

�

Hj(τ≥iM) =

{
0, j < i

Hj(M), j ≥ i.

,E H(τ≥uM) � H(M) �	�
� H(A)- S�. ,� M ∈ Dfg(A) B, H(A) �>

��


, H(τ≥uM) �����
� H(A)- �. �$ τ≥iM ∈ Dfg(A). 
 b = inf{i |Hi(M) �= 0}. s
&6, :�=C� i ≥ b, <5 τ≥iM �	���f� DG A- �{�() DG A- �.

� Ht(M≥t) = 0, �C� u > t, <5 M≥t �	�9/8V �% G, B, G �	n8V
 �V�<�
 u, �

τ≥uM : · · · → 0 → Hu ⊕ Cu
∂u

M−−→Mu+1
∂u+1

M−−−→Mu+2
∂u+2

M−−−→ · · ·
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c�!< M≥t. �$ τ≥uM o� Koszul DG A- �, B, 5> 4.1 +5 τ≥uM �() DG �.

� Ht(M≥t) = ker(∂tM ) �= 0, � M≥t �	8V �V��
 t �9/8V �% FM≥t , �

&Z�cItx

0 → τ≥tM ι→M≥t π→ Σ−tBt → 0. (4.1)


 F� � �A �9/8V �%, ,� A � Koszul DG �
, F� �	n8V �V�<�
 0.

[(S F�⊗A- W7< (4.1) ]�	�t�cItx

0 → F� ⊗A τ≥tM
F�⊗Aι−−−−−→ F� ⊗AM≥t F�⊗Aπ−−−−−−→ F� ⊗A Σ−tBt → 0.

 E+$u��	���dItx

· · · δi−1

−−−→ Hi(F� ⊗A τ≥tM)
Hi(F�⊗Aι)−−−−−−−−−→ Hi(F� ⊗AM≥t)

Hi(F�⊗Aπ)
−−−−−−−−−−−−→

Hi(F� ⊗A Σ−tBt)
δi

−→ Hi+1(F� ⊗A τ≥tM)
Hi+1(F�⊗Aι)−−−−−−−−−−−−→ · · · .

 F� & FM≥t �9/;, �

H(F� ⊗AM≥t) = H(�L⊗AM≥t) = H(�⊗AFM≥t) = �⊗A FM≥t

B,

H(F� ⊗A Σ−tBt) = Σ−t(F� ⊗A Bt).
,E, - i �= t ?, Hi(F� ⊗AM≥t) = 0 B, Hi(F� ⊗A Σ−tBt) = 0.  �s�^��+, ���

� δt = 0. ,E Hi(F� ⊗A τ≥tM) = 0, ��' i �= t. � Ht(F� ⊗A τ≥tM) = 0, � F� ⊗A τ≥tM
���fB,,E 6* 4.2 +. τ≥tM ����f� DG A- �. �$ τ≥tM � DC(A) ��

f�*. � Ht(F� ⊗A τ≥tM) �= 0, �

H(�L⊗Aτ≥tM) = H(F� ⊗A τ≥tM)

V�<�
 t. ,E τ≥tM � Koszul DG A- �.  5> 4.1 +. τ≥tM �() DG A- �.

Cg, QQu�=C�U� i ≥ b, <5 τ≥iM ����f� DG A- �{�() DG A- �.

$	rZ, DG A- h� M/τ≥iM �

· · ·
∂i−3

M−−−→M i−2
∂i−2

M−−−→M i−1
∂i−1

M−−−→ Bi → 0.

�$�

Hj(M/τ≥iM) =

⎧⎪⎪⎨
⎪⎪⎩

0, if j < b,

Hj(M), if b ≤ j ≤ i− 1,

0, if j ≥ i.

,� M � Df (A) ��	��*, B, H(A) �>
��
��
, �

dim�H
j(M) <∞.

