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Abstract This paper proposes a new approach to estimate the within-subject co-
variance of longitudinal rank regression based on the modified Cholesky decomposition
matrix. Then new rank-based unbiased estimating functions are developed to improve
estimation efficiency in the analysis of unbalanced longitudinal data. Under some regu-
larity conditions, we establish the asymptotically normal distributions of the resulting
estimators. Moreover, we propose a robust rank score test for hypothesis on the regres-
sion coefficients. Simulation studies and a real data analysis show that the proposed
approach yields highly efficient estimators and the proposed rank score test is more
powerful than the existing approaches.

Keywords induced smoothing; longitudinal data; modified Cholesky decomposition;
rank score test
MR(2010) Subject Classification 62E20
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������������������������. Liang � Zeger [11] ��������
����������� (GEE). ��������������������������,

���������� ����!�. �� GEE ����������, �"#� ��$
��!% !.

Hettmansperger [7] "���#� ����"#$%�,&!�&"$%'!�.�&��
�'('�(���Æ, ��, Wang '� [15] ���#�� SCAD #� ��, ����$&
��%)(�*)�&�&!��. Wang '� [14] ��(+� ,���')#��*!��
������+*�- . Yang '� [19] ��#� ���$./- ,�(�*). #� 
���$&+,,����-, *!��� GEE "0-('�#. Jung '� [9] �&�..�
�'�/���� Wilcoxon–Mann–Whitney #1��. %�$')%0&����. ��, �

�����*+'!�. "��$���!�, )%0&������'/1�. Wang '� [17]

��0&�0��#�/�'�,���,�012%� [9] ���. Wang '� [16] )%23
������-���#��Wilcoxon#� ��. ��Wang'� [17] �23, Fu'� [5] �

�#� ���34-.���,�, ��&�� +��#(�*+4�5/4���. !+,

Fu'� [4] �$01����')%���#���,�, *!5)�#���+��6���
�('-2�1�- , �����*5�70&������$01�� ����!�.

��, 3�4�5 ,, 6�-����������8�'+�46. �3�4�5 ,
�,77� Cholesky "5���8�'!�.( [10, 20, 21]. �1, &���9)8966)%
��8&!��  ,. ��, 777� Cholesky "5+,,��#�  ,8�*:. �87

-,77� Cholesky "5��&!�9�4�5 ,, ;���.:!$%'!. �1, ��#
� ���,�8:, �/;!�$<. �87-, Brown '� [1] ���34-.���&�
9�-0!-;1���. %�<, <2=8�1�==-��21����,. >?$&�/
Wald =81��, ��#�'>*�'>��2!�3&��54%�;1��. "�?5&
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�C6, �8��'!�������#�"=81��.

�8D 2 CDEFE7&��$01.. ,, �F��77� Cholesky "5��D�E

8��,�����+�*+- . D 3 C��-'!�#�"=81��,�<2=8, *!

F9#�*+- . D 4 CGGHH :85�����'>*�- . D 5 C7����+,
,;I��-. D 6 CG��8��9. H�I1<>�JJ�?1�Æ�5)I�J=-.

2 efghi@Aj
)%�'/- ,

Yik = XT
ikβ + εik, i = 1, . . . , n, k = 1, . . . ,mi, (2.1)

>- n �����?, mi �D i ����23��K�, Yik � Xik = (Xik1, . . . ,Xikp)T �K

+(���+�4(�����, β � p .LB9���. εi = (εi1, . . . , εimi)
T "HH�5�

�, C εi, i = 1, . . . , n �&��. ���������, �5M (εi1, . . . , εimi)
T $@����. <

H β0 � β �D;�!E���K�" N =
∑n

i=1 mi. FG� , (2.1) -, $')%KLM�
"#� ��NHIL��(�.

�&�..��', Jung � Ying [9] ����'���,�

UI(β) = n−2
n∑

i=1

n∑
j=1

mi∑
k=1

mj∑
l=1

(Xik − Xjl)sgn(εik(β) − εjl(β)) (2.2)

,��� β, >- εik(β) = Yik − XT
ikβ. A β̂I " (2.2) �5. %���,� (2.2) ���&��

����/�, �� β̂I � ����!�.

"��$���!�, Fu � Wang [4] ����'!M#��,�
Uopt(β) = D̄T Σ−1S(β), (2.3)

>-
Σ = Cov(S(β)), S(β)= (S1(β)T

, . . . ,Sn(β)T )T , Si(β) = (Si1(β), . . . , Simi(β))T ,

Sik(β) = N−1
n∑

j=1

mj∑
l=1

[I{εjl(β) < εik(β)}−1/2], D̄ = {D̄ik, i = 1, . . . , n, k = 1, . . . ,mi}

� S(β) �BO�4�!

D̄ik(β0) = N−1
n∑

j=1

mj∑
l=1

(Xjl − Xik)fikjl(0),

>- fikjl(·) " εik(β0) − εjl(β0) �4%,�. "��JCPQ��NR, �87OD εik(β) �

Sik(β) -� β, ��EG� i � k. 8 [4] %�<"�7�5"#<>�(JJ�, $&��
fikjl(0), ��"�DP�S, T(<H fikjl(0) �����>?K*$@� ��(!�. ��,

���,� (2.3) -, T(, Dik = X̄ −Xik MU D̄ik, >- X̄ = N−1
∑n

j=1

∑mj

l=1 Xjl. ��,

� (2.3) NQLB�4�5/4 Σ. L�MB��2�4�5/4��$&�$ β ���!�.

�1, 8 [4] "�7�5 εi O0 AR(1) RN>T�����, �3"H Si �����! Si �

�����3O. "�SO&�F3, 8 [4] �3���,��P,$01�����"�$�
��!�. (�F, T(�$01����'����'��,�

UF (β) =
n∑

i=1

DT
i V −1

i Si(β) = 0, (2.4)
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>- Di = (Di1, . . . ,Dimi)
T , V −1

i = (σ2
i − σii)−1[Imi − σii(σ2

i + (mi − 1)σii)
−1

Jmi ], Imi �

mi × mi �EN/4, Jmi �PVG" 1 � mi × mi ./4. σ2
i � σiiH��8 [4, 2.2 C]. �

" σ2
i � σii �LB�9�, T(-,/���� σ2

i � σii. $&9) Fu � Wang [4] �QRS

H. A β̂F " (2.4) �5. FG Vi ��$01����'�..4�5/4. L�MB, Q'7
εi ('$01�����, Si � εi T('�������. ��, 7 εi �('$01����
�, β̂F � ���!��" Si ���������.

�87��77� Cholesky "5��D���� Si �4�5/4%)3 . D���I

1IW"H..����, ��;��-��!.:. %�<, 77� Cholesky "5$&U5�
��4�5/4�7H�, *!4�5/4-�9�('�2�1�G�. �� Yao � Li [20],

Σi = Cov(Si(β0)) $&"5"
Cov(ΦiSi) = ΦiΣiΦT

i = Λi, (2.5)

>- Φi �?�TPVG" 1 �'JT/4&" Λi = diag(d2
i1, . . . , d

2
imi

) � mi ×mi �T/4.

