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where f is C1, superlinear and subcritical nonlinearity, V is bounded positive potential.
By using the method of perturbation, we prove the system has non-trivial solutions,
positive solutions, negative solutions and sign-changing solutions.

Keywords Schrödinger–Poisson system; sign-changing solutions; the method of per-
turbation
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1 cd
������� Schrödinger–Poisson ��{

−Δu+ V (x)u+ φu− 1
2
Δ(u2)u = f(x, u), x ∈ R

3,

−Δφ = u2, x ∈ R
3.

(1.1)

������������ [5, 6]. Feng � Zhang [8] ������ (1.1). ��������
−1

2Δ(u2)u, �� (1.1) ��{ −Δu+ V (x)u+ φu = f(x, u), x ∈ R
3,

−Δφ = u2, x ∈ R
3.

(1.2)

��������� (1.2) ���, �Æ�������� ���!� [1, 7, 20, 21, 25]. "�, �
���� �#����� $ (�� [10, 11, 17, 22]). �� (1.1) �� (u, φ), �! u ��%"
 !���. #&�� (1.2), $ V (x) ≡ 1, f(x, u) = |u|p−1u,  ! p ∈ [3, 5), Ianni [10] '"�

#(#"����� �. "�, $ f(x, u) = |u|p−2u, p ∈ (4, 6) $, Wang � Zhou [22] %)��
Nehari &*

M = {u ∈ HV (R3) : u± �≡ 0, 〈I ′(u), u+〉 = 〈I ′(u), u−〉 = 0}
'"��� (1.2) � "+'(���. ,) M *-.++/, %!,),- HV (R3) :=

{u ∈ D1,2(R3) :
∫

R3 V (x)u2dx} ↪→ Lq(R3) (2 ≤ q < 6)!.�. Shuai�Wang [19] %)&��',

0(�)�, *�#��*�/0� [22] �1!1+,2-����. Liu, Wang � Zhang [17]

%)�2&.������� (1.2) � 33����. $4����� Schrödinger ��
−Δu+ V (x)u− 1

2
Δ(u2)u = f(x, u), x ∈ R

3 (1.3)

�/4 $ [12, 14, 15, 23].  � [12, 24] !, 5�%)50�'11�2&.��62�����
� ���6�.  &�2&.���� [2, 3, 9, 16].

3����� (1.1) �74�, ��, 5�, ����� �. 87)89, 9���:���
� (1.1) ����. ��6;7)�1!, <��,-:

(V) V ∈ C(R3,R) ∩ L∞(R3,R), 7: infx∈R3 V (x) ≥ a0 > 0.

(f1) f(x, u) ∈ C1(R3 × R,R).

(f2) limu→0
f(x,u)

u = 0  & x ∈ R
3 2=8;.

(f3) � 4 < p < 22∗ = 12, %2 |f(x, u)| ≤ c0(|u| + |u|p−1), ∀u ∈ R.

(f4) � α > 4, r > 0, %2 c(r) := infx∈R3, |u|=r F (x, u) > 0, 7: αF (x, u) ≤ f(x, u)u,

∀x ∈ R
3, |u| ≥ r,  ! F (x, u) =

∫ u

0
f(x, t)dt.
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(f5) >B x ∈ R
3, f(x,u)

|u|3  & u ∈ R \ {0} DCDE.

ef 1.1 �! (V) � (f1)–(f4) 8;, %�� (1.1) F?� 2E�74� (!F��.@
)), 2E��, 2E5�.

ef 1.2 �! (V) � (f1)–(f4) : (f5) 8;, %�� (1.1) � 2E���.

G9������ �1! (�Schrödinger–Poisson��,�� [22,)� 1.1], [19,)� 1.1]

� [17, )� 1.1]; �����, �� [24, )� 1.3] � [12, )� 1.1]), .'HAI),�� (1.1).

)�G'���� (1.1) �BECJ��DE. H2, K&IL������ −1
2Δ(u2)u,  J=

FKG$�(�HI%2'(L(M& C1 J. HM, ILN1�KN� φu, OELPO�2&
.��. �M�! −1

2Δ(u2)u � φu P$IL, 3�"Q�Q'!Q)�2&.��, %NR�.