,E M/τ≥iM � Db
lf(A) ��	��*.  � [16, 5> 7.3], M/τ≥iM �() DG A- �.  c

Itx

0 → τ≥iM →M →M/τ≥iM → 0

+. M �	�() DG A- �. �u.
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U[	Æ��; 5.1 &� [16, ; 3.12] =�= H(A) �'���A%"
�c>

��

C�BA:| A ���:; DG �
C�BA:yF�. 	�VD�R>�: � A ���:

; DG �
�BA&, �Gz� Dfg(A) = Dc(A) �:? QQ�&Z��*.

Z[ 4.4 � A � Koszul ���� DG �
B, H(A) ��1X�OYT�>

��


. � A ���:; DG �
-,-- Dc(A) = Dfg(A).

lm vD, A� � Dfg(A) ��	��*. ,E, - Dc(A) = Dfg(A) ?, A ���:; DG

�
. >N, � A ���:; DG �
, � 5> 4.3 +. Dfg(A) ��	�*=�()�. $	

rZ, �'() DG A- � M �	���8V ��9/8V �% FM . �$ FM �	�8V
 i

0 = FM (−1) ⊂ FM (0) ⊂ FM (1) ⊂ · · · ⊂ FM (t) = FM ,

0�"� FM (i)/FM (i − 1) = A ⊗ Vi �	� DG V A- �, B, dim� Vi < ∞. QQ�	�

DG A- ��cItx

0 → FM (i− 1) → FM (i) → FM (i)/FM (i− 1) → 0, i = 1, 2, . . . , t. (4.2)

 (4.2),+$qt"�="� FM (i)=� Dfg(A)��	��*. ,EM ∈ Dfg(A)B,Dc(A) =

Dfg(A). �u.

5 uvwx
�
 A ����� DG �
B, H(A) �c>

��
.  Eilenberg–Moore �%�C

�;, � gl.dimH(A) < ∞ � Dfg(A) ���'�*=�()�. 	�VD�R>�: >36, 9

3�Gz�:? �Æ, []�	\>;8=	?78&93@�.

y 5.1 
 A ����� DG �
, <5

A# = k〈x, y〉/(xy + yx),

0� |x| = |y| = 1 B,0d
 ∂A �+� ∂A(x) = y2 $$ ∂A(y) = 0.

 � [16, ; 3.12], A � Koszul, ��:; DG �
B,

H(A) ∼= k[�x�2, �y�]/(�y�2).
,�H(A)�>
Gorenstein
��
, H(A)�1X�OYT. �* 4.4+5 Dfg(A) = Dc(A)

A gl.dimH(A) = +∞.

y 5.2 
 A ����� DG �
, <5

A# = �〈x, y〉
/(

x2y − (ξ − 1)xyx− ξyx2

xy2 − (ξ − 1)yxy − ξy2x

)

� 1 ��w x, y ���
� down-up �
, B,0d
 ∂A �+� ∂A(x) = y2 $ ∂A(y) = 0,

0� ξ �a��	� 3 ��xhy,.

 � [14, 5> 6.1], A � Koszul Calabi–Yau DG �
. ,E A � Koszul ��:; DG �


, z � [14, 5> 5.5] +.

H(A) =
�〈�xy + yx�, �y�〉(

ξ�y��xy + yx� − �xy + yx��y�
�y2�

) .
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�$ H(A) >
 Gorenstein 
��
, D
 H(A) �1X�OYT.  �* 4.4 5 Dfg(A) =

Dc(A) A gl.dimH(A) = +∞.

y 5.3 
 A ����� DG �
, <5

A# = �〈x, y〉
/(

x2y − yx2

xy2 − y2x

)

� 1 ��w x, y ���
� down-up �
, B,0d
 ∂A �+� ∂A(x) = y2 , ∂A(y) = 0.

 � [14, 5> 6.9], A � non-Koszul Calabi–Yau DG �
. ,E A �	��:; DG �


. z � [14, 5> 5.7] +.

H(A) = �[�x2�, �y�, �xy + yx�]/(�y�2).
�$ H(A) �>

� Gorenstein �
, D
 H(A) ��1X�OYT.  �* 4.1, Dfg(A) �

��' Koszul DG �=�()�. on�E, - A @� Koszul DG �
?, �G�: Dfg(A) =

Dc(A) z�	�}{R>.

z{ ~{|�C}||}��, B]~�~�'�&��.
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