%�<, A ei = (ei1, . . . , eimi)
T = ΦiSi � φ

(i)
k,l � Φi -D (k, l) �PV��V�. ��$�

Si1 = ei1,

Sik = φ
(i)
k,1Si1 + · · · + φ

(i)
k,k−1Si,k−1 + eik, i = 1, . . . , n, k = 2, . . . ,mi.

(2.6)

FG eik, k = 1, . . . ,mi �����, �" Λi ��T/4! Var(eik) = d2
ik, k = 1, . . . ,mi. ��

8 [12] �23, �8"W�$� +� φ
(i)
k,l �-D�5 d2

ik �//- ,�89 ,
φ

(i)
k,l = W

(i)T
k,l θ, d2

ik � d2(tik) = σ(tik), (2.7)

>- θ � σ(·) "W� s × 1 .�� +���.LB-.,�, &" W
(i)
k,l � s × 1 .4(�.

X�8 [21] �3R, �8K W
(i)
k,l = (1, tik − til, . . . , (tik − til)

s−1)T .

U'", +,!% !����LB� θ � σ(·). XW, $&����Y5 ε̂ik(β̂I) = Yik −
XT

ikβ̂I , i = 1, . . . , n, k = 1, . . . ,mi, �F5�'!% !C6&� θ̂,

θ̂ = arg minθ

n∑
i=1

mi∑
k=2

(Ŝik − Ŝi1W
(i)T
k,1 θ − · · · − Ŝi,k−1W

(i)T
k,k−1θ)

2

=
( n∑

i=1

mi∑
k=2

υ̂ikυ̂T
ik

)−1 n∑
i=1

mi∑
k=2

υ̂ikŜik,

>-
Ŝik = N−1

n∑
j=1

mj∑
l=1

[I{ε̂jl(β̂I) < ε̂ik(β̂I)} − 0.5], υ̂ik =
( k−1∑

l=1

ŜilW
(i)
k,l,1, . . . ,

k−1∑
l=1

ŜilW
(i)
k,l,s

)T

.

��$� φ̂
(i)
k,l = W

(i)T
k,l θ̂. ��8 [3] �23, $� d2(t) ���, �5�'!% !C6

(η̂1, η̂2) = arg min
η1,η2

n∑
i=1

mi∑
k=1

[ê2
ik − η1 − η2(tik − t)]

2
Kh(tik − t),

>- Kh(·) = K(·/h)/h, h �ZL, K(·) "V,�, êi1 = Ŝi1, êik = Ŝik − ∑k−1
l=1 φ̂

(i)
k,lŜil, i = 1,

. . . , n, k = 2, . . . ,mi. %�$� d̂2(t) = η̂1. U'"�H�G�� θ̂ � d̂2(t) �*+- .

Sk 2.1 MJ=-�JJ (C1)–(C7) [�, C7 n → ∞,
√

N − n(θ̂ − θ)
d→N(0,Λ−1ΔΛ−1),
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>- →d >NT"#YO, Δ = limn→∞ 1
N−n

∑n
i=1

∑mi

k=2 d2
ikE(υikυT

ik) &" Λ H��J=-J
J (C7).

"�&� d̂2(t) �*+�Æ, 7 (2.6) 2Z"�'��5 ,
Si1 = di1ςi1,

Sik = φ
(i)
k,1Si1 + · · · + φ

(i)
k,k−1Si,k−1 + dikςik, i = 1, . . . , n, k = 2, . . . ,mi,

(2.8)

C E(ςik | tik) = 0, Var(ςik | tik) = 1 � Var(eik) = d2
ik, >- eik = dikςik � dik = d(tik). A

μj =
∫

ujK(u)du, νj =
∫

ujK2(u)du � fT (t) >N tik �ÆU4%,�.

Sk 2.2 MH� 2.1 -�JJ[�, &" h → 0, Nh → ∞, n → ∞ � lim supn→∞Nh5 <

∞, C √
Nh

{
d̂2(t) − d2(t) − 1

2
μ2h

2d̈2(t)
}

d→N(0,Ξ),

>- Ξ= limn→∞ ν0
NfT (t)

∑n
i=1

∑mi

k=1E[(ς2
ik−1)2|tik = t]d4(t)� d̈(t)=d′′(t) >N d(t) � W4�.

l 2.3 ��89,� σ(·)�, ZL h \VW8�21�TP. �8-,[X0]85&�
!MZL.

��&��F9, $� Σ̂−1
i = Φ̂T

i Λ̂−1
i Φ̂i, >- Φ̂i �?�TPVG" 1 �'JT/4! Φ̂i

�D (k, l) �PV" −φ̂
(i)
k,l, &" Λ̂i = diag(d̂2

i1, . . . , d̂
2
imi

). �$���,� (2.4), $�/�'�
'!��,�

UR(β) =
n∑

i=1

DT
i Σ̂−1

i Si(β). (2.9)

A β̂R " (2.9) �5. �1����,� (2.9) X�-.Y�E^. "�SO�SF3, \(-,
8 [1] ���34-.��&� β ���. GGDEF�S, UR(β) �34-.,�$Z"

ŨR(β) =
n∑

i=1

DT
i Σ̂−1

i S̃i(β), (2.10)

>- S̃i(β)= (S̃i1(β), . . . , S̃imi(β))T , S̃ik(β)=N−1
∑n

j=1

∑mj

l=1[Φ(εikjl/.rikjl)−0.5], (i, k) �= (j, l),

Φ(·) >N_Z7]�YZ"#,�, εikjl = εik − εjl, r2
ikjl = dT

ikjlΩdikjl, dikjl = Xik − Xjl �

Ω � β̃R � p × p .4�5/4, >- β̃R "#� ��,� (2.10) �5.

l 2.4 �" ŨR(β) � β �-.,�, C Newton-Raphson `M$&,"&� ŨR(β) = 0

�X.

Sk 2.5 MJ=-�JJ (C1)–(C6) [�, C β̂R

p→β0 !
√

n(β̂R − β0)
d→N(0,Γ−1Ψ(ΓT )−1),

>- p→ >NTa�YO, Γ � Ψ H��J=-.

Sk 2.6 MJ=-�JJ (C1)–(C6) [�, C
n−1/2[ŨR(β) − UR(β)] = op(1).

Sk 2.7 MJ=-�JJ (C1)–(C6) [�, C β̃R →p β0 !
√

n(β̃R − β0)
d→N(0,Γ−1Ψ(ΓT )−1).

l 2.8 H� 2.6 >)-.��,��8-.��,�*+'[. H� 2.5 � 2.7 >)-.

