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ym} �
������. ��$ S (Rn) × · · · × S (Rn) ��#�*Æ�+ F ��:

F (f1, . . . , fm)(x, τ) =
∫

(B(x,τ))m

K(x, y1, . . . , ym)
m∏

k=1

fk(yk)dy1 · · · dym,

��, �#�*Æ Marcinkiewicz ���+ μ �

μ(f1, . . . , fm)(x) =
( ∫ ∞

0

|F (f1 . . . , fm)(x, τ)|2 dτ

τ2m+1

) 1
2

. (1.1)

�����#�����+,. ��+, {At}t>0 �-�����, �.� �
 t > 0,

At �/0�!1#�
�"�#: � p ∈ [1,∞] $, �%-��� u ∈ Lp(Rn)  !"##


x ∈ R
n,

Atu(x) =
∫

Rn

at(x, y)u(y)dy,

Æ&�'2
 x ∈ R
n  t > 0, ��� at (3

|at(x, y)| ≤ ht(x, y) = t−n/sh(|x − y|/t1/s), (1.2)

)4, s > 0 �$�/% h �-�5
2*&'()��Æ*$$� η > 0,

lim
r→∞ rn+ηh(r) = 0. (1.3)

67 1.1 �%-�+�
 j, 1 ≤ j ≤ m*$/ {aj
t (x, y)}t>0 ����
���� {Aj

t}t>0

8��� Kj
t (x; y1, . . . , ym), +,�,2-9-
2*�� f1, . . . , fm x ∈ R

n\⋂m
k=1 suppfk,

2
F (f1, . . . , fj−1, A

j
tfj , fj+1, . . . , fm)(x) =

∫
(B(x,τ))m

Kj
t (x, y1, . . . , ym)

m∏
k=1

fk(yk)d�y,

Æ*$�� φ ∈ C(R), φ ⊂ [−1, 1],  $� ε ∈ (0, 1], +,�'2
 x, y1, . . . , ym ∈ R
n  t > 0,

� 2t1/s ≤ |x − yj | $,

|K(x, y1, . . . , ym) − Kj
t (x, y1, . . . , ym)|

� tε/s

(
∑m

k=1 |x − yk|)mn+ε−m
+

1
(
∑m

k=1 |x − yk|)mn−m

∑
1≤i≤m,i �=j

φ

( |yi − yj |
t1/s

)
. (1.4)

.-./���� K (3�/
0102: �'2
 x, y1, . . . , ym ∈ R
n,:;*$1� 1 ≤ j ≤

m, (3 x �= yj , 2
|K(x, y1, . . . , ym)| � 1

(
∑m

k=1 |x − yk|)mn−m
(1.5)

/%5<Æ02: *$$� γ ∈ (m,+∞), +,� x, x′, y1, . . . , ym ∈ R
n (3 8|x − x′| <

min1≤j≤m |x − yj |,  %�5� D (3 2|x − x′| < D  4D < min1≤j≤m |x − yj | $, 2
|K(x, y1, . . . , ym) − K(x′, y1, . . . , ym)| � Dγ

(
∑m

k=1 |x − yk|)mn+γ−m
. (1.6)

="��0 Lerner �2 [7] >3
�435. � p1, . . . , pm ∈ [1,∞)  p ∈ (0,∞) (3�
6 1/p = 1/p1 + · · · + 1/pm. ?� �ω = (ω1, . . . , ωm), �P = (p1, . . . , pm)  ν�ω =

∏m
k=1 ω

p/pk

k . �

�ω ∈ A�P , �4

[�ω]A�P
= sup

Q

(
1
|Q|

∫
Q

ν�ω(x)dx

) m∏
k=1

(
1
|Q|

∫
Q

ω
1−p′

k

k (x)dx

)p/p′
k

< ∞.
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�1� pk = 1, ( 1
|Q|

∫
Q

ω
1−p′

k

k (x)dx)1/p′
k ;B (infQ ωk)−1 "@<.

C;A4��.

DE 1.2 � m ≥ 2, μ � (1.1) 1#�,2��� K 
�*Æ Marcinkiewicz ���+.