�OSRSDE, 7)11� [19] � [24] BP�:�Q'.

2 ghÆijikilmno
3QT!R� (V) � (f1)–(f4) 8;. U9�� (1.1) VI�'(L(�
I(u) =

1
2

∫
R3

(|∇u|2 + V (x)u2)dx+
1
2

∫
R3
u2|∇u|2dx+

1
4

∫
R3
φuu

2dx−
∫

R3
F (x, u)dx.

)W50L(
Iμ(u) :=

μ

4

∫
R3

(|∇u|4 + u4)dx+
μ

2

∫
R3
W (x)u2dx+ I(u),

 ! μ ∈ (0, 1), W (x) SX:

(W) W (x) ∈ L1
loc(R

3), W (x) ≥ 0, lim|x|→∞W (x) = ∞.

- E := W 1,4(R3) ∩H1
W (R3),  T�

‖u‖ = ‖u‖W 1,4 + ‖u‖H1
W

=
( ∫

R3
(|∇u|4 + u4)dx

) 1
4

+
( ∫

R3
(|∇u|2 +W (x)u2)dx

) 1
2

.

pf 2.1 U) μ ∈ (0, 1), Iμ ∈ C1(E,R), 7: Iμ T�UVWV1P.

qr Iμ ∈ C1(E,R) !WY�. �XZ'

(1) � α, ρ > 0, %2 Iμ(v) ≥ α, ∀ ‖v‖ = ρ;

(2) � w ∈ E \Bρ(0), %2 Iμ(w) < 0.

YZ*, X8 (f1)–(f3), ∀ ε > 0, � C(ε) > 0, %2
|F (x, u)| ≤ ε|u|2 + C(ε)|u|p, ∀ (x, u) ∈ R

3 × R

# ε YG+, K (V) [ Sobolev \])�9
Iμ(u) ≥ μ

2
‖u‖4

W 1,4 +
μ

2

∫
R3
W (x)u2dx+

1
2

∫
R3

(u2|∇u|2 + V (x)u2)dx

− ε

∫
R3

|u|2dx− C(ε)
∫

R3
|u|pdx

≥ C1‖u‖4
W 1,4 + C2‖u‖2

H1
W

− C3‖u‖p

≥ C4‖u‖4 − C3‖u‖p,

 !"Z2E.[^), ρ > 0 YG+, %2 ‖u‖H1
W

≤ 1. [\ ρ > 0 YG+, (1) \2'.

- γ(t) := F (x, t−1u)tα, ∀ t ∈ [1,+∞). #& |u| > r, t ∈ [1, |u|r ], K (f4) 2 γ′(t) ≤ 0. ]]
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γ(1) ≥ γ( |u|r ). ^_
F (x, u) ≥ F

(
x, r

u

|u|
)

≥ c0|u|α.

#& |u| ≤ r, X8 (f2) � (f3), �

F (x, u) ≥ −C|u|2.

[\ u ∈ C∞
0 (R3)\{0}, u ≥ 0, %

Iμ(tu) ≤ C1t
2 + C2t

4 − C3t
α t→∞−−−→ −∞. (2.1)

'`.

pf 2.2 U) μ ∈ (0, 1), Iμ SX (PS) ^_.

qr - {un} ⊂ E, %2 Iμ(un) �`7: I ′μ(un) → 0.

_`'" {un}  E !�`. K (f2), a 0 < ε0 <
1
4μ( 1

2 − 1
α ), � δ0 > 0 (δ0 < r,  ! r

ba& (f4)), %2 ∣∣∣∣ 1
α
f(x, u)u− F (x, u)

∣∣∣∣ ≤ ε0u
2, ∀ |u| ≤ δ0.

bK (f2), $ δ0 ≤ |u| ≤ r $, 2∣∣∣∣ 1
α
f(x, u)u− F (x, u)

∣∣∣∣ ≤ C(ε0)u2.