��[8-.��('���*+"#.
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3 mnop
��/-�  ,, Gutenbrunner, Jurečková, Koenker � Portnoy [6] ���#�"=8

��\Q)!R+�=8��. �C��'!���,� UR(β) ��#�"=81��. �

���-, b9���\"" β = (βT
1 ,βT

2 )T , >- β1 ∈ R
p1 � β2 ∈ R

p−p1 . )%]<2"
H0 : β1 = 0p1 . A X(1) � X(2) "W��+� β1 � β2 � N × p1 � N × (p − p1) .2�/

4. %�<, H� Π = (I − X(2)(XT
(2)X(2))−1XT

(2))X(1) &" Πik ∈ R
p1 " Π �D i ����

D k K��� Dik(1) = Π̄−Πik, Π̄ = N−1
∑n

j=1

∑mj

l=1 Πjl; Di(1) = (Di1(1), . . . ,Dimi(1))
T . A

β̄ >N�]<2 H0 ' (2.9) �5, ��H��'#�"=81��
T̂n = ŜT

n V̂ −1
n Ŝn, (3.1)

>-
Ŝn = n−1/2

n∑
i=1

DT
i(1)Σ̂

−1
i Si(β̄), V̂n = n−1

n∑
i=1

DT
i(1)Σ̂

−1
i Si(β̄)(DT

i(1)Σ̂
−1
i Si(β̄))T ,

Si(β̄) = (Si1(β̄), . . . , Simi(β̄))T , ! Sik(β̄) = N−1
n∑

j=1

mj∑
l=1

[I{εjl(β̄) < εik(β̄)} − 1/2],

" εik(β̄) = Yik − XT
ikβ̄.

Sk 3.1 MJ=-�JJ (C1)–(C6) � (C8) [�, &"�]<2 H0 : β1 = 0p1 ', $�

T̂n
d→χ2(p1), 7 n → ∞.

4 qrst
"��������'>*�- , �8c] (β̃R) [�(6����, �� β̂I , d1�

GEE ���"H�����', �$01���� (β̂e
G) � AR(1) ���� (β̂a

G) &" β̂F .

u 4.1 ��"^��' ,
Yik = Xik1β1 + Xik2β2 + εik,

>- β1 = −0.5, β2 = 1, Xik = (Xik1,Xik2)T "^���+�" 0.5 �_Z�P7]"#. "�

�������>�)", )%�''\�5"#:

Case I ���7]�5, εi O0�P7]"# N(0,Ξi), >- Ξi 7H��'8.

Case II ��� t "#, εi O0$%%" 3 ��P t "#!4�5/4" Ξi.

�$�8 [12], εi �4�5/4 Ξi H�" Ξi = Δ−1
i Bi(ΔT

i )−1, >- Bi � mi × mi �

�T/4!D k ��TPV" sin(πςik)/3 + 0.5, ςik ∼ U(0, 2), &" Δi ��TPVG" 1 �

'JT/4!D (k, l) �PV" −δ
(i)
k,l, (k �= l), δ

(i)
k,l = W

(i)T
k,l θ∗, >- W

(i)
k,l = (1, tik − til)T ,

θ∗ = (0.2, 0.5)T � tik ∼ U(0, 1). ��23��K� mi, )%�S^�T^. A mi " 2 , m

(m = 10 R 20) ��HH�, ��� m $&_.� mi, i = 1, . . . , n �!+�. )% n = 50 �

100, 23 : 200 K (`> 1).

u 4.2 "�%)aS�c, ,8 [4] �$���/4�5/4 Ξi = A
1/2
i CiA

1/2
i , >-

Ai = diag(σ2
i1, . . . , σ

2
imi

) � Ci "W"��+� 0.7 �$01 (Exch) � AR(1) ����, "

σ2
ij = 1 + 2t2ij � tij ∼ U(0, 2). ��8 [10], K m = 10 R 20, �U�PV' 20% �a�*�, 0

14_�S^�����. )% n = 50, 23 : 200 K. >T�2H�� 4.1 �* (`> 2).
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n m

Case I Case II

β1 β2 β1 β2

bias EFF bias EFF bias EFF bias EFF

50 10 β̂I −0.0469 1.000 −0.3787 1.000 0.2780 1.000 −0.3735 1.000

β̂e
G 0.1138 1.129 0.2027 1.149 0.7369 0.538 −0.2283 0.605

β̂a
G 0.2521 0.974 0.1944 0.947 0.7321 0.513 −0.3601 0.503

β̂F −0.1421 1.171 −0.2400 1.060 0.2895 1.151 −0.2756 1.224

β̃R 0.0676 1.576 −0.2396 1.592 0.0944 1.569 −0.0099 1.711

20 β̂I 0.4049 1.000 0.3178 1.000 0.0086 1.000 0.1423 1.000

β̂e
G −0.1741 0.660 0.2213 0.738 −0.5205 0.391 0.5733 0.393

β̂a
G −0.5534 0.634 0.2617 0.673 −0.2444 0.403 −0.0370 0.377

β̂F 0.4257 1.389 0.1256 1.395 0.2083 1.138 0.0249 1.302

β̃R 0.0423 2.284 0.0361 2.722 0.1090 1.908 0.1227 1.874

100 10 β̂I 0.2650 1.000 −0.5947 1.000 −0.1257 1.000 0.4308 1.000

β̂e
G 0.0803 1.141 −0.1584 1.049 −0.2898 0.548 0.1529 0.523

β̂a
G 0.1426 0.966 −0.0229 0.879 −0.3589 0.560 0.1063 0.514

β̂F 0.2876 1.195 −0.6085 1.241 −0.0937 1.090 0.4562 1.039

β̃R 0.0943 1.818 −0.5214 1.452 0.1219 1.427 0.0477 1.447

20 β̂I 0.3137 1.000 0.2465 1.000 0.4180 1.000 −0.5289 1.000

β̂e
G 0.2536 0.758 −0.2921 0.707 0.5236 0.350 −0.2008 0.295

β̂a
G 0.0398 0.753 −0.1970 0.790 0.8834 0.301 −0.0498 0.322

β̂F 0.2578 1.313 0.2033 1.300 0.2220 1.210 −0.3094 1.365

β̃R 0.2961 2.213 −0.0479 2.345 −0.0028 1.915 −0.4137 2.458

e 1 Æ 4.1 A_bVWcd

m

Exch AR(1)

β1 β2 β1 β2

bias EFF bias EFF bias EFF bias EFF

Case I 10 β̂I 0.3062 1.000 −0.9067 1.000 −1.3634 1.000 0.3852 1.000

β̂e
G 0.1973 2.089 −0.1955 2.009 −0.5783 1.261 −0.3449 1.154

β̂a
G 0.3845 1.501 −0.6224 1.394 −0.2201 1.697 −0.1504 1.735

β̂F 0.1758 2.581 −0.0024 2.889 −1.1924 1.380 0.1590 1.276

β̃R 0.3304 2.624 0.0207 2.882 −0.6764 1.462 −0.1072 1.459

20 β̂I −1.2801 1.000 0.7120 1.000 −0.1335 1.000 −0.0094 1.000

β̂e
G 0.1086 2.207 −0.1086 2.400 0.0011 1.009 −0.1683 1.014

β̂a
G 0.0532 1.533 −0.0223 1.685 0.0431 1.813 −0.2634 1.762

β̂F −0.9554 2.476 0.4237 2.732 0.0365 1.287 −0.6172 1.109

β̃R −0.5284 2.202 0.1091 3.092 −0.1734 1.312 −0.1539 1.286

Case II 10 β̂I 0.2103 1.000 1.8830 1.000 0.5869 1.000 −0.6452 1.000

β̂e
G −0.0460 0.924 0.0932 0.973 −0.8176 0.643 1.5570 0.714

β̂a
G −0.3303 0.686 0.0303 0.627 −0.4112 0.955 0.8063 1.121

β̂F 0.2389 2.816 1.0736 2.465 −0.0407 1.493 −0.6503 1.465

β̃R 0.0503 2.846 0.6004 2.289 0.2275 1.752 −0.7470 1.810

20 β̂I 0.4646 1.000 −0.2462 1.000 0.2327 1.000 −0.3240 1.000

β̂e
G −0.4362 1.166 0.2448 1.048 0.4940 0.533 −0.5063 0.515

β̂a
G −0.6014 0.806 0.2111 0.782 0.3539 0.865 −0.8785 0.829

β̂F 0.1362 2.714 −0.1463 2.489 0.5117 1.241 −1.0497 1.324

β̃R 0.4189 2.701 −0.4488 2.500 0.5815 1.518 −0.6667 1.491

e 2 Æ 4.2 A_bVWcd
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u 4.3 )%N�"#. HH�5M εi & 1 − δ% �a�O0�P7]"# N(0,Ξa
i ) &"