/�:

(1) �(3 1/r = 1/r1 + · · · + 1/rm 
1�F r1, . . . , rm ∈ (1,∞), r ∈ (0,∞), μ ��

Lr1(Rn) × · · · × Lrm(Rn) B Lr(Rn) 2*
;

(2) ��� K (30102 (1.5)  5<Æ02 (1.6);

(3) F (3/� 1.1. �4 p1, . . . , pm ∈ (1,∞) (3 1/p = 1/p1 + · · ·+ 1/pm,  �ω ∈ A�P , <

‖μ(f1, . . . , fm)‖Lp(ν�ω) � [�ω]
max{1,

p′
1

p ,...,
p′

m
p }

A�P

m∏
k=1

‖fk‖Lpk (ωk). (1.7)

G$, � b �-�������. � 1 ≤ j ≤ m, �#CD+ [b, μ]j �

[b, μ]j(f1, . . . , fm)(x) =
( ∫ ∞

0

|[b, F ]j(f1, . . . , fm)(x, τ)|2 dτ

τ2m+1

)1/2

,

)4
[b, F ]j(f1, . . . , fm)(x, τ) =

∫
(B(x,τ))m

K(x, y1, . . . , ym)[b(x) − b(yj)]
m∏

k=1

fk(yk)d�y.

= b1, . . . , bm �������ÆE �b = (b1, . . . , bm). 0 μ  �b >F
G*ÆCD+�

μ�b(f1, . . . , fm)(x) =
m∑

j=1

[bj , μ]j(f1, . . . , fm)(x), (1.8)

<2 μ�b 
H4$�*.

DE 1.3 � m ≥ 2, μ ��? 1.2 4
�*Æ Marcinkiewicz ��, μ�b � (1.8) 4�#
C
D+. <:; p1, . . . , pm ∈ (1,∞) (3 1/p = 1/p1 + · · · + 1/pm, �b ∈ BMOm  �ω ∈ A�P , 2

‖μ�b(f1, . . . , fm)‖Lp(ν�ω) �
( m∑

j=1

‖bj‖BMO

)
[�ω]

max(1,
p′
1

p ,...,
p′

m
p )

A�P

×
(

[μ�ω]A∞ +
m∑

k=1

[σk]A∞

) m∏
k=1

‖fk‖Lpk (ωk). (1.9)

CD+ μ�b 
IJ@H$�*I2���?.

DE 1.4 � m ≥ 2, μ ��? 1.2 4
�*Æ Marcinkiewicz ��, μ�b � (1.8) 4�#
C
D+, <:; p1, . . . , pm ∈ [1,∞) (3 1/p = 1/p1 + · · · + 1/pm, �b ∈ BMOm  �ω ∈ A�P , 2

ν�ω{x ∈ R
n : μ�b(f1, . . . , fm)(x) > λm}

�
( m∑

j=1

‖bj‖BMO

)
[�ω]

max(1,
p′
1

p ,...,
p′

m
p )

A�P

(
[μ�ω]A∞ +

m∑
k=1

[σk]A∞

)

×
m∏

k=1

( ∫
Rn

|fk(yk)|
λ

log
(

1 +
|fk(yk)|

λ

)
ωkdyk

) 1
m

. (1.10)

: 1.5 ��
KLJKA [1, 2, 5, 6, 8], MNLO/�
$�*�P�MN
.
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2 OP;Q
� R

n 4
KB�.RCSQKB
Q =

n∏
i=1

[ai, bi), ai < bi.

��KB Q0 ⊂ R
n, = D(Q0) �# Q0 
'2R.KB, ,B"D, TUKB�0 Q0 NST.

VR��WF
, %-GU�V, %-�+KBW2 2n �E�
+KB. �TX
+KB� Q0


V@.

� D � R
n 4
R.KBX+, F�0(3�GÆY
KB
-Y:

(i) �4 Q ∈ D , < Q 
V@I$ D 4;

(ii)  �H� Q′, Q′′ ∈ D W2ZI
[Z, i.e., *$ Q ∈ D , +, Q′, Q′′ ∈ D(Q);

(iii) �%-�-- K ⊂ R
n, *$KB Q ∈ D [\ K.

� 0 < η < 1, � R
n 4
KB, S � η JK
, �4�%-�KB Q ∈ S , *$�]-

EQ ⊂ Q, +, |EQ| ≥ η|Q|, Æ& {EQ}Q∈S �JLNC
. M$T, η N\OKP�, 0KFN
�^Y
, ��Q$R_.

��-�JK- S ⊂ D , �#JK�+ AS  AS ,L(log L) �

AS (f1, . . . , fm)(x) =
∑

Q∈S

m∏
k=1

〈fk〉QχQ(x), (2.1)

TS, 〈f〉Q �#�� f $KB Q �
TU]. /%
AS ,L(log L)(f1, . . . , fm)(x) =

∑
Q∈S

m∏
k=1

‖fk‖L(log L),QχQ(x), (2.2)

)4
‖fk‖L(log L),Q =

{
λ > 0,

1
|Q|

∫
Q

|fk(y)|
λ

log
(

1 +
|f(y)|

λ

)
dy ≤ 1

}
.