]], $ |u| ≤ r $,
∣∣ 1
αf(x, u)u − F (x, u)

∣∣ ≤ ε0u
2 + C(ε0)u2. K& lim|x|→∞W (x) = ∞, � 

ρ0 > 0, %2
1
4
μ

(
1
2
− 1
α

)
W (x) ≥ C(ε0), ∀ |x| ≥ ρ0.

]]
μ

(
1
2
− 1
α

) ∫
R3
W (x)u2

ndx+
∫
|un|≤r

(
1
α
f(x, u)u− F (x, u)

)
dx

≥ 1
4
μ

(
1
2
− 1
α

) ∫
R3
W (x)u2

ndx− C(ε0)r2|Bρ0 |.
K (f4) 2

C + on(1)‖un‖ ≥ Iμ(un) − 1
α
〈I ′μ(un), un〉

=
(

1
4
− 1
α

)
μ‖un‖4

W 1,4 +
(

1
2
− 1
α

)
μ

∫
R3
W (x)u2

ndx

+
(

1
2
− 1
α

) ∫
R3

(|∇un|2 + V (x)u2
n)dx+

(
1
2
− 1
α

) ∫
R3

|∇un|2u2
ndx

+
(

1
4
− 1
α

) ∫
R3
φunu

2
ndx+

∫
R3

(
1
α
f(x, un)un − F (x, un)

)
dx

≥
(

1
4
− 1
α

)
μ‖un‖4

W 1,4 +
(

1
2
− 1
α

) ∫
R3

|∇un|2dx

+
1
4
μ

(
1
2

+
1
α

)∫
R3
W (x)u2

ndx− C(ε0)r2|Bρ0 |.
Rca� {un}  E !�`. .b- E !, un ⇀ u.
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�X'" E !, un → u. $d, H1
W ↪→ Lq(R3) (2 ≤ q < 6) !.� (�� [4, H 3 Q] c

� [26, #� 3.4]). ]], Kdc.[^9,  Lq(R3) !, un → u,  ! 2 ≤ q < 12. Je&� [8,

#� 3.1],

on(1) = 〈I ′μ(un) − I ′μ(u), un − u〉
≥ Cμ

∫
R3

(|∇(un − u)|4 + (un − u)4)dx

+ μ

∫
R3
W (x)(un − u)2dx+

∫
R3

|∇(un − u)|2 + on(1),

"Z2E.[^f), Simon .[^.  ca E !, un → u. '`.

pf 2.3 � g μ3 ��d� C1, C2,%2 Iμ��74e`e uμSX C1≤Iμ(uμ)≤C2.

qr ]'"Je&� [24, #� 3.1]. #& ρ > 0, f

Σρ =
{
u ∈ E :

1
2

∫
R3

(|∇u|2 +
a0

2
u2 + |∇u|2u2)dx ≤ ρ2

}
,

 ! a0 ba (V). Kdc.[^9∫
R3
F (x, u) ≤ ε

∫
R3
u2dx+ C(ε)

∫
R3

|u|pdx

≤ ε

∫
R3
u2dx+ C(ε)

(∫
R3

|u|2dx
) pθ

2
( ∫

R3
|∇u|2u2dx

) p(1−θ)
4

.

]], [\ ε > 0 YG+, u ∈ ∂Σρ, 2
Iμ(u) ≥ 1

2

∫
R3

|∇u|2 + (V (x) − ε)u2 + |∇u|2u2 − C(ε)
∫

R3
|u|pdx

≥ ρ2

2
(1 − C′(ε0)ρ

p(θ+1)−4
2 ).

bg ρ > 0 YG+, % Iμ(u) ≥ 1
4ρ

2 := C1. a ϕ ∈ C∞
0 (R3), ϕ ≥ 0, T > 0, )W2^fV

h : [0, 1] → E, h(t) = tTϕ. $ T YG�, 2∫
R3

(1 + h2(1))|∇h(1)|2dx+
∫

R3
h2(1)dx > ρ2, Iμ(h(1)) < 0,

7: supt∈[0,1] Iμ(h(1)) ≤ C2. )W
cμ = inf

γ∈Γ
sup

t∈[0,1]

Iμ(γ(t)),

 ! Γ = {γ | γ ∈ C([0, 1], E), γ(0) = 0, γ(1) = Tϕ}. '`.