X'� δ% ���"^�$%%" 3 !4�5/4" Ξb
i � t "#. )% n = 100, m = 10, 2

3 : 200 K. >T�2H�� 4.2 -��*. (�F, )%�''\N�"# (`> 3):

Case III Ξa
i =A

1/2
i Ca

i A
1/2
i ! Ca

i "��+�" 0.7�$01����; Ξb
i =A

1/2
i Cb

i A
1/2
i

! Cb
i "��+�" 0.7 � AR(1) ����.

Case IV Ξa
i =A

1/2
i Ca

i A
1/2
i !Ca

i "��+�" 0.7� AR(1)����; Ξb
i =A

1/2
i Cb

i A
1/2
i

! Cb
i "��+�" 0.7 �$01����.

δ%

Case III Case IV

β1 β2 β1 β2

bias EFF bias EFF bias EFF bias EFF

20% β̂I −0.9911 1.000 0.9022 1.000 1.2352 1.000 −0.5577 1.000

β̂e
G −0.2907 1.735 0.0388 1.863 0.3741 1.237 −0.1408 1.640

β̂a
G −0.1094 1.765 −0.1526 1.589 −0.4035 0.948 0.3787 1.477

β̂F −0.0256 3.146 0.2943 3.126 0.4213 1.956 −0.1400 2.239

β̃R −0.1842 3.351 0.1004 3.106 0.8417 2.319 −0.4693 2.382

50% β̂I −0.2105 1.000 0.3689 1.000 −0.0428 1.000 0.0568 1.000

β̂e
G −0.4096 0.970 0.2962 0.913 0.4236 1.591 −0.0135 1.507

β̂a
G −0.3746 1.410 0.4220 1.326 −0.1584 1.538 0.2779 1.380

β̂F −0.5354 2.316 −0.1304 2.377 0.4308 2.715 0.0144 2.177

β̃R −0.4208 2.450 −0.1165 2.399 0.6420 2.874 −0.4018 2.287

e 3 Æ 4.3 A_bVWcd

XW)%���� β̃R��W
(i)
k,l�.��f��.�8)% s = 2, 3, 4"�+��Æ (` 1).

\(g������ s, ����>��5��. ��, � :�Æ-QY�� s = 2 �TZ. >

1–3 G�� β̂e
G, β̂a

G, β̂F � β̃R �� β̂I �*+��!&"Ka\���85 (×10−2). X�K
J`>, \($&�,�'�9.

D�, �'>*�'�'���85h�%, >)T(h����.

D , �87]"#', d1� GEE ��>��!5, KY0) GEE ����&!�.

DJ, ���� β̃R ���>T'\#�� β̂I � β̂F ('-$�!�. ��, -,77�
Cholesky "5��#�  ,�0&4�5/4�'!�.

Da, 7 εi O0$01�����, β̃R � β̂F >��$, �"�K\T^' Si � εi ('
�������, � β̂F -,�71�..����. 7�5 εi �('$01�����, ��

�� β̃R >��c β̂F 2. ��, [6�����c, ���� β̃R ('-R�ea�#. >?1
]�������6�4�5��('-���^[, �IIW"H4�5���^[. ��D
��c+��6����-.:. Eb, $&���������������-('-2�&
!-�'!-��9.

%` 2 $B���4%,�\/[7]4%,�\/�U+, &" Q-Q `-�]����
"#��J/�. K>) θ̂ *+O07]"#. �� d̂2(t) $&�,�$��9, "�C^f�

K_7OD>�Æ. ` 3 g����� σ̂(t) \/&"�+� 95% Hb`�, $B σ̂ HW��(
P. HW*���c#, σ̂(t) � 95% Hb`�d"de.
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c 2 Æ 4.1� θ1 (ab) h θ2 (hb) h Case I (fcd) h Case II (gcd) h 300 mijiAjnc, i

jAeok�fg (gg), =ieok�fg (jg) h 300 mijiA Q–Q ci n=50 h m=10
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c 3 i m = 10, Æ 4.1 � σ̂(t) Afgc (gg) ÆlkkA 95% llhm (pg)

!F����#�"=81�� T̂n �'>*�- . )%]<2 H0 : β1 = 0 &"K β =

(c, 1)T , >- c & 0.05 �EN0 −0.2 c#, 0. �m, K n = 50 � m = 10 23 : 400 K

�,#�"=8�#,� (q!,�) ���, � 400−1
∑400

i=1 I(T̂n,i > χ2
1,α), >-��-nS"

α = 0.05. FG T̂n,i� T̂n�D i K�Æ&" χ2
1,α� χ2

1� 100(1−α)% "N�. "�aSc],

)%J\#�"=8, �"H����', �&��� (>N" Ind) �$01���� (>N"

Ex) "�8���$o+�� (>N" Ad). FG: Ind �&��7 (3.1) -� Σ̂i, mi × mi.

�EN/4MU. Ex �&��7 (3.1) -� Σ̂i, (2.4) - ViMU. > 4, 5 Yn�� 4.1 � 4.2

-J\#�"=8�q!,��. 7 c = 0 �, J\��rD��s��a��U+��-nS
0.05. %�<, g��8��=8�q!,��+�>T'\=8�q!,��7 c �= 0 �. �

m, HW c �o���c#q!,��0pc#, 1. K(�Æ>)�8��#�"=81��
-2.