V^, = b1, . . . , bm �������, I�#
AS ,b(f1, . . . , fm)(x) =

∑
Q∈S

( m∑
i=1

|bi(x) − 〈bi〉Q|
) m∏

k=1

〈fk〉QχQ(x). (2.3)

�4 p1, . . . , pm ∈ (1,∞), p ∈ (0,∞) (3 1/p = 1/p1 + · · · + 1/pm  �ω = (ω1, . . . , ωm) ∈ A�P ,

E σj = ω
1−p′

j

j , j = 1, . . . ,m, WXY, Moen  ZA` [9] _[\

‖AS (f1, . . . , fm)‖Lp(ν�ω) � [�ω]
max(1,

p′
1

p ,...,
p′

m
p )

A�P

m∏
j=1

‖fj‖Lpj (ωj), (2.4)

abc def [1] ]�\T�A4
‖AS ,L(log L)(f1, . . . , fm)‖Lp(ν�ω) � [�ω]

max(1,
p′
1

p ,...,
p′

m
p )

A�P

m∏
j=1

[σj ]A∞‖fj‖Lpj (ωj) (2.5)

 

‖AS ,b(f1, . . . , fm)‖Lp(ν�ω) � [�ω]
max(1,

p′
1

p ,...,
p′

m
p )

A�P
[ν�ω]A∞

m∏
j=1

‖fj‖Lpj (ωj). (2.6)
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3 `ab<c
� T � m- G*Æ�+, �# T ��+

MT (f1, . . . , fm)(x) = sup
Q�x

sup
ξ∈Q

‖T (f1, . . . , fm)(ξ) − T (f1χ3Q, . . . , fmχ3Q)(ξ)‖L∞(Q).

��KB Q0, � x ∈ Q0, �#���+ MT , Q0 �

MT,Q0(f1, . . . , fm)(x)

= sup
Q�x,Q⊂Q0

sup
ξ∈Q

‖T (f1χ3Q0 , . . . , fmχ3Q0)(ξ) − T (f1χ3Q, . . . , fmχ3Q)(ξ)‖L∞(Q).

^_KA [5] 
_[, WXY_[\�*Æ�+
JK`d�?.

eE 3.1 [8] /�G*Æ�+ T �� L1×· · ·×L1B L1/m,∞2*
 MT �� L1×· · ·×L1

B L1/m,∞ 2*
, <�,2-9-
�� fi ∈ L1(Rn), i = 1, . . . ,m, *$JK, S , +,�!

"##
 x ∈ R
n, 2

|T (f1, . . . , fm)(x)| � AS (f1, . . . , fm)(x).

abc defI_[\CD+
JK`d�?.

eE 3.2 [1] /� T  MT W�� L1 × · · · × L1 B L1/m,∞ 2*
, <�-9-��
f1, f2, . . . , fm, *$JK- S , +,�!"##
 x ∈ R

n, 2
|T�b(f1, . . . , fm)(x)| �

m∑
i=1

∑
Q∈S

〈|bi − 〈bi〉Q| |fi|〉Q
∏
j �=i

〈|fj |〉QχQ(x)

+
m∑

i=1

∑
Q∈S

|bi(x) − 〈bi〉Q|
m∏

j=1

〈fj〉QχQ(x). (3.1)

: 3.3 0�#
 Hölder N�6L
〈|bi − 〈bi〉Q||fi|〉Q � ‖bi‖BMO‖fi‖L log L,Q.

.-.], (3.1) �

|T�b(f1, . . . , fm)(x)| � AS ,L log L(f1, . . . , fm)(x) + AS ,�b(f1, . . . , fm)(x).

0fa
 1/3gb (hA [4,>? 2.5]),�4 S �-�JK-,<*$R.X+ D1, . . . ,D2n

 JK- Si ⊂ Di, i = 1, . . . , 3n, +,

AS (f1, . . . , fm)(x) �
3n∑
i=1

ASi(f1, . . . , fm)(x).

AYT�cd, >? 3.1  3.2, g 3.3, (2.4), (2.5), (2.6), �A [1] 4
h!, �K�? 1.2–1.4,

Ni_[ μ  Mμ �� L1 × · · · × L1 B L1/m,∞ 2*
.

��"_[ μ �� L1 × · · · × L1 B L1/m,∞ 2*
.