��1!!h8i9� (�� [8, #� 3.2], [12, )� 1.2] c [24, )� 1.1]).

pf 2.4 g μn
n→∞−−−−→ 0 : {un} ⊂ E ! Iμn �e`ejh, 7:� g n 3 �d�

C > 0, %2 Iμn(un) ≤ C, % khdW�,  H1(R3) !, un → u �≡ 0, u ! I �e`e.

qr RE'"!WY�, 7)ilg'"��3hm.

s 1 t Je&#� 2.2, j' {un}  E !�`.

s 2 t X8 Moser ij, j' {un}  L∞(R3) !�`.

s 3 t ano(� ϕ = ψe±un ,  ! ψ ∈ C∞
0 (R3), ψ ≥ 0, j' u ! I �e`e.



690 
 � � � ` a b 61�

s 4 t u �≡ 0. K.\] E ↪→ Lq(R3) (2 ≤ q < 22∗),  khdW�, 2
μn

∫
R3

(|∇un|4 + u4
n)dx→ 0, μn

∫
R3
W (x)u2 → 0,

7: H1(R3) !, un → u;  L2(R3) !, un∇un → u∇u. ]], Iμn(un) → I(u). K#� 2.3,

u �≡ 0. '`.

K&f-. Schrödinger–Poisson �� (1.1) ���, ��L(
I+
μ (u) =

μ

4

∫
R3

(|∇u|4 + u4)dx+
μ

2

∫
R3
W (x)u2 +

1
2

∫
R3

(|∇u|2 + V (x)u2)dx

+
1
2

∫
R3
u2|∇u|2dx+

1
4

∫
R3
φuu

2dx−
∫

R3
F (x, u+)dx.

Jek, j25��� �.

3 uvilmno
��62���, 3QTR� (V) � (f1)–(f5) 8;. f

Mμ = {u ∈ E : u± �≡ 0, 〈I ′μ(u), u+〉 = 〈I ′μ(u), u−〉 = 0}. (3.1)

_` &* Mμ *-.++/ uμ.  l'" H1(R3) !, uμ → u0, μ→ 0. "Z'" u0 ��.

p4
〈I ′μ(u), ϕ〉 = μ

∫
R3

(|∇u|2∇u∇ϕ+ u3ϕ)dx+ μ

∫
R3
W (x)uϕdx

+
∫

R3
(∇u∇ϕ+ V (x)uϕ)dx+

∫
R3

(u2∇u∇ϕ+ |∇u|2uϕ)dx

+
∫

R3
φuuϕdx−

∫
R3
f(x, u)ϕdx, (3.2)

φu(x) = φu+(x) + φu−(x). (3.3)

pf 3.1 U) μ ∈ (0, 1), #& u ∈ E 7: u± �≡ 0, � q2��# (su, tu), %2 suu
+ +

tuu
− ∈Mμ, 7:�! (s, t) �= (su, tu), % Iμ(su+ + tu−) < Iμ(suu

+ + tuu
−).

qr k) (3.2) � (3.3) 2
〈I ′μ(u), u+〉 = 〈I ′μ(u+), u+〉+

∫
R3
φu− |u+|2dx, 〈I ′μ(u), u−〉 = 〈I ′μ(u−), u−〉+

∫
R3
φu+ |u−|2dx.