c Case I Case II

Ind Ex Ad Ind Ex Ad

−0.00 0.040 0.040 0.055 0.070 0.075 0.068

−0.05 0.163 0.160 0.257 0.165 0.155 0.225

−0.10 0.420 0.473 0.650 0.330 0.370 0.485

−0.15 0.753 0.823 0.940 0.555 0.580 0.765

−0.20 0.930 0.950 0.985 0.815 0.855 0.925

e 4 hqmrÆc α = 0.05 h, Æ 4.1 �inpontAu@k�i
cq c Case I Case II

Ind Ex Ad Ind Ex Ad

Exch −0.00 0.065 0.055 0.058 0.070 0.050 0.060

−0.05 0.075 0.115 0.120 0.080 0.105 0.110

−0.10 0.168 0.315 0.380 0.095 0.225 0.270

−0.15 0.273 0.585 0.663 0.250 0.425 0.450

−0.20 0.518 0.838 0.890 0.350 0.615 0.660

AR(1) −0.00 0.050 0.048 0.060 0.043 0.048 0.057

−0.05 0.073 0.093 0.092 0.055 0.090 0.090

−0.10 0.185 0.233 0.250 0.108 0.170 0.180

−0.15 0.283 0.375 0.425 0.208 0.308 0.333

−0.20 0.468 0.588 0.655 0.325 0.430 0.508

e 5 hqmrÆc α = 0.05 h, Æ 4.2 �inpontAu@k�i
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5 vwpx
\(7�8���+,,��qs��-, ;���(�>Q`8 [22]. KM��Yr� 34

jk-�l*. U�vk�23��K�0 11 , 28 (P!K0��s' 492 ����. (
'�(�N-,/- ,��K0�� [2, 23]. Wm�89r���tnqsnS���[op
(Age), q� �"� (BMI) ��� (tij) ��+. 8 [2, 23] -, Huber �",�"uK0�
�. >?'t� Huber �",�$&urK+(�-����sK01�,&!��, ��&

!� Huber �",����8&!���� ��(!��$'����T^'. %�&!�
#� ���"#$%�, &!�!$%'!�. �87-,#� ��tnqsnS���[
Age, BMI, tij &"#(�0vM��+. (�F, )%�' ,

Yij = β0 + β1Agei + β2BMIi + β3tij + β4Agei ∗ tij + β5BMIi ∗ tij

+ β6t
2
ij + β7Agei ∗ BMIi + εij .

c]�8���� (β̃R) [ β̂I , β̂e
G, β̂a

G � β̂F . > 6 Yn����+���+�_Z5 (SE),>

- SE % 500 K bootstrap w*&�.

Age BMI Time Age*Time BMI*Time Time*Time Age*BMI

Estimate 0.5465 0.5413 −1.6767 0.0211 0.0336 0.0048 −0.0245

β̂I SE 5.1661 7.7701 1.4750 0.0332 0.0362 0.0239 0.2058

Estimate −0.7967 −1.2043 −2.1248 0.0318 0.0305 0.0040 0.0189

β̂e
G SE 4.9974 7.5917 1.4805 0.0325 0.0355 0.0254 0.1975

Estimate −0.7742 −1.2545 −3.2770 0.0500 0.0660 −0.0132 0.0134

β̂a
G SE 4.8613 7.3947 1.5693∗∗ 0.0334 0.0400∗ 0.0229 0.1911

Estimate −0.9201 −1.3088 −1.6648 0.0235 0.0315 0.0025 0.0280

β̂F SE 5.1902 7.8760 1.5241 0.0343 0.0373 0.0243 0.2066

Estimate −3.1476 −4.4049 −3.8920 0.0513 0.0823 −0.0032 0.1079

β̃R SE 4.5837 7.1284 1.8600∗∗ 0.0321 0.0405∗∗ 0.0215 0.1847

e 6 tv�A�wxijAx� (×10−2) ÆlkkAyuz (SE×10−2)
∗{eijh α = 10% hqm; ∗∗{eijh α = 5% hqm.

%> 6 $��'�9:

(1) β̂a
G � β̃R �,�$� ,, #(b Time � BMI*Time _.21(�, >>) Age �

BMI �qwVnS$'��sK. K(�Æ�8 [2] ��_.

(2) [>Ta\���c, �8����('-%�_Z5, K>)�8�����-'!.

�m���$� +�"
θ̂1 = 0.2180(0.0293), θ̂2 = −0.3822(0.0644),

>-sx&��"_Z5, >)���$� +��$%���. ` 4 g�����-D�5

σ̂(t) \/
&"�+� 95% Hb`�, >) σ̂ HW��(P.
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c 4 σ̂(t) Afgc (gg) ÆlkkA 95% llhm (pg)

�m, HHFb��""')": ytr (HHwK 33 �vk����) ��zr (X'�

1 �vk����). -,o�v��5�9� (MAPE) "^�v�!Æ, >H�"
|Yik − Ŷik|, i ∈ DT , k = 1, . . . ,mi

�S9�, >- DT ��zr. �,[\��� MAPE �':

MAPE(β̂I) = 0.2022, MAPE(β̂e
G) = 0.2007, MAPE(β̂a

G) = 0.2000,

MAPE(β̂F) = 0.2018; MAPE(β̃R) = 0.1969.

uwg� β̃R ('!%� MAPE, >>)�8����('!2�v�@v.

6 yz
�8-,77� Cholesky "5����#� �0&��-, ���-#'!�#� �

",�. "�SO�-.��,�|"��SF3, ,8 [1] ���34-.&�� 9���
�. %�<, ��'!���,� (2.9) ��D�#�"=8, *5)�=81���*+"#.

 :���;5"u(y85�������d-.

A x{
A Γ = limn→∞ 1

n

∑n
i=1 DT

i Σ̂−1
i D̄i � Ψ = limn→∞ 1

n

∑n
i=1 DT

i Σ̂−1
i ΣiΣ̂−1

i Di. "�&��

����*+- , �8I1&'7CJJ.

(C1) εik �/;�HH(� i = 1, . . . , n, k = 1, . . . ,mi, &"<H εik(β0) − εjl(β0) �"#

�-N�" 0, ��EG�� (i, j) � (k, l) Ns i = j, �� (i, k) �= (j, l).

(C2) D;� β0 �9�f� B �&�, >- B � R
p �zyr.

(C3) fikjl(·) � Fikjl(·) "W>N εik(β0) − εjl(β0) �4%,��"#,�, ! fikjl(·) �
#��W4� f ′

ikjl(·) �� 0 �'t�,��� i = 1, . . . , n, j = 1, . . . , n, k = 1, . . . ,mi, l =

1, . . . ,mj .
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(C4) max1≤i≤nmi't, supi‖Xi‖ < +∞� Γ���7H/4,>- ‖·‖>Nw{_�}�.

(C5) Ω ���7H/4&" Ω = O(1/n).

(C6) ŨR(β) �4�, ∂ŨR(β)
∂β Ta� 1 "7H/4.

(C7)A υik =(
∑k−1

l=1SilW
(i)
k,l,1, . . . ,

∑k−1
l=1SilW

(i)
k,l,s)

T ,C (N−n)−1
∑n

i=1

∑mi

k=2υikυT
ik→pΛ> 0.

(C8) ��R"+� n, Vn = n−1
∑n

i=1D
T
i(1)Σ̂

−1
i Si(β0)ST

i (β0)Σ̂−1
i Di(1)�!%���zx 0

't.

Sk 2.1 {|} X� υ̂ik �H�$�

υ̂ik − υik =
( k−1∑

l=1

ŜilW
(i)
k,l,1, . . . ,

k−1∑
l=1

ŜilW
(i)
k,l,s

)T

−
( k−1∑

l=1

SilW
(i)
k,l,1, . . . ,

k−1∑
l=1

SilW
(i)
k,l,s

)T

=
( k−1∑

l=1

(Ŝil − Sil)W
(i)
k,l,1, . . . ,

k−1∑
l=1

(Ŝil − Sil)W
(i)
k,l,s

)T

,

>-
Ŝik � Ŝik(β̂I) = N−1

n∑
j=1

mj∑
l=1

[I{ε̂jl(β̂I) < ε̂ik(β̂I)} − 0.5].