DE 3.4 � m ≥ 2, μ � (1.1) 1#�,2��� K 
�*Æ Marcinkiewicz ���+
Æ(3/� 1.1. ��(3 1/r = 1/r1 + · · · + 1/rm 
�F r1, . . . , rm ∈ (1,∞), r ∈ (0,∞),

� μ �� Lr1(Rn) × · · · × Lrm(Rn) B Lr(Rn) 
2*�+, < μ efjF-�� m- i�gj

L1(Rn) × · · · × L1(Rn) B L1/m,∞(Rn) 
2*�+.



668 � ) ) � 7 8 9 61Æ

=k ��kBA [2] 
hl. Ni-lÆ, jBkÆ, /� ‖fi‖L1(Rn) = 1. :i;_[*
$$� C > 0, +,

|{x ∈ R
n : |μ(f1, . . . , fm)(x)| > λ}| ≤ Cλ−1/m. (3.2)

�m&lh, :�n m = 2 
_[_o. � λ1/2 pK��F {fi}2
i=1 mB Calderón–Zygmund

�q, 2
fi = gi + bi = gi +

∑
i

bi,k,

(3
(a) |gi(x)| ≤ Cλ1/2, a.e. x ∈ R

n;

(b) *$HHNC
KBG {Qi,k}, +,%-� bi,k 
9-[\K Qi,k, Æ&2∫
Rn

|bi,k(x)|dx ≤ Cλ1/2|Qi,k|;

(c)
∑

k |Qi,k| ≤ Cλ−1/2.

n
E

(1)
λ =

{
x ∈ R

n : |μ(g1, g2)(x)| >
λ

4

}
; E

(2)
λ =

{
x ∈ R

n : |μ(b1, g2)(x)| >
λ

4

}
;

E
(3)
λ =

{
x ∈ R

n : |μ(g1, b2)(x)| >
λ

4

}
; E

(4)
λ =

{
x ∈ R

n : |μ(b1, b2)(x)| >
λ

4

}
.

0G*ÆÆ, :i;_[ (3.2) 6� 4 �-Y E
(s)
λ , s = 1, 2, 3, 4 WFm. ��no E

(1)
λ , 0

Chebychev N�6 μ 
 Lr1(Rn) × Lr2(Rn) → Lr,∞(Rn) 2*Æ, 2
|E(1)

λ | ≤ Cλ−r‖g1‖r
Lr1 (Rn)‖g2‖r

Lr2 (Rn) ≤ Cλ−1/2, (3.3)

TSBBN�6 ‖gi‖Lri (Rn) ≤ Cλ(1−1/ri)/2, i = 1, 2.

r�"no E
(2)
λ . = xQi,k

�KB Qi,k 
4o, l(Qi,k) �KB Qi,k 
st. jBKB,
{Qi,k}k, �# Marcinkiewicz ���

Ji,ε(x) =
∑

k

(l(Qi,k))n+ε

(l(Qi,k) + |x − xQi,k
|)n+ε

,

Æ�A [2, 3] uG, � p > n/(n + ε) $,

‖Ji,ε‖Lp(Rn) ≤ Cλ−1/(2p), (3.4)

)4 ε 06 (1.4) p�. q t1,k = (l(Q1,k))s, )4 s �6 (1.2) '#, 2
μ(b1, g2)(x) ≤ μ

(∑
k

At1,k
b1,k, g2

)
(x) + μ

(∑
k

(b1,k − At1,k
b1,k), g2

)
(x).

� x ∈ R
n  y ∈ Q1,k $, g1B

l(Q1,k) + |x − y| ≈ l(Q1,k) + |x − xQ1,k
|.

jB (1.2), (1.3)  Calderón–Zygmund �q
ÆY (b), �,∣∣∣∣∑
k

At1,k
b1,k

∣∣∣∣ ≤ Cλ1/2J1,ε(x),
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TSBB 0 < ε < η  &'()�� h 
01vw. =0 (3.4), ��vw∣∣∣∣
{

x ∈ R
n :

∣∣∣∣μ
( ∑

k

At1,k
b1,k, g2

)
(x)

∣∣∣∣ >
λ

4

}∣∣∣∣ ≤ Cλ−q‖
∑

k

At1,k
b1,k‖r

Lr1 (Rn)‖g2‖r
Lr2 (Rn)

≤ Cλ−qλ
r
2 λ

r
2 (1− 1

r2
)‖J1,ε‖r

Lr1 (Rn)

≤ Cλ−1/2. (3.5)

E Q∗
i,k = 5Qi,k, Æ&= Ωi =

⋃
k Q∗

i,k, i = 1, 2. 0 Calderón–Zygmund �q
ÆY (c), 2
|Ωi| ≤ Cλ−1/2, < ∣∣∣∣

{
x ∈ R

n :
∣∣∣∣μ

(∑
k

(b1,k − At1,k
b1,k), g2

)
(x)