U) u ∈ E, u± �≡ 0,

su++ tu−∈Mμ⇔

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

μs4
∫

R3
(|∇u+|4+|u+|4)dx+μs2

∫
R3
W (x)|u+|2dx+s2

∫
R3

(|∇u+|2+V (x)|u+|2)dx

+2s4
∫

R3
|u+|2|∇u+|2dx+ s4

∫
R3
φu+ |u+|2dx+ s2t2

∫
R3
φu− |u+|2dx

=
∫

R3
f(x, su+)su+dx,

μt4
∫

R3
(|∇u−|4+|u−|4)dx+μt2

∫
R3
W (x)|u−|2dx+t2

∫
R3

(|∇u−|2+V (x)|u−|2)dx

+2t4
∫

R3
|u−|2|∇u−|2dx+ t4

∫
R3
φu− |u−|2dx+ s2t2

∫
R3
φu+ |u−|2dx

=
∫

R3
f(x, tu−)tu−dx.
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Je&� [19, #� 2.1], ��m&� ζ ∈ [0, 1] ���r⎧⎪⎪⎨
⎪⎪⎩

s2C1(u+) + s4C2(u+) + ζs2t2C3(u+, u−) =
∫

R3
f(x, su+)su+dx,

t2C
′
1(u

−) + t4C′
2(u

−) + ζs2t2C′
3(u

−, u+) =
∫

R3
f(x, tu−)tu−dx.

(3.4)

)W Z := {ζ : 0 ≤ ζ ≤ 1, %2 (3.4)  & (s, t) ∈ (R+,R+) �q2� },  ! R+ = (0,∞). K

(f5) �#� 2.1, 110(�)�, ���BEl�8; ('"�� [19, #� 2.1]).

w[ 3.2 0 ∈ Z.

w[ 3.3 �1 Z  [0, 1] !ÆmsÆ.

�&t*BEl�, #� 3.1 �H2E1/2'. Je& (2.1) 2, Iμ(su+ + tu−) → −∞,

|(s, t)| → ∞,  & u 2=. 11H2E1/, Zu'""�v.n (0×R+)∪ (R+ × 0) *jn.

R!p4�. '`.

pf 3.4 -⎧⎪⎪⎨
⎪⎪⎩

g1,u(s, t) = s2C1(u+) + s4C2(u+) + s2t2C3(u+, u−) −
∫

R3
f(x, su+)su+dx,

g2,u(s, t) = t2C
′
1(u

−) + t4C′
2(u

−) + s2t2C′
3(u

−, u−) −
∫

R3
f(x, tu−)tu−dx.

�! g1,u(1, 1) ≤ 0, g2,u(1, 1) ≤ 0, %� q2 (su, tu) ∈ (0, 1] × (0, 1], %2 g1,u(su, tu) = 0,

g2,u(su, tu) = 0.

qr K#� 3.1, Je&� [19] U91/8; ( w& [22, #� 2.1]). '`.

K#� 3.1 jt����++o��
mμ = inf

u∈Mμ

Iμ(u). (3.5)

pf 3.5 mμ > 0 jn.

qr K&IL50� μ
4

∫
R3(|∇u|4 + u4)dx 7:,- (f4) !KN AR ^_, 7).'pH

Aq)� [19, #� 2.4] c [22, #� 2.3]. f

ρ2 = ρ2(u) = C0

∫
R3
u2dx+

∫
R3
u2|∇u|2dx,

 ! C0 KZX� (3.6) o). Kdc.[^� Sobolev \])�2∫
R3

|u|pdx ≤ C1

( ∫
R3
u2dx

) pθ
2

( ∫
R3

|u|22∗
dx

) p(1−θ)
22∗

≤ C2

( ∫
R3
u2dx

) pθ
2

( ∫
R3
u2|∇u|2dx

) p(1−θ)
4

≤ C2ρ
p(1+θ)

2 .

]], K^_�

Iμ(u) ≥ 1
2

∫
R3

(|∇u|2 + V (x)u2)dx+
1
2

∫
R3
u2|∇u|2dx− ε

∫
R3
u2dx− C(ε)

∫
R3

|u|pdx

≥ 1
2

∫
R3

(C0u
2 + u2|∇u|2)dx− C(ε)

∫
R3

|u|pdx

≥ 1
2
ρ2 − C(ε)C2ρ

p(1+θ)
2 . (3.6)
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a ρ > 0 YG+, %
1
2
ρ2 − C(ε)C2ρ

p(1+θ)
2 ≥ 1

4
ρ2. (3.7)

#& u ∈Mμ,

ρ2
u(s, t) = s4

∫
R3
|u+|2|∇u+|2dx+ s2

∫
R3
C0|u+|2dx+t4

∫
R3

|u−|2|∇u−|2)dx+t2
∫

R3
C0|u−|2dx.