�$�8 [9]$B, β̂I � β0 �
√

n����,C Ŝil−Sil = Op(n−1/2)� υ̂ik−υik = Op(n−1/2).

��$�
1

N − n

n∑
i=1

mi∑
k=2

(υ̂ik − υik)(υ̂ik − υik)T = Op(n−1). (A.1)

�$F
1

N − n

n∑
i=1

mi∑
k=2

(υ̂ik − υik)υ̂T
ik =

1
N − n

n∑
i=1

mi∑
k=2

(υ̂ik − υik)υT
ik

+
1

N − n

n∑
i=1

mi∑
k=2

(υ̂ik − υik)(υ̂ik − υikt)T

=
1

N − n

n∑
i=1

mi∑
k=2

(υ̂ik − υik)υT
ik + Op(n−1)

� ∣∣∣∣ 1
N − n

n∑
i=1

mi∑
k=2

(υ̂ik − υik)υT
ik

∣∣∣∣ ≤ op(1)
1

N − n

n∑
i=1

mi∑
k=2

(∣∣∣∣
k−1∑
l=1

SilW
(i)
k,l,1

∣∣∣∣, . . . ,
∣∣∣∣
k−1∑
l=1

SilW
(i)
k,l,s

∣∣∣∣
)

= op(1),

C
1

N − n

n∑
i=1

mi∑
k=2

(υ̂ik − υik)υ̂T
ik = op(1).

-,�'I;
n∑

i=1

mi∑
k=2

υ̂ikυ̂T
ik =

n∑
i=1

mi∑
k=2

{(υ̂ik − υik) + υik}{(υ̂T
ik − υT

ik) + υT
ik}

=
n∑

i=1

mi∑
k=2

{(υ̂ik−υik)(υ̂ik−υik)T +(υ̂ik−υik)υ̂T
ik+υik(υ̂ik−υik)T +υikυT

ik}.
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��JJ (C7) �

1
N − n

n∑
i=1

mi∑
k=2

υ̂ikυ̂T
ik =

1
N − n

n∑
i=1

mi∑
k=2

υikυT
ik + op(1)

p→Λ. (A.2)

7 n → ∞. �m
n∑

i=1

mi∑
k=2

υ̂ikŜik =
n∑

i=1

mi∑
k=2

{(υ̂ik−υik)(Ŝik−Sik)+(υ̂ik−υik)Sik + υik(Ŝik−Sik) + υikSik}

�
√

N − n(I1 + I2 + I3 + I4).

�$� (A.1) �5), ' I1 = op(1), I2 = op(1) � I3 = op(1). %�<,

I4 =
1√

N − n

n∑
i=1

mi∑
k=2

υikSik =
1√

N − n

n∑
i=1

mi∑
k=2

υikυT
ikθ +

1√
N − n

n∑
i=1

mi∑
k=2

υikeik.

U'"QI5)
1√

N − n

n∑
i=1

mi∑
k=2

υikeik
d→N(0,Δ). (A.3)

��, �� (A.2) � (A.3), -, Slutsky H�$�
√

N − n(θ̂ − θ)
d→N(0,Λ−1ΔΛ−1).

U'"5) (A.3). ��EG� s × 1 .PV�G" 0 ����� κ = (κ1, . . . , κs)T . A

Ψ = (N − n)−1
n∑

i=1

mi∑
k=2

(κT υik)eik.

�uw�, E(Ψ) = 0 &"

Var(
√

N − nΨ) =
1

N − n

n∑
i=1

E

{ mi∑
k=2

(κT υik)eik

}2

=
1

N − n

n∑
i=1

mi∑
k=2

d2
ikE

( s∑
l=1

κlυikl

)2

.

A ξi =
∑mi

k=2 (κT υik)eik, C

S2 = Var
( n∑

i=1

ξi

)
=

n∑
i=1

Var(ξi) =
n∑

i=1

mi∑
k=2

d2
ikE(κT υik)

2
.

My{z{~ (Lyapunov) JJ ∑n
i=1 E|ξi|3

S3
→ 0 (A.4)

[�, C (A.3) [�. ��QI5) (A.4) [�. -,JJ (C3), '∑n
i=1 E|ξi|3

S3
≤ CnE(

∑s
l=1 |κl||υikl|)3

n3/2[E{∑s
l=1 κlυikl}2]

3/2
= Op(n−1/2) = op(1).

��, |[�H� 2.1 �5).

Sk 2.2 {|} �$� Fan � Yao 8 [3, H� 1], $�

d̂2(t) − d2(t) =
1

NfT (t)

n∑
i=1

mi∑
k=1

Kh(tik − t){ê2
ik − d2(t) − ḋ2(t)(tik − t)}.
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FG,
ê2
ik = (Ŝik − υ̂T

ikθ̂)2 = (Ŝik − υ̂T
ikθ̂ + Sik − Sik)2

= [Ŝik − Sik − (υ̂T
ikθ̂ − υT

ikθ) + dikςik]2

= d2
ikς2

ik + 2dikςik[Ŝik − Sik − (υ̂T
ikθ̂ − υT

ikθ)] + [Ŝik − Sik − (υ̂T
ikθ̂ − υT

ikθ)]2.

%�$�
d̂2(t) − d2(t) = I1 + I2 + I3 + I4{1 + op(1)}, (A.5)

>-
I1 =

1
NfT (t)

n∑
i=1

mi∑
k=1

Kh(tik − t){d2(tik) − d2(t) − ḋ2(t)(tik − t)},

I2 =
1

NfT (t)

n∑
i=1

mi∑
k=1

Kh(tik − t){d2(tik)(ς2
ik − 1)},

I3 = 2
1

NfT (t)

n∑
i=1

mi∑
k=1

Kh(tik − t)dikςik[Ŝik − Sik − (υ̂T
ikθ̂ − υT

ikθ)],

I4 =
1

NfT (t)

n∑
i=1

mi∑
k=1

Kh(tik − t)[Ŝik − Sik − (υ̂T
ikθ̂ − υT

ikθ)]2.

�uwg�H� 2.2 $&|U%�'� (a)–(d) �,:

(a) I1 = 1
2μ2h

2d̈2(t) + op(h2);

(b)
√

NhI2
d→N(0,Ξ);

(c) I3 = op( 1√
Nh

);

(d) I4 = op( 1√
Nh

).

(a) |UX�}|}|�,. -,-~}>H�, I2 *+O07]"#>9�" 0 !�5"

Var(I2) =
ν0

N2hfT (t)

n∑
i=1

mi∑
k=1

E[(ς2
ik − 1)

2|tik = t]d4(t).

X� I3 �H�, '
I3 = 2

1
NfT (t)

n∑
i=1

mi∑
k=1

Kh(tik − t)dikςik[Ŝik − Sik]

− 2
1

NfT (t)

n∑
i=1

mi∑
k=1

Kh(tik − t)dikςik(υ̂T
ikθ̂ − υT

ikθ)

� I31 + I32.