∣∣∣∣ >
λ

4

}∣∣∣∣
≤ Cλ−1/2 +

4
λ

∑
k

∫
(Q∗

i,k)c

|μ((b1,k − At1,k
b1,k), g2)(x)|dx. (3.6)

xr (1.2), .-.,∑
k

∫
(Q∗

i,k)c

|μ((b1,k − At1,k
b1,k), g2)(x)|dx

≤
∑

k

∫
(Q∗

i,k)c

(∫ ∞

0

∣∣∣∣
∫

B(x,τ)2
|K(z, y1, y2)−K1

t1,k
(z, y1, y2)| |b1,k(y1)g2(y2)|dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

dx

≤ C
∑

k

∫
(Q∗

i,k)c

(∫ ∞

0

∣∣∣∣
∫

B(x,τ)2

l(Q1,k)ε

(|x−y1|+|x−y2|)2n+ε−2
|b1,k(y1)g2(y2)|dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

dx

+ C
∑

k

∫
(Q∗

i,k)c

( ∫ ∞

0

∣∣∣∣
∫

B(x,τ)2

1
(|x − y1| + |x − y2|)2n−2

× φ

( |y1 − y2|
l(Q1,k)

)
|b1,k(y1)g2(y2)|dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

dx

= I + II.

g1B, � x /∈ Q1,k  y1 ∈ Q1,k $, 2
1
2
|x − y1| ≥ l(Q1,k) = t

1/s
1,k

 
|x − y1| + |x − y2| ≥ (2 +

√
n/2)−1(|x − y1| +

√
nl(Q1,k) + |y1 − y2|)

≈ (2 +
√

n/2)−1(|x − y1| +
√

nl(Q1,k) + |xQ1,k
− y2|).

Minkowski N�6ys��( ∫ ∞

0

∣∣∣∣
∫

B(x,τ)2

l(Q1,k)ε

(|x − y1| + |x − y2|)2n+ε−2
|b1,k(y1)g2(y2)|dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

≤ C

∫
(Rn)2

l(Q1,k)ε

(|x − y1| + |x − y2|)2n+ε−2
|b1,k(y1)g2(y2)|

( ∫ ∞

2l(Q1,k)

dτ

τ5

) 1
2

dy1dy2

≤ C

∫
(Rn)2

l(Q1,k)ε

(|x − y1| +
√

nl(Q1,k) + |y1 − y2|)2n+ε
|b1,k(y1)g2(y2)|dy1dy2.
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'/
I ≤ C

∑
k

∫
(Q∗

1,k)c

∫
(Rn)2

l(Q1,k)ε

(|x − y1| +
√

nl(Q1,k) + |y1 − y2|)2n+ε
|b1,k(y1)g2(y2)|dy1dy2dx

≤ C
∑

k

∫
(Rn)2

l(Q1,k)ε

(
√

nl(Q1,k) + |y1 − y2|)2n+ε
|b1,k(y1)g2(y2)|dy1dy2

≤ C
∑

k

∫
(Rn)2

l(Q1,k)ε

( 1
2

√
nl(Q1,k) + |xQ1,k

− y2|)2n+ε
|b1,k(y1)g2(y2)|dy1dy2

≤ Cλ1/2

∫
Rn

|g2(y2)|J1,ε(y2)dy2

≤ Cλ1/2‖g2‖L2(Rn)‖J1,ε‖L2(Rn) ≤ Cλ1/2.

t-K/, xr φ 
9-[\K [−1, 1] T�/��,( ∫ ∞

0

∣∣∣∣
∫

B(x,τ)2

φ( |y1−y2|
l(Q1,k) )

(|x − y1| + |x − y2|)2n−2
|b1,k(y1)g2(y2)|dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

≤ C

∫
(Rn)2

φ( |y1−y2|
l(Q1,k) )

(|x − y2| +
√

nl(Q1,k))2n−2
|b1,k(y1)g2(y2)|

( ∫ ∞

2l(Q1,k)

dτ

τ5

) 1
2

dy1dy2

≤ C‖b1,k‖L1(Rn)

∫
Rn

1
(|x − y2| +

√
nl(Q1,k))2n

|χQ∗
1,k

(y2)g2(y2)|dy2.

��

II ≤ C
∑

k

∫
Q∗

1,k

(αλ)1/2

∫
Rn

l(Q1,k)n

(|x − y2| +
√

nl(Q1,k))2n
|χQ∗

1,k
(y2)g2(y2)|dy2dx

≤ Cλ1/2

∫
Rn

|χ⋃
k Q∗

1,k
(y2)g2(y2)|dy2

≤ Cλ1/2‖g2‖L2(Rn)

∣∣∣∣ ⋃
k

Q1,k

∣∣∣∣
1
2

≤ Cλ1/2.