K#� 3.1, g t, s YG+, %2 ρ2
u(s, t) SXrp (3.7), 2
Iμ(u) ≥ Iμ(su+ + tu−) ≥ 1

4
ρ2.

A�b'" mμ jn. - {un} ⊂ Mμ !++ojh. Je&#� 2.2, j' {un}  E !�`.

.b- E ! u±n ⇀ u±μ . A�b'" u±μ �≡ 0.

xy 1 ∀n, ‖u±n ‖H1
W

≥ 1, 1/8;.

xy 2 ∀n, ‖u±n ‖H1
W
< 1. K un ∈Mμ, 〈I ′μ(un), u±n 〉 = 0, 2

μ

∫
R3

(|∇u±n |4 + |u±n |4)dx+ μ

∫
R3
W (x)|u±n |2dx+

∫
R3

(|∇u±n |2 + V (x)|u±n |2)dx

+2
∫

R3
|u±n |2|∇u±n |2dx+

∫
R3
φun |u±n |2dx

=
∫

R3
f(x, u±n )u±n dx

≤ ε

∫
R3

|u±n |2dx+ C(ε)
∫

R3
|u±n |pdx. (3.8)

$d, V (x) ����`, [\ ε0 > 0 YG+ZU), U9

(‖u±n ‖W 1,4 + ‖u±n ‖H1
W

)p ≥ C1‖u±n ‖4
W 1,4 + ‖u±n ‖2

H1
W

≥ C2(‖u±n ‖W 1,4 + ‖u±n ‖H1
W

)4.

]]� C > 0, %2 ‖u±n ‖ ≥ C, q* 2 x/y`. X8.\] E ↪→ Ls(R3), 2 ≤ s < 22∗, 2
lim

n→∞

∫
R3
f(x, u±n )u±n dx =

∫
R3
f(x, u±μ )u±μ dx, (3.9)

lim
n→∞

∫
R3
F (x, u±n )dx =

∫
R3
F (x, u±μ )dx, (3.10)

lim
n→∞

∫
R3
φun |u±n |2dx =

∫
R3
φuμ |u±μ |2dx. (3.11)

K#� 3.1 � 3.4, 11 Fatou #�, � (suμ , tuμ) ∈ (0, 1]× (0, 1], %2 ūμ := suμu
+
μ + tuμu

−
μ ∈

Mμ. K&^_ (f5) ca uf(x, u) − 4F (x, u) !�5(�7: & |u| !E(�, ]]2
mμ ≤ Iμ(ūμ) = Iμ(ūμ) − 1

4
〈I ′μ(ūμ), ūμ〉 ≤ lim inf

n→∞

(
Iμ(un) − 1

4
〈I ′μ(un), un〉

)
= mμ.

'`.

pf 3.6 - uμ ∈Mμ 7: Iμ(u) = mμ, % uμ ! Iμ �e`e.

qr 4� [13, #� 2.5] (��� [18]) �rs, ]t)u''. ,- uμ .! Iμ �e`e.

7)'., ψ ∈ C∞
0 (R3), ψ± �≡ 0, %2 〈I ′μ(u), ψ)〉 ≤ −1. [\ ε > 0 O+, %2
〈I ′μ(su+ + tu− + σψ), ψ〉 ≤ −1

2
, ∀ (s, t, σ) ∈ Bε(1, 1, 0), (3.12)

 ! Bε(1, 1, 0) !ze (1, 1, 0), �#� ε �s. #tvwux(� 0 ≤ η ≤ 1 SX

η(s, t) =

{
1, (s, t) ∈ B ε

2
(1, 1),

0, (s, t) ∈ Bc
ε(1, 1).
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γ(s, t) =

{
su+ + tu−, (s, t) ∈ Bc

ε(1, 1),
su+ + tu− + εη(s, t)ψ, (s, t) ∈ Bε(1, 1).