�" β̂I � β0 �
√

n ����, $�

Ŝik − Sik = Op(1
/√

n), (A.6)

-, (A.6) $�

(υ̂T
ik − υT

ik)θ =
(k−1∑

l=1

(Ŝil − Sil)W
(i)
k,l,1, . . . ,

k−1∑
l=1

(Ŝil − Sil)W
(i)
k,l,s

)
θ = Op(1

/√
n). (A.7)
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%�<, X�H� 2.1 &" (A.6), (A.7), '
υ̂T

ikθ̂ − υT
ikθ = (υ̂T

ik − υT
ik)θ + (υ̂T

ik − υT
ik)(θ̂ − θ) + υT

ik(θ̂ − θ)

= Op(n−1/2) + Op(n−1/2)Op(n−1/2) + Op(n−1/2) = Op(n−1/2). (A.8)

}���,, X� E(ςik | tik) = 0, Var(ςik | tik) = 1, �� (A.6) � (A.8) '
I31 = op

(
1√
Nh

)
, I32 = op

(
1√
Nh

)
.

C I3 = op(1/
√

Nh). �$� I3 �5), $� I4 = op(1/
√

Nh). �JJ h → 0, Nh → ∞, n → ∞
� lim supn→∞Nh5 < ∞ ', $|[H� 2.2 �5).

Sk 2.5 {|} A GT
i = DT

i Σ̂−1
i , C UR(β) =

∑n
i=1 GT

i Si. %�<<H

Pi =
(

N−1
n∑

j=1

mj∑
l=1

[p{εjl < εi1} − 1/2], . . . , N−1
n∑

j=1

mj∑
l=1

[p{εjl < εimi} − 1/2]
)T

,

ŪR(β) =
∑n

i=1 GT
i Pi, $�

n−1[UR(β) − ŪR(β)] = n−1
n∑

i=1

GT
i (Si − Pi)

= (nN)−1
n∑

i=1

mi∑
k=1

gik

n∑
j=1

mj∑
l=1

[I{εjl < εik} − p{εjl < εik}],

>- gik � p× 1 ���&" GT
i = (gi1, . . . ,gimi). -,JJ (C4) ��_R+�H~ [13], $�

sup
β∈B

∣∣∣∣(nN)−1
n∑

i=1

mi∑
k=1

gik

n∑
j=1

mj∑
l=1

[I{εjl < εik} − p{εjl < εik}]
∣∣∣∣ → o(n−1/2) a.s.,

C supβ∈B ‖n−1{UR(β) − ŪR(β)}‖ = o(n−1/2) a.s.. ��)% ŪR(β),

n−1DR(β0) = n−1 ∂ŪR(β)
∂β

∣∣∣∣β=β0 = n−1
n∑

i=1

DT
i Σ̂−1

i D̄i.

-,JJ (C6) $B n−1DR(β0) ���7H/4 N−1
∑n

j=1

∑mj

l=1 p{εjl(β0) < εik(β0)} = 0.5.

%JJ (C1), C β0 ����� ŪR(β) = 0 ���5. �" β̂R ����� UR(β) = 0 �5, C
β̂R → β0 7 n → +∞. ��EG� β <> ‖β − β0‖ < cn−1/3,

UR(β) − UR(β0) =
n∑

i=1

GT
i (β)Si(β) −

n∑
i=1

GT
i (β0)Si(β0)

=
n∑

i=1

GT
i (β){Si(β) − Si(β0)} +

n∑
i=1

{Gi(β) − Gi(β0)}T Si(β0)

= I1 + I2.

D�M$&~"
I1 =

n∑
i=1

GT
i (β)Pi(β) +

∑n

i=1
GT

i (β){Si(β) − Si(β0) − Pi(β)}

=
n∑

i=1

GT
i (β)Pi(β) +

n∑
i=1

mi∑
k=1

gikN−1
n∑

j=1

mj∑
l=1

[I{εjl(β) < εik(β)} − I{εjl(β0) < εik(β0)}

− p{εjl(β) < εik(β)} + 1/2]

= I11 + I12.
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X�8 [8, J� 3], $� sup |I12| = op(
√

n). ��D�M"
I1 =

n∑
i=1

GT
i (β)Pi(β) + op(

√
n) = ŪR(β) + op(

√
n).

%8 [13] �R+�H~, D M"

I2 =
n∑

i=1

mi∑
k=1

{gik(β) − gik(β0)}N−1
n∑

j=1

mj∑
l=1

[I{εjl(β0) < εik(β0)} − 1/2] = op(
√

n).

��, UR(β) − UR(β0) = ŪR(β) + op(
√

n). 7 ŪR(β) %)}|}|�� ŪR(β0) = 0, $�

UR(β) − UR(β0) =
∂ŪR(β)

∂β

∣∣∣∣β=β0(β − β0) + op(
√

n) = DR(β0)(β − β0) + op(
√

n).

�" β̂ � β0 � n−1/3 
�&&" UR(β̂R) = 0, '
√

n(β̂R − β0) = −(n−1DR(β0))−1n−1/2UR(β0) + op(1).

X�+�H~, n−1DR(β0)
p→Γ. Si �&��HH(�>9�" 0 �

Var(n−1/2UR(β0)) = n−1
n∑

i=1

DT
i Σ̂−1

i Cov(Si(β0))Σ̂−1
i Di.

-,-~}>H�$� n−1/2UR(β0)
d→N(0,Ψ). %�<, X� Slutsky H�$�

√
n(β̂R − β0)

d→N(0,Γ−1Ψ(ΓT )−1).

K�|[�H� 2.5 �5).

Sk 2.6 {|} �" S̃ik − Sik = N−1
∑n

j=1

∑mj

l=1 sgn(−ζikjl)Φ(−|ζikjl|), >- sgn(·) �
�x,�, ζikjl = εikjl/rikjl. $�

n−1/2[ŨR(β) − UR(β)] = n−1/2N−1
n∑

i=1

mi∑
k=1

n∑
j=1

mj∑
l=1

giksgn(−ζikjl)Φ(−|ζikjl|),

�"
E(S̃ik − Sik) =

∫ +∞

−∞
N−1

n∑
j=1

mj∑
l=1

Φ(−|ε|/rikjl){2I(ε ≤ 0) − 1}fikjl(ε)dε

= N−1

∫ +∞

−∞

n∑
j=1

mj∑
l=1

rikjlΦ(−|t|){2I(t ≤ 0) − 1}{fikjl(0) + f ′
ikjl(ξ(t))rikjlt}dt,

>- ξ(t) E� 0 , rikjlt. �" ∫ +∞
−∞ Φ(−|t|){2I(t ≤ 0) − 1}dt = 0, C

N−1

∫ +∞

−∞

n∑
j=1

mj∑
l=1

rikjlΦ(−|t|){2I(t ≤ 0) − 1}fikjl(0)dt = 0.

%JJ (C3) 6����� C, �� supikjl|f ′
ikjl(ξ(t))| ≤ C �

∫ +∞
−∞ Φ(−|t|)|t|dt = 1/2. ��

|E(S̃ik − Sik)| ≤ N−1
n∑

j=1

mj∑
l=1

r2
ikjl

∫ +∞

−∞
|t|Φ(−|t|)|f ′

ikjl(ξ(t))|dt

≤ N−1
n∑

j=1

mj∑
l=1

Cr2
ikjl

/
2.