0 I  II 
vw, =AYN�6 (3.5)  (3.6), 2
|E(2)

λ | ≤ Cλ−1/2.

0��Æ, I2 |E(3)
λ | ≤ Cλ−1/2.

MVvw E
(4)
λ . ��p���q

μ(b1, b2)(x) = μ

(∑
k

b1,k,
∑

j

b2,j

)
(x) ≤

5∑
i=1

μi(b1, b2),

)4
μ1(b1, b2)(x) = μ

( ∑
k

At1,k
b1,k,

∑
j

At2,j b2,j

)
(x),

μ2(b1, b2)(x) =
∑

k

∑
j:l(Q1,k)≤l(Q2,j)

μ(At1,k
b1,k, b2,j − At2,j b2,j)(x),

μ3(b1, b2)(x) =
∑

k

∑
j:l(Q1,k)≤l(Q2,j)

μ(b1,k − At1,k
b1,k, b2,j)(x),
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μ4(b1, b2)(x) =
∑

k

∑
j:l(Q1,k)>l(Q2,j)

μ(b1,k − At1,k
b1,k, At2,j b2,j)(x),

μ5(b1, b2)(x) =
∑

k

∑
j:l(Q1,k)>l(Q2,j)

μ(b1,k, b2,j − At2,j b2,j)(x).

�Kq μ1(b1, b2)  μ2(b1, b2), �/B^_K#? E
(2)
λ 
KL"_[

|{x ∈ R
n : |μ1(b1, b2)(x)| > λ/20}| ≤ Cλ−1/2

 

|{x ∈ R
n : |μ2(b1, b2)(x)| > λ/20}| ≤ Cλ−1/2.

G$"noq μ3(b1, b2). 002 (1.2), 2
μ3(b1, b2)(x) ≤

∑
k

∑
j:l(Q1,k)≤l(Q2,j))

×
( ∫ ∞

0

∣∣∣∣
∫

B(x,τ)2
|K(z, y1, y2) − K1

t1,k
(z, y1, y2)| |b1,k(y1)b2,j(y2)|dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

≤ C
∑

k

∑
j:l(Q1,k)≤l(Q2,j))

×
( ∫ ∞

0

∣∣∣∣
∫

B(x,τ)2

l(Q1,k)ε

(|x − y1| + |x − y2|)2n+ε−2
|b1,k(y1)b2,j(y2)|dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

+ C
∑

k

∑
j:l(Q1,k)≤l(Q2,j))

×
( ∫ ∞

0

∣∣∣∣
∫

B(x,τ)2

1
(|x−y1|+|x−y2|)2n−2

φ

( |y1−y2|
l(Q1,k)

)
|b1,k(y1)b2,j(y2)|dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

:= μ31(b1, b2)(x) + μ32(b1, b2)(x).

r� x /∈ Ω1 ∪ Ω2 =
⋃2

i=1

⋃
k Q∗

i,k  yi ∈ Qi,k, '/2
|x − yi| ≈ l(Qi,k) + |x − xQi,k

|.
xr l(Q1,k) ≤ l(Q2,j)  Minkowski N�6, 2
|μ31(b1, b2)(x)| ≤ C

∑
k

∑
j:l(Q1,k)≤l(Q2,j))

∫
(Rn)2

l(Q1,k)ε

(|x − y1| + |x − y2|)2n+ε
|b1,k(y1)b2,j(y2)|dy1dy2

≤ C

∫
(Rn)2

( ∑
k

l(Q1,k)ε/2|b1,k(y1)|
(l(Q1,k)+|x−y1|)n+ε/2

)( ∑
j

l(Q2,j)ε/2|b2,j(y2)|
(l(Q2,j)+|x−y2|)n+ε/2

)
dy1dy2

≤ CλJ1,ε/2(x)J2,ε/2(x),

T;�n\ ∫
(
⋃2

i=1 Ωi)c

μ31(b1, b2)(x)dx ≤ Cλ

∫
Rn

|J1,ε/2(x)J2,ε/2(x)|dx

≤ Cλ‖J1,ε/2‖L2(R2)‖J2,ε/2‖L2(R2)

≤ Cλ1/2. (3.7)
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t-K/,0K {Q1,k}k� R
n4HHNC
KBG,jB φ9-[\K [−1, 1]
cd, Minkowski