$d, γ(s, t)  & (E, ‖ · ‖) !v{w�, $ ε > 0 O+, 2 γ(s, t)± �≡ 0, (s, t) ∈ Bε(1, 1). 7)

x| sup s,t≥0Iμ(γ(s, t)) < mμ.

�! (s, t) ∈ Bc
ε(1, 1), X8#� 3.1, Iμ(γ(s, t)) < mμ. �! (s, t) ∈ Bε(1, 1), k)!v)�,

� σ̄ ∈ (0, ε), %2
Iμ(γ(s, t)) = Iμ(su+ + tu−) + 〈I ′μ(su+ + tu− + σ̄η(s, t)ψ), η(s, t)ψ〉

≤ Iμ(su+ + tu−) − 1
2
η(s, t) < mμ.

x|2'.

4_, K#� 3.1, (s, t) ∈ (1 − ε
2 , 1) × (1 − ε

2 , 1),

〈I ′μ(su+ + tu− + εη(s, t)ψ), u+〉 > 0, 〈I ′μ(su+ + tu− + εη(s, t)ψ), u−〉 > 0.
Jek, (s, t) ∈ (1, 1 + ε

2 ) × (1, 1 + ε
2 ),

〈I ′μ(su+ + tu− + εη(s, t)ψ), u+〉 < 0, 〈I ′μ(su+ + tu− + εη(s, t)ψ), u−〉 < 0.

^_� q2 (s0, t0) ∈ (1− ε
2 , 1 + ε

2)× (1− ε
2 , 1 + ε

2 ), %2 s0u
+ + t0u

− + εη(s0, t0)ψ ∈Mμ. R

gx|xy. '`.

Je&#� 2.3 �#� 2.4,  khdW�,  H1(R3) !, uμ → u0 �≡ 0, μ → 0, u0 ! I �
e`e. "Zf'" u0 ��.

pf 3.7 u0 ��.

qr Ry7)# μ a+}, ]_.'%)#� 3.5 �'"z�.  (3.2) ![\no(�
ϕ = u+

μ , 11 Sobolev .[^, �∫
R3
V (x)|u+

μ |2dx+ 2S
( ∫

R3
|u+

μ |22
∗
dx

) 1
2∗

≤ ε

∫
R3

|u+
μ |2dx+ C(ε)

∫
R3

|u+
μ |pdx,

 ! S = inf0 	=u∈D1,2(R3)

∫
R3 |∇u|2dx

(
∫

R3 |u|2∗dx)
2
2∗

. $d, V (x) ����`, a ε > 0 YG+, Kdc.[
^[ Young .[^, U9∫

R3
|u+

μ |2dx+
( ∫

R3
|u+

μ |22
∗
dx

) 1
2∗

≤ C

∫
R3
|u+

μ |pdx ≤ C

( ∫
R3

|u+
μ |2dx

) pθ
2
( ∫

R3
|u+

μ |22
∗
dx

) p(1−θ)
22∗

≤ θC

( ∫
R3

|u+
μ |2dx

) p
2

+ (1 − θ)
( ∫

R3
|u+

μ |22
∗
dx

) p
22∗

.

Rca� g μ 3 � δ > 0, %2 ∫
R3 |u+

μ |2dx ≥ δ c
∫

R3 |u+
μ |22

∗
dx ≥ δ. .N2-�, ,-∫

R3 |u+
μ |22

∗
dx ≥ δ. z{#� 2.4 �H 4 h,  L2(R3) !, uμ∇uμ → u0∇u0, μ → 0. ]] 

L22∗
(R3) ! u+

μ → u+
0 . ^_2∫

R3
|u+

0 |22
∗
dx = lim

μ→0

∫
R3

|u+
μ |22

∗
dx ≥ δ > 0.

]] u+
0 �= 0. Jek, � u−0 �= 0. '`.

z{ {~||}�}~�~�g��.
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