566 � � � 	 ` a b 61�

%JJ (C4) � (C5), 7 n → ∞, '

‖n−1/2E{ŨR(β) − UR(β)}‖ ≤ n−1/2
n∑

i=1

mi∑
k=1

sup
i,k

|gik|N−1
n∑

j=1

mj∑
l=1

Cr2
ikjl

/
2 = o(1).

�m

n−1Var[ŨR(β) − UR(β)] = n−1
n∑

i=1

Var
{ mi∑

k=1

gik(S̃ik − Sik)
}

.

X� Cauchy–Schwartz �'[

1
n

Var[ŨR(β) − UR(β)] ≤ 1
n

n∑
i=1

mi∑
k=1

gikgT
ikVar(S̃ik − Sik)

+
1
n

n∑
i=1

mi∑
k=1

mi∑
k′ 	=k

gikgT
ik′

√
Var(S̃ik − Sik)Var(S̃ik′ − Sik′),

��EG� k = 1, . . . ,mi, '
Var(S̃ik − Sik) ≤ E(S̃ik − Sik)2

=
∫ +∞

−∞
{N−1

n∑
j=1

mj∑
l=1

sgn(−ε/rikjl)Φ(−|ε/rikjl|)}
2

fikjl(ε)dε

≤ N−1
n∑

j=1

mj∑
l=1

rikjl

∫ +∞

−∞
Φ2(−|t|)fikjl(rikjlt)dt

= N−1
n∑

j=1

mj∑
l=1

rikjl

∫
|t|>Δ

Φ2(−|t|)fikjl(rikjlt)dt

+ N−1
n∑

j=1

mj∑
l=1

rikjl

∫
|t|≤Δ

Φ2(−|t|)fikjl(rikjlt)dt

≤ N−1
n∑

j=1

mj∑
l=1

rikjlΦ2(−Δ) + 2N−1
n∑

j=1

mj∑
l=1

rikjlΔfikjl(ξ),

>-Δ���7�� ξE�−rikjlΔ, rikjlΔ. AΔ = n1/3. %JJ (C5)$B rikjl = O(n−1/2),

C rikjlΔ = O(n−1/6). %�<$�

N−1
n∑

j=1

mj∑
l=1

rikjlΦ2(−Δ) � N−1
n∑

j=1

mj∑
l=1

rikjlΔfikjl(ξ)

h�� 0, 7 n → ∞. %JJ (C2) � (C4), �uw�, n−1Var[ŨR(β) −UR(β)] = o(1). ��,

��EG� β, 7 n → ∞ �, ' n−1/2[ŨR(β) − UR(β)] → 0.

Sk 2.7 {|} X�H� 2.6 � supβ∈B‖n−1[ŪR(β) − UR(β)]‖ = o(n−1/2) a.s. &"J
T�'[, '

sup
β∈B

‖n−1[ŨR(β) − ŪR(β)]‖ = o(n−1/2).

�" β0 � ŪR(β) = 0 ���5. ~X� β̃R �H�, 7 n → ∞ �, $� β̃R → β0. "�5)
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β̃R �*+7]-, XW5) n−1{D̃R(β0) − DR(β0)} p→ 0, >-
D̃R(β) =

∂ŨR(β)
∂β

=
n∑

i=1

DT
i Σ̂

−1

i D̃i, D̃i = (D̃i1, . . . , D̃imi)
T ,

D̃ik =
∂S̃ik(β)

∂β
= N−1

n∑
j=1

mj∑
l=1

r−1
ikjlφ(εikjl/rikjl)(Xjl − Xik).

A gik � p × 1 ���� GT
i = (gi1, . . . ,gimi), $�

E{D̃R(β0)} − DR(β0)

=
m∑

i=1

ni∑
j=1

gik

{
N−1

n∑
j=1

mj∑
l=1

[r−1
ikjlEφ(εikjl/rikjl) − fikjl(0)]

}
(Xjl − Xik).

�"
|r−1

ikjlEφ(εikjl/rikjl) − fikjl(0)| =
∣∣∣∣r−1

ikjl

∫ +∞

−∞
φ(ε/rikjl)fikjl(ε)dε − fikjl(0)

∣∣∣∣
=

∣∣∣∣
∫ +∞

−∞
φ(t)fikjl(0) + rikjltf

′
ikjl(ζt)dt − fikjl(0)

∣∣∣∣
=

∣∣∣∣rikjl

∫ +∞

−∞
φ(t)tf ′

ikjl(ζt)dt

∣∣∣∣
≤ rikjl

∫ +∞

−∞
|φ(t)tf ′

ikjl(ζt)|dt,

>- ζtE� 0, rikjlt. X�JJ (C3), f ′
ikjl(·)�_'t,��6����� C,�� |f ′

ikjl(ζt)| ≤
C, ~��JJ (C5), '

|r−1
ikjlEφ(εikjl/rikjl) − fikjl(0)| ≤

√
2
π

rikjlC → 0.

C |n−1{ED̃R(β0) − DR(β0)}| → 0. %R+�H~' n−1D̃R(β0) → E{n−1D̃R(β0)}. -,J
T�'[, C

|n−1{D̃R(β0)−DR(β0)}| ≤ |n−1{D̃R(β0)−ED̃R(β0)}|+|n−1{ED̃R(β0)−DR(β0)}| → 0.

7 ŨR(β) � β0 �}|}|, '
ŨR(β) = ŨR(β0) + D̃R(β∗)(β − β0),

>- β∗ E� β , β0. A β = β̃R. �" ŨR(β̃R) = 0 � β̃R → β0, $� β∗ → β0 �

D̃R(β∗) → D̃R(β0). X�H� 2.6 � n−1{D̃R(β0) − DR(β0)} = op(1), '
√

n(β̃R − β0) = −(n−1DR(β0))−1n−1/2UR(β0) + op(1).

+,H� 2.5, �uw|[H� 2.7 �5).

Sk 3.1 {|} Sn = n−1/2
∑n

i=1 DT
i(1)Σ̂

−1
i Si(β0) >N n �&�HH(���, >9�

" 0 �5"

Cov(Sn) = n−1
n∑

i=1

Cov(DT
i(1)Σ̂

−1
i Si(β0)) = n−1

n∑
i=1

DT
i(1)Σ̂

−1
i ΣiΣ̂−1

i Di(1) � Vn.

X�JJ (C8) &"-~}>H�
V −1/2

n Sn
d→N(0, Ip1). (A.9)
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%� β̄ � β0 �
√

n ����, � ‖β̄ − β0‖ = Op(n−1/2). ��, �$�8 [18, J� 8.4 � 8.5]

-�5), $�

n−1/2

∥∥∥∥
n∑

i=1

DT
i(1)Σ̂

−1
i {Si(β̄) − Si(β0)}

∥∥∥∥ = op(1). (A.10)

�$�8 [14,H� 2]-�5),$&5)�]<2 H0 ', V̂n−Vn = op(1),�� (A.9)� (A.10)

$&|[H� 3.1 �5).
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