N�6 l(Q1,k) ≤ l(Q2,j), �],

|μ32(b1, b2)(x)| ≤ C
∑

k

∑
j:l(Q1,k)≤l(Q2,j))

∫
(Rn)2

χQ∗
1,k

(y2)

(l(Q2,j) + |x − y2|)2n
|b1,k(y1)b2,j(y2)|dy1dy2

≤ C
∑

k

∑
j:l(Q1,k)≤l(Q2,j))

‖b1,k‖L1(Rn)

∫
Rn

χ⋃
k Q∗

1,k
(y2)

(l(Q2,j) + |x − y2|)2n
|b2,j(y2)|dy2

≤ C(αλ)1/2
∑

j

∫
Rn

l(Q2,j)n

(l(Q2,j) + |x − y2|)2n
|b2,j(y2)|χ⋃

k Q∗
1,k

(y2)dy2,

��2∫
(
⋃2

i=1 Ωi)c

μ32(b1, b2)(x)dx ≤ C(αλ)1/2
∑

j

∫
(Rn)2

l(Q2,j)n

(l(Q2,j) + |x − y2|)2n
|b2,j(y2)|dy2dx

≤ C(αλ)1/2
∑

j

∫
Rn

|b2,j(y2)|dy2 ≤ Cλ1/2. (3.8)

rz ∣∣∣∣
{

x ∈ R
n : |μ3(b1, b2)(x)| >

λ

20

}∣∣∣∣ ≤
∣∣∣∣

2⋃
i=1

Ω∗
i

∣∣∣∣ +
20
λ

2∑
i=1

∫
(
⋃2

i=1 Ω∗
i )c

|μ3i(b1, b2)(x)|dx

≤ Cλ−1/2.

xr��Æ,�IXvwq μ4(b1, b2) μ5(b1, b2),��,B E
(4)
λ 
suvw.vY {E(i)

λ }4
i=1 


vw, ,B\N�6 (3.2). ��wF\_[. _{.

r�"i;_[ Mμ �� L1 × · · · × L1 B L1/m,∞ 2*
.

DE 3.5 $�? 1.2 
/��, 2*�+Mμ tx L1(Rn)× · · ·×L1(Rn) B L1/m,∞(Rn).

=k IX, �\m|lh, :noy*ÆzW. � �
 ε > 0, =

με(f1, f2)(x) =
(∫ ∞

0

∣∣∣∣
∫

τ>max(|x−y1|,|x−y2|)>ε

K(x, y1, y2)f(y1)f(y2)dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

.

�/Su, �%-� γ ∈ (0, 1/2),

sup
ε

|με(f1, f2)(x)| � Mγ(μ(f1, f2))(x) + Mf1(x)Mf2(x), (3.9)

)4 Mγ(f)(x) = [M(|f |γ)(x)]
1
γ .

cd�, =

Aε(f1, f2)(x) =
( ∫ ∞

0

∣∣∣∣
∫

τ>max(|x−y1|,|x−y2|)>ε

ε≥min(|x−y1|,|x−y2|)

K(x, y1, y2)f(y1)f(y2)dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

,

Gε(f1, f2)(x, z) =
( ∫ ∞

0

∣∣∣∣
∫

τ>|x−y1|>ε

τ>|x−y2|>ε

K(z, y1, y2)f(y1)f(y2)dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

,

Eε(f1, f2)(x, z) =
( ∫ ∞

0

∣∣∣∣
∫

τ>max(|x−y1|,|x−y2|)>ε

ε>min(|x−y1|,|x−y2|)

K(z, y1, y2)f(y1)f(y2)dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

.
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0 Minkowski N�6 0102 (1.5), 2
Aε(f1, f2)(x) �

∫
max(|x−y1|,|x−y2|)>ε

ε>min(|x−y1|,|x−y2|)

|f1(y1)f2(y2)|
(|x − y1| + |x − y2|)2n−2

dy1dy2

( ∫ ∞

ε

dτ

τ5

) 1
2

� 1
ε2

(∫
|x−y1|>ε

|x−y2|≤ε

+
∫

|x−y1|≤ε

|x−y2|>ε

) |f1(y1)f2(y2)|
(|x − y1| + |x − y2|)2n−2

dy1dy2

:= A1
ε(f1, f2)(x) + A2

ε (f1, f2)(x).

{|

A1
ε(f1, f2)(x) � 1

ε2

∫
|x−y1|>ε

|x−y2|≤ε

|f1(y1)f2(y2)|
(|x − y1| + ε)2n−2

dy1dy2

� 1
ε2

∫
|x−y2|≤ε

∞∑
k=1

∫
2k−1ε<|x−y1|≤2kε

|f1(y1)f2(y2)|
(2k−1ε + ε)2n−2

dy1dy2

� Mf1(x)Mf2(x).

��T, 2 A2
ε (f1, f2)(x) � Mf1(x)Mf2(x), '/ Aε(f1, f2)(x) � Mf1(x)Mf2(x). IX, � z ∈

B(x, ε
8 ), 2

Eε(f1, f2)(x, z) � Mf1(x)Mf2(x).

V^, 05<Æ02 (1.6), � z ∈ B(x, ε
8 ),

|με(f1, f2)(x)−Gε(f1, f2)(x)|
� Aε(f1, f2)(x) + Eε(f1, f2)(x, z)

+
( ∫ ∞

0

∣∣∣∣
∫

τ>|x−y1|>ε

τ>|x−y2|>ε

|K(x, y1, y2) − K(z, y1, y2)|f(y1)f(y2)dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

� Mf1(x)Mf2(x).

g1B z ∈ B(x, ε
8 ),

|Gε(f1, f2)(x)| ≤
( ∫ ∞

0

∣∣∣∣
∫

ε<max(|z−y1|,|z−y2|)<τ

K(z, y1, y2)f(y1)f2(y2)dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

+
( ∫ ∞

0

∣∣∣∣
∫

ε
2 <max(|z−y1|,|z−y2|)

max(|z−y1|,|z−y2|)<min(τ,2ε)

K(z, y1, y2)f(y1)f2(y2)dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

� |μ(f1, f2)(z)| + |μ(f (0)
1 , f

(0)
2 )(z)| +

2∏
i=1

Mfi(x),

)4 f
(0)
i (yi) = fi(yi)χB(x,ε)(yi), i = 1, 2. rz, � 1
 z ∈ B(x, ε

8 ),

|με(f1, f2)(x)| � |μ(f1, f2)(z)| + |μ(f (0)
1 , f

(0)
2 )(z)| +

2∏
i=1

Mfi(x).

AY T� L1(Rn)×· · ·×L1(Rn)B L1/2,∞(Rn)2*
cd Kolmogorov N�6, �, (3.9) 6.

G$, =

με(f1, f2)(x) =
( ∫ ∞

0

∣∣∣∣
∫

τ>|x−y1|>ε

τ>|x−y2|>ε

K(x, y1, y2)f(y1)f(y2)dy1dy2

∣∣∣∣
2
dτ

τ5

) 1
2

.
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00102 (1.5), ��uG
|με(f1, f2)(x) − με(f1, f2)(x)| � Mf1(x)Mf2(x),

'/
sup
ε>0

|με(f1, f2)(x)| � Mγ(μ(f1, f2)(x)) + Mf1(x)Mf2(x).

= Q ⊂ R
n �-KB/% x, ξ ∈ Q.E Bx �/ x�4o,v}� 10

√
nl(Q)
KB, < 3Q ⊂ Bx.

~V���/w
|μ(f1, f2)(ξ) − μ(f1χ3Q, f2χ3Q)(ξ)| ≤ |μ(f1χRn\3Q, f2χRn\3Q)(ξ)|

≤ |μ(f1χRn\Bx
, f2χRn\Bx

)(ξ) − μ(f1χRn\Bx
, f2χRn\Bx

)(x)| + sup
ε

|με(f1, f2)(x)|

+ |μ(f1χRn\3Q, f2χBx\3Q)(ξ)| + |μ(f1χBx\3Q, f2χRn\3Q)(ξ)|.
0 Minkowski N�6 5<Æ02 (1.6), 2

|μ(f1χRn\Bx
, f2χRn\Bx

)(ξ) − μ(f1χRn\Bx
, f2χRn\Bx

)(x)| � Mf1(x)Mf2(x).

^_K Aε(f1, f2) 
vw, 00102 (1.5), 2
|μ(f1χRn\3Q, f2χBx\3Q)(ξ)| � Mf1(x)Mf2(x)

 

|μ(f1χBx\3Q, f2χRn\3Q)(ξ)| � Mf1(x)Mf2(x).

AY�/
'2vw, �,

Mμ(f1, f2)(x) � Mγ(μ(f1, f2))(x) + Mf1(x)Mf2(x).

rz, Mμ �� L1(Rn) × L1(Rn) B L1/2,∞(Rn) 2*
. _{.

>x }y��z~
�{.
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arXiv: 1606.03952.

[9] Li K., Moen K., Sun W., The sharp weighted bound for multilinear maximal functions and Calderón–

Zygmund operators, J. Fourier Anal. Appl., 2014, 20: 751–